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PREFACE. 

This book is intended to be a mathematical exposition 
of the fundamental principles of Electricity and Magnet- 
ism. It is designed for the use of students who have 
but recently begun to use the processes of the calculus, 
and it has been an incidental aim of the' author to assist 
the pupil in acquiring possession of the machinery of 
mathematics. There has been no attempt to avoid any 
legitimate analytical method, because it is' not popularly 
known, but on the other hand there has been an attempt 
to avoid wasting the time of the reader over puzzles and 
obscurities which are made difficult, and called easy. 

All of the resulting equations are illustrated by 
numerical examples which are fully solved, so that those 
who do not care to follow the mathematics, may easily 
and safely use the results in the work of designing. 
Whenever possible, the numerical applications have been 
selected with reference to their use in the design of 
apparatus and machinery for specific work. 

The arrangement of subjects is perhaps somewhat 
unusual. The aim has been to secure clearness, and 
preserve the logical unity of the treatment which has 
been attempted. This is deemed more important than 
that the subject-matter should be presented in an elabo- 
rate array of equally-spaced compartments. 

The author has had the advantage of the careful 
criticism of Professor E. A. Engler of Washington 
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University, who has read the manuscript, and has given 
many valuable suggestions. It is the intention to make 
such changes and improvements in future editions as 
may seem desirable. Any criticisms intended to assist 
in securing this result will be thankfully received. 



Francis E. Nipher. 



Washington University, 

St. Louis, June 14, 1895. 
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INTRODUCTION. 

1. The fundamental units to which all physical meas- 
urements can be referred, are those of length, mass 
and time. The units adopted in this treatise are the 
centimetre, the gramme and the second. 

2. The unit velocity is, therefore, one centimetre per 
second. 

3. The unit acceleration is a change in velocity, of 
one centimetre per second. Acceleration is measured in 
centimetres per second, per second. 

4. The unit force is the force which can change the 
acceleration of a gramme by unity, or can produce unit 
acceleration on a gramme. This unit is called the dyne. 
The earth's attraction on a gramme produces an accel- 
eration usually denoted by g. The number of units of 
force in the weight of a gramme is, therefore, g dynes. 
At the earth's surface g is about 981 dynes. 

5. A field of force is any region in which a testing 
mass tends to move. If such motion be unconstrained, 
the motion will be in a definite direction, called the 
direction of the force. If the motion be constrained 
by an interposed frictionless plane, upon which the test- 
ing mass may slide, it will slide in a definite direction on 
this plane. That direction is the one which deviates 
least from the direction in unconstrained motion. In 
this direction the acceleration is greater than it would be 
along any other path on the plane. It is the direction 
of greatest slope. The intensity of the field at any 
point is measured by the force in dynes acting on a unit 

(1) 
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mass at the point and tending to produce motion in the 
direction of maximum acceleration. If the field be uni- 
form the lines of direction through the points of the 
field are parallel, as will clearly appear in later dis- 
cussions. 

It is customary to represent the intensity of a field by 
drawing lines in the direction of the force, the number 
of lines to the square centimetre being equal to the 
number of dynes acting on a unit of mass at the point. 
The component of the field in any direction is expressed 
in the same manner. On a plane at right angles to the 
direction of unconstrained motion, the number of lines to 
the square centimetre would be zero. To represent the 
earth's gravitation field, the lines of force would be ver- 
tical, the number of lines to the square centimetre 
being g. 

Gravitation lines of force terminate in matter. Elec- 
trical lines of force terminate in* electrical charges. 
Magnetic lines of force terminate in magnetized masses, 
or link with electric currents. 

6. The unit of energy is the dyne-centimetre or erg. 
This is the energy required to exert a force of one dyne 
over a distance of one centimetre. 

7. The unit of power is the erg per second. It is the 
power required to apply work at the rate of one erg per 
second. Taking the weight of a kilogramme at the 
earth's surface as the unit of force and assuming the 
weight of a gramme, g, to have an average value of 981 
dynes, this unit of force would be 981,000 or 9.81 X 10 5 
dynes. The horse-power is — 

76 kilogramme-metres per second, 
or 7.6 X 10 6 gramme-centimetres per second, 
or 7.6 X 10 6 X 981 = 7.4556 X 10 9 ergs per second. 

8. Magnitude of Physical Units. 

Let L, M, T represent respectively the magnitude of 
the centimetre, the gramme and the second, and let L', 
Msm& T' represent the magnitude of the foot, the pound 
and the minute. Then if a wire is found to be I centi- 
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metres or T feet in length, its length may be represented 
either as I L or V L' and hence 

I L = V L\ 
or I = — l. 

la 

The ratio — , is the length of a foot in centimetres. 

Direct comparison shows this value to be 30.4797. 
Hence any number V of feet would be equal to 30.4797? 
centimetres. 

Similarly, if m and m' represent the number of 
units of mass in any piece of matter in the two systems 
of units 

M' , 

M 

M' ■ 
where the conversion factor — is the number of grammes 

in a pound or 453.59. 

Area is the product of two linear dimensions. The 
product of length and breadth of a rectangular area in 
square centimetres is 

I LXbL =lb L\ 

where L 2 represents the magnitude of the Unit area in 
turns of the centimetre. For converting an areas' 
square feet into the equivalent s centimetres, 

, = (£) 3 «•. 

Similarly for volumes 

v=[ T )\'. 

Density is defined as mass per unit volume. The unit 
of density is such a density that a unit mass is contained 
in a unit of volume. The magnitude of the unit density 
must, therefore, depend on the magnitudes of the units 
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of mass and of volume. Water at 4°C has a density of 
one gramme to the cubic centimetre. Expressed in this 
set of units, the density of water is unity. If the kilo- 
gramme be taken as the unit of mass, then the unit 
density would be one kilogramme per cubic centimetre. 
The density of water in this system is 0.001. In 
gramme-decimetre units, the unit density would be one 
gramme per cubic decimetre. In these units the density 
of water would be 1,000. In kilogramme-decimetre 
units the density of water would again be unity. The 
density of cast iron is 7.207 in gramme-centimetre units 
and 449.86 in pound-foot units. 

Let D be the magnitude of the unit density in centi- 
metre-gramme units, and D' the magnitude in foot 
pound units. Suppose we measure the dimensions of a 
rectangular block of iron, and find them to be I, b, h 
centimetres. Then we may write the equation for 
density of iron 

. _ m M 

d. D = 



I b h. L 9 



If I = 10, b — 5, h — 2 centimetres and we find by 
the balance that m — 720.7 grammes, then 



7 207 D - 720 ' 7 M 
7 ' 207 D ~ 2 X 5 X 10 IS- 



It follows that 



LP 



If we measure another block of the same iron and 
find its dimensions to be V = 5, b' =-, h' — 4 feet and 
we find by the balance that m' = 4498.6 lbs., then 
449.86 jy = _ «98.6 JT 



5X- 2 X4 L'« 
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Hence 

B = K. 

It is evident that D and D" are not equal, but that for 
iron 

7.207 D =449.86 Z>\ 



or 



720.7 M 4498.6 M 



2X5X10^ 5X l X4i . 3 > 

M M' 

7.207 -p = 449.86 27s! 



m 



M' IL \3 
7.207 = jjf (tv) 449.86. 



In general 



d -w{-i?) d 

? V30.4797/ d ' 



= 453.571 

Therefore if M represents the magnitude of the unit 
of mass in any system, and L that of unit length, the 
magnitude of the unit of density may be expressed in 
terms of those units as 

If the unit of mass be M and of length L' the magnitude 
of the unit of density will be 

D = W 

The magnitude of the unit of density does not depend 
upon the unit of time. A change from seconds to min- 
utes does not affect the numerical values in which we 
represent densities. It does clearly appear that the 
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magnitude of the unit of density is directly proportional 
to that of the unit of mass, and inversely as that of the 
cube of the unit length. 

Similar explanations apply in succeeding cases. It is 
important to observe the way in which the unit in which 
any physical quantity is measured depends on the three 
fundamental units, in order that the effect of a change 
of units may be determined. 

Velocity v = — 

The magnitude of the unit of velocity is therefore -y, 

and 

U T , 
. •. v = — • — v . 

l r 

where T — - second = -L. 
T minute 60 

If the units of time were the same, the conversion 
factor for determining the number of centimetres per 

second in v' feet per second would be y— 
Momentum = m v. = m — . 
The magnitude of the unit is 

M~ = M L T- 1 
M L L' T 

■"■" = flr( w * 

Acceleration a = — = — 
t P 

The magnitude of the unit is L T~ 2 - 



L' IT \» , 

■•■ a = -L\w) a - 

_ mv ml 

Force = m a = — = — =- 

t t 2 
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The magnitude of the force unit is 
ML T~ 2 

" J ~ M L \T') 
The unit of force is called the dyne. 

TTo* =/! = ?£(«»*) 

• • w M \L/ \T') 
The unit of work is the dyne-centimetre or erg.* 
Power or Time Rate of Work. 

1 - t ~ t s 

The magnitude of the unit is 



If work is expressel in foot-pounds and kilogramme- 
metres, the unit of force being taken as the weight of a 
pound and of a kilogramme at the earth's surface, or 

m u 2 1 

* The expression for kinetic energy is—; — • The numeric — in this 

2 2 

expression is independent of magnitudes of space, mass and time 
units. The magnitude of the unit in which a numeric, or, a 
ratio of like quantities, as it, sin, tan, etc. , are measured, must be con- 
sidered unity. Their numerical values are the same in foot-grain- 
second units as in C. &. 8. units. The conversion factor for 
changing from any system of units to any other, is, therefore, unity 
for quantities of this character. If we choose to represent the mag- 
nitude of the unit in which a numerical quantity is measured, in terms 
of 0. Q. S. units, the magnitude of such unit will be M° L° T°= 1, 
since any quantity to zero power is unity. This is equivalent to 
saying that this unit is independent of M, L, and T. The magnitude 

of the unit in which an angle = — -p — is measured is unity, in pre- 
cisely the same sense that the magnitude of the unit area is Z 2 . 
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more accurately, at some point on the earth's surface, 
then 

M' L' , 
w =MiT w < 

where ^ = | P° UDd =0.4536; 
M kilogramme 

L' foot 

-^ = -^-— = 0.3048. 

L metre 

The conversion factor being thus 0.1383. 
Similarly, to convert foot-pounds per minute into 
kilogrammetres per second, 



p _(WL_T_\ 



where the conversion factor becomes 0.000230. 

The horse-power is 33,000 times as great as the unit 
in which P' is measured, and the force de cheval is 76 
times as great as the unit in which P is measured. 
Hence if P is to be in force de cheval and P' in horse- 
power, the equation will be 

33000 
P — 0.000230 -^.P 

or P = 1.0139 P. 

.■. one horse-power = 1.014 force de cheval. 

9. Electrical Quantity. 

Electrical quantity is measured by two methods. In 
both methods the determination is based upon the meas- 
urement of a force exerted by the electricity, as we 
determine masses of ordinary matter by means of its 
weight. A mass of matter upon which the earth's pull 
is ten times as great as upon the standard unit of mass, 
has a mass ten times as great as the unit mass. 

10. The Electrostatic Unit of Quantity is the quantity 
of electricity which, acting on an equal quantity of elec- 
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tricity at a distance of one centimetre, will repel it with 
a force of one dyne. 

As we shall see, a small spherical mass of 39.28 
grammes of matter, will attract an equal mass at any 
distance r, with tho same force that an unit charge of 
electricity on each of them will cause them to repel each 
other. (Sections 21 and 220.) 

11. Magnitude of the Electrostatic Unit of Quantity. 

The unit of quantity being indicated by Q, any electri- 
cal quantity may be represented by q. Q. The force 
with which two quantities q and q' act on each other at 
any distance r is known by experiment to be 

r— at 

Expressing in symbols the units that are always under- 
stood, this equation becomes — 

f ML_ gQXg' Q 

Dividing by the common factor we have, 
ML _ (^ 

.: Q = M%I$ T' 1 

which gives the magnitude of the electrostatic unit of 
quantity in terms of fundamental units. 

12. The unit current of electricity is defined to be one 
in which unit quantity flows per second. Therefore the 
electrostatic unit of current is 
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13. The unit magnet pole is denned precisely like unit 
quantity of electricity, and its magnitude is the same as 
that of Q. 

14. The other method of measuring electrical quantity 
is based on the magnetic effects of electricity in motion. 
The unit current is thus primarily defined, and the unit 
quantity is deduced therefrom. 

It is known by experiment that if a 
current of electricity flow around a cir- 
cular circuit (Fig. 1) having a radius of 
one centimetre, that a magnet pole at 
the centre is urged along the axis of the 
circle. If the current flow in a clock- 
wise direction as in Fig. 1, a north pole 
Fi s- i- at would be urged away from the 

reader, at right angles to the paper. Reversing the 
current, reverses the direction of the force. The intens- 
ity of the force acting on unit pole is directly propor- 
tional to the current flowing. This being established by 
experiment, if we adjust the current so that unit pole is 
acted upon by a force of 2 it dynes, then each unit of 
length of the current will act with a force of one dyne. 
The current will then be unit current. 

The equation which experiment shows represents the 
force /with which any circular current i of radius r acts 
upon a pole m at its centre, is 

2 tc r i m 

The force is directly as the length of the equidistant 
circuit 2 7T r, to the strength of current and pole, and 
inversely as the square of the radius. If as stated we 
adjust * so that when m = 1 and r = 1, f = 2 it dynes, 
then, 

1 

i = w 
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If we now take this as the unit current, then we make 
K = 1, and measured in these units 

2 n i m 
or 



2 7t m 



It is apparent from this equation that the magnitude of 
the electro-magnetic unit of current must be directly pro- 
protional to the magnitude of the force unit and the 
length unit, and inversely as that of unit magnet pole. 

Denoting unit current in electro-magnetic measure by 
~j~ we have 

Mi j} T' 1 

It will be observed that the square of this unit current 
is a force unit. The electro-magnetic unit of quantity 
is, therefore, 

~Q~= f~T = 3fi I$- 
This unit is, therefore, independent of the time unit. 

15. Density of electrical charge or of magnetism is 
quantity per unit area. The magnitude of its unit in 
electrostatic measure is, 

D = £ = M*irl ' T~ l - 

16. Unit Field. In a field of strength H the force 
acting on a pole m or a quantity of electricity q is known 
by experiment to be 

/ = m H or q H. 
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Therefore the magnitude of unit electric or magnetic 
field is 

F M L T~ i _x _i 

-77=-— — =M?L* T - 1 - 

It will be observed that strength of field and density 
of charge depend on the units of mass, length and time, 
in precisely the same way. 

17. The magnitudes of other units will be shown as 
the equations in which they appear are developed. It 
will be seen that every equation in which a physical 
quantity enters, must define the unit in which that 
quantity is measured in terms of the units of other 
quantities found in the equation. It should also be re- 
membered, that in every physical equation, terms which 
are added together must have the same unit when referred 
to the fundamental units, and that when all the symbols 
representing concrete quantities are transferred to one 
side of an equation, leaving numerics only in the other 
member as in the equation 

/(a, y, z) = a, 

the unit of the left hand member must be unity. An 
equation which does not satisfy this test is erroneous. 

18. Approximation formulas. 

If x and y represent any variable quantities and 8 x 
and d y represent small terms, then in any expression 

z={x + 6x) (y + d y), 
we may write 

■ = ••('+£) (>+*) 

= * y i H h — ) 

V x ' y / 
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(Sx Sy\ 
= xy+xy (— + y), 
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where 


n may be 


any integer or fraction. 



19. ikfeaswewiewtf q/" Solid Angles. 

Let C be the centre of a sphere of radius R. Draw 
any diameter O O, and any radius 
R, making an angle a with O G. 
Revolve R about O O keeping a con- 
stant. The end of R will describe 
a circle having a radius y. Repeat 
the operation with a increased by d a. 
We shall then have a zone of width 
d s between the two circles traced by Fig. 2. 

the end of the radius R. 

The area of this zone is 

d A' = 2 w yds. 
where y = R sin a 
ds = R d a 
.-. d A' = 2 ~ R 2 sin a d a 
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The area of the spherical sector included within any 
cone of semi-angle a will be 

C a 
A' = 2 - B? I sin a d a 

= 2 -iJ 2 (l — cos a). 

If a — 180, cos a = — 1 and the area of the sphere becomes 
4kB 2 

A' 
Calling the value — = w 
IP 
w = 2 -x (1 — COS a). 

This is the area of a spherical sector on a unit sphere, 

included within a circular cone of semi-angle a. It will 

thus be seen that 

area of spherical sector . ., . ,, . ., 

1 — £- , is the area of the similar 

{radius) 2 

spherical sector on a sphere of unit radius, and measures 
the solid angle subtended by the spherical sector pre- 
cisely as measures a plane angle. 

radius 



CHAPTER I. 

ATTRACTION. 

20. Law of Attraction. 

It has been established by experiment that the attrac- 
tion between two small spherical masses, separated by a 
distance r, is 

A = K^ (1). 

If the two bodies approach each other under this at- 
traction the accelerations of the bodies being a and a' 
respectively, then the force A is also 

A = E'ma=K'm' a' (2). 

In ( 1 ) if m = m' = one gramme, ana r = one centi- 
metre, then 

A = K. 

The constant K may be defined as the force with 
which unit mass will attract an equal mass distant one 
centimetre. 

In ( 2 ) if m = 1 and a = I 
A = K\ 

Therefore, K' may be defined as the force required to 
give unit acceleration to unit mass. The latter force 
has been universally adopted as the unit force, and in 
the C. G. S. system this unit is called the dyne. In this 
unit (2) becomes 

A = m a = m' a' (3). 

(15) 
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Equation (3) takes no account of the origin of the 
force acting upon a body, but measures the force in 
terms of its effects in producing, or changing motion. 
It is, however, evident that (3) will apply to the case of 
attraction between bodies represented by(l). If , for 
example, m represent the mass of the earth , m' the mass 
of a body falling freely in the earth's gravitation field, 
a' being then g = 981, then a would be the acceleration 
of the earth in falling towards the body m' ; then 

m a = m' g (4). 

Here m' g is ordinarily called the weight of the body 
m . In a precisely similar sense, m a is the weight of 
the earth. Equation (4) asserts that the weight of the 
earth is equal to the weight of any gravitating body. If 
m' = 3 grammes, where g = 981, then the weight of m' 
is 3 X 981 = 2943 dynes, and the weight of the earth is 
also 2943 dynes. 

A study of the earth's figure, and a determination of 
its mean density, has established the value of the earth's 
mass as wi = 6.14X10 27 grammes. Therefore, the 
acceleration of the earth in falling freely towards three 
grammes is 

3 X 981 _ 
° 6.14X10" * 1U • 

It will, therefore, be understood that the expression 
" weight of the earth " has no physical meaning. This 
weight may be anything. It is an indeterminate 
quantity. 

21. Astronomical Unit of Mass. 

Expressing A in dynes, the numerical value of K in 
(1) may be determined, by finding any simultaneous 
values of the other quantities. 

If m' grammes be acted on by the earth, where the ac- 
celeration of a falling body is 981, then from (3) and (1 ) 

m' 6.14 X 10" 



m' X 981 = K 



(6.37 X 10 8 )2 
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where 6.37 X 10 s is the mean radius of the earth in 
centimetres. 
Hence, 

_ 981 (6.37 X 10 8 ) 2 

— 6.14 X 10 27 



or K= (5). 

1.543 X 10 7 

It is for the present assumed that the attraction of the 
earth is the same as if its mass were concentrated in a 
heavy particle at its centre-. The last equation, (5) 
represents the attraction in dynes of a gramme of matter 
condensed to a particle, on an equal mass, distant one 
centimetre. This expression in ( 1 ) will enable us to 
find the attraction between any two masses of matter, if 
the distance r is given. 

We may also determine what mass must be condensed 
to a particle in order that its attraction on an equal mass 
distant one centimetre, may be one dyne. We have by ( 1 ) 

m X m 



"1.543 X 107 



or m = V 1-543 X 107 = 3928. 

A mass of 3928 grammes is called the astronomical 
unit of mass, because if masses are expressed in this 
unit instead of in grammes, the astronomical equation of 
attraction becomes 

*=*£ (O. 

where A and r are in dynes and centimetres respectively. 
(See section 10.) 

22. Attraction of a thin Circular Plate on a Particle 
in its Axis. 

Suppose a mass of 3928 grammes to be placed at O, in 
the axis of a thin plate Fig. 3 and distant h centimetres 

2 



18 



ELECTRICITY AND MAGNETISM. 



§ 22 



from its centre. Then the mass of an annulus having a 
radius r, a radial width dr, and a thickness dh is 



d?m = 



2 Tzrdrdhp 
3928 



where p is the density in grammes to the cubic centi- 
metre, and — P— is the density in astronomical units. 
3928 J 

Each particle of this ring is distant I from the attracted 

unit of mass at 0. 

In order to find the attraction of 
this ring on the unit mass at 0, con- 
sider the ring as made up of elements 
of the second order. In the plan view 
of Fig. 3 two diameters making with 
each other an angle d($ cut from 
the ring opposing elements, each 
having a volume ds dr dh and a mass 

P 



The attraction of 
be 

But 




gygg X ds dr dh. 

each of these elements on O, will 
p ds dr dh 



along the slant height I and will be ogog — n 

these attractions oppose each other in part. For oppo- 
site elements, the components parallel to the plate will 
balance each other, and the same will be true for all the 
opposite elements composing the ring. The integral of 
this component will be zero. The component along 
the axis of the plate will be 

ds dr dh 

COS a 



p 

3928 



P 



But ds = r dj3. Substituting this value and inte- 
grating in /? around the ring we have for the attraction 
of the elementary ring 

pr dr dh 



d*A 



3928 P 






2ff pr dr dh 
3928 P 
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This value is then simply -™— cos a. Inserting the 

value of cos a = j, we must now integrate over the 

surface of the plate. Since r 2 + h 1 = I 2 we have rdr = 
Ml, since h is constant for the plate. Substituting this 
value and integrating in I we have 



dA 




= 27C P dh (l-«w«) (7), 

3928 v ' K " 

where « is the angle subtended by the radius of the 
plate. 

The expression p dh is the quantity of matter in 
grammes, per square centimetre of plate area. Dividing 
by 3928, we have this mass in astronomical units. If we 

were discussing an electrical film on a plate, c — . = a 

would be the density of charge and would be a finite 
quantity, d A. would then be replaced by A. 

The last equation is independent of h and therefore 
shows that any two plates of equal thickness dh cut in 
right section from a cone of homogeneous matter, would 
exert equal attractions on a particle at the vertex. 

23. Attraction of a Gone. 

The attraction of a solid cone on a particle at its 
vertex will be found by integrating ( 7 ) in h between 
limits o and h, or 

A = 3928 ' t 1 ~~ cos a ) ( 8 ) - 
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Ex. A mountain having a height h = 3 miles = 4.83 
X 10 5 cm., and having a density 3.0 in grammes to the 
cubic centimetre, and a semi-angle a of 60°, the attrac- 
tion on 3928 grammes at its vertex would be 

»f * _ " X 3 X 4 ' 83 X 105 = 1159 dynes. 
3928 — 3928 

The attraction of the earth on this mass is 981 X 
3928 = 3853368 dynes. 



24. Special Cases. Calling a the quantity per unit 
area of the plate, = g^, and a> the solid angle sub- 
tended by the plate at the point 0, and (7) becomes 
(section 19) 

A = a a, (9). 

At the surface of the plate a = 90° and co = 2tt. 
The attraction of the plate then becomes 

2jt p dh . . 

A = -39l8- = 27ta (10) - 

If the plate be of infinite extent (10) would repre- 
sent its attraction on a particle at any finite distance A 
from the plate. The plate may then have any finite 

oh 
thickness, and a = ngoa ' 

Equation (8) for the attraction of a solid cone be- 
comes identical with the equation for attraction of an 
infinite plate of thickness equal to the height of the 
cone ; if a = 90° in ( 8 ) . The resulting attraction is 

(11). 



3928 



25. The attraction of a circular cylinder on a unit 
particle at the centre of one end, is found by integrating 
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(7) in h, with r constant, cos a being replaced by 



h 



VA 2 + 



Then 



A =lll\ Cdk- C hdh 
A 3928 J o I V ^ + K 



& f p /7 i . 

(h + r 

3928 v 



Vr2 + / t 2) (12). 



In order that the attraction of the cylinder may be 
one-half of the attraction of an infinite plate of the same 
thickness h, we have by (12) and (11) 

2 (A + r — Vr 2 -f 7i 2 ) = h 

3 . 
4 

In general if the attraction of the cylinder is to be — 

of the attraction of an infinite plate having the same 
thickness h, then 

h 2n — 1 

r = 

2n n — 1 

In case of a thin plate, the condition that a circular plate 
shall have £ the attraction of a plate of infinite extent 
is by (7) and (10) 

7r<r = 27r<r(l — COS a) 
or cos a = — . \ a = 60°. 

26. In_Fig 4, is the centre of 
the circular end of the cylinder, 



whose radius =— h 

4 



and whose 



attraction at is half that of the 

infinite plate of thickness h. It is 

easily shown that the attraction of a Fig. 4. 

cone whose height is h and. whose semi-angle is 60° with 
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its vertex at 0, will have an attraction at O equal to that 
of the cylinder, and to half that of the infinite plate. 

g 

As will appear later, the large sphere of radius R = -^h 

will balance the attraction of the infinite plate on a 
particle at the point of tangency, and the small sphere 
inscribed on its radius will balance the attraction of the 
cone or the cylinder shown in the figure. If the small 
sphere were to represent a cavity in the larger one, and 
either the cone or cylinder were to be removed from the 
infinite plate, the attractions on O of the remaining mat- 
ter would balance. 

27. Spherical /Shell. 

The attraction of a thin homogeneous shell on a parti- 
cle within is zero. 

j$te Let the particle be at any point O, 

through which point draw the diam- 
eter C. Let A B = d s be a short 
arc of a great circle, distant r from 0. 
Revolve A B around O C, keeping 
Z. B O O = a, constant. Let R be 
the radius of the sphere, and p d r 
= a, the quantity of matter in astro- 
nomical units per unit area of the 
shell. The mass of the shell will then be 

dm=2iydsi;. 

The resultant attraction of the annulus on unit mass at 
is along C, and is 



COS a. 








dA - 


dm 


2 7T ay 

cos a = s- 

r 2 


d s 




fU 


C( 


We 


have also 














y 


= r sin a 










ds 


dr 


dr 




~ cosBAP~ 


sin ft 






•'• 


yds 


, sin a 
= r d r— — -.= 
sin ft 


r dr 


whe 


sre D 


= 0. 







B 
D 
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The triangle A C gives 
r 3 + Z> 2 — 7? 2 
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2 r D 



— 2D { 



r + 



n 2 —B 2 y 



r 



By substitution of these values in the equation for at- 
traction we have by integrating in r over the surface of 
the sphere 



A = 



B 



:<rB 



L> 2 



/D + B rD 

dr+(D»— 228)1 *; 
-(D-B) J—( 



+ B 



...(13). 



D* 



- (23-2J)J 



= 



28. Attraction on an external Point. 

If the attracted particle be external to the shell, the 
same discussion applies, but the limits of integration are 
D-\- R and D — R. The attraction then becomes, 



™ B 



IP 



n + R _ D+ n + (z>. - m (^ - ^- ) 

(14). 



4 7r7J 2 ff 



2> 2 



M 



The attraction on an external point is the same as it 
would be were the entire mass of the shell at the centre. 

29. Attraction of a solid Sphere. 

In the last equation (14) if we replace a by pdR 
and integrate in R between limits o and R the attrac- 
tion of a solid sphere is determined. We thus have, 



A' 



B 3 



M 



3 X> a 
The M of this equation is the sum of the masses of 
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the shells, the attraction of any one of which is repre- 
sented in (14). 

30. Attraction of a Spherical Shell Sector. 
Eeturning to (13) if we integrate in r between D + R 
and r' we have 



A = - 



B 



IP 



D+B-W-^iT—DT*) 



(15). 



The condition that A shall be a maximum can be sat- 
isfied for an internal point, when 11 > D and the condi- 
dA 



tion is 



dr' 



o, or 



r v = R* — D* 




The integration must be extended to 
the plane which passes through O, at 
right angles to the diameter of sym- 
metry. See Fig. 6. 

The condition that the attraction of 

the spherical sector on O shall be — of 

n 

the attraction of the entire spherical 
shell, may be determined for an external point. We 
have by imposing this condition on (15) and (14) and 
reducing 

lJ =— -b(— — ijiV'cz* 2 — iZ 2 ) + WJL_ i V 

If, for example, n = 2 

r'2=Z)2 — B* 

This shows that a cone, 
having its vertex at O, and 
to which the spherical shell 
is internally tangent, will at 
its circle of tangency divide 
the shell into two sectors 
which exert equal attractions 
on O. It will be observed 
Fi S- 7. that a sphere constructed on 
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G as a diameter, will intersect both shell and 
cone in the circle of tangency. The same sphere 
on O O would divide any concentric shell having its 
centre at C into two parts, each having one-half the 
attraction on exerted by the en- 
tire shell. 

If the point be at the surface 
of a solid sphere, the sphere con-o( 
structed on its radius will, therefore, 
exert on O half the attraction of the 
entire solid sphere. (See Fig. 4.) 
The same considerations hold for a 
point O inside a solid sphere, since 
the shell external to O exerts no 
attraction on O or on points inter- 
nal to O, and since O is at 
the surface of the internal spher- 
ical mass to which the attrac- 
tion at is alone due. (See 
Fig. 9.) Kg. 9. 




31. Attraction within a Gravitating Mass. 

The attraction on a unit mass within a solid homoge- 
neous sphere, at a distance Ji from the centre is 

A 4 B z 4 



The force varies directly as the distance from the 
centre. 

In a continuous homogeneous medium of infinite 
extent, having, therefore, no free surface, no point in 
the medium can be considered distinctively as the centre. 
The forces would be -balanced at every point, as they 
are at the centre of a limited mass. 
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32. Potential due to a single mass. 

At any distance r from an attracting mass m, the 
attraction in dynes on a unit mass will be 




.(16). 



Fig. 10. 



If the unit mass be carried 
ds from B to A over a distance d s, 
the work done will be ds multi- 
plied by the component of the 
force along ds or 



d w = -2 cos a d s (17), 



dr 



where a = £_ P A B. Since cos a — — 



we have 



dw = m 



dr 



.(18). 



The path B A in Fig. 10 is, therefore, to be consid- 
ered as a frictionless inclined plane. Equations (17) 
and (18) assert that the work required to slide the unit 
mass from B to A on the inclined surface is the same as 
that required to lift it vertically along the lines of force 
from PioA, which is the height of the plane. 
(26) 
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Integrating in r between r x and r 2 we have 



■ «.# m m ,,„> 

' 1 '9 



This expression gives the work done in carrying unit 

in 
mass along any path, against the attraction - 2 , from any 

point distant i\ to any other point distant r 2 from m. 
This work depends solely upon the initial and final dis- 
tances i\ and r t , and not upon the geometrical form of 
the path. If the path lie wholly in the spherical sur- 
face whose radius is r v the work on every element of the 
path is zero. If the path be any other whatever which 
begins and ends in the same spherical surface, so that 
i\ = r 2 , the total work is zero. 

It will be seen that the expression (19) is a difference 
between two like quantities. 

If r 2 == co then 

«=^ : (20). 

This represents the work required to carry unit mass 
(3928 grammes) from a point at a distance ?\ from m 

Ml 

to an infinite distance. It is then evident that — is 

the work required to carry unit mass from a point at a 
distance r 2 from m to an infinite distance. The differ- 
ence between these quantities, therefore, represents the 
work required ,to carry the unit mass from one point to 
the other. 

The quantity — is thus seen to be one of great 

importance, and it has received a special name. It is 
said to be the potential due to to at a distance r from the 
acting mass. On any spherical surface whose centre is 



28 ELECTRICITY AND MAGNETISM. § 34 

m, the potential is constant. As r increases the poten- 
tial diminishes, and it becomes zero when »•=<». 

If m were a sphere of brass having 1,000 units of 
mass or 3,928,000 grammes, then at a distance of 1,000 
centimetres or 10 metres, the potential would be unity. 
The work required to carry 3928 grammes from any 
point distant 1,000 cm. to an infinite distance would be 
one dyne-centimetre, or one erg. The force at the 
initial position would be 0.001 dyne. When the point 
determined by the distance r is within the acting mass 
m, the law of potential changes as the law of force has 
been shown to change. 

33, Magnitude of the Unit of Potential. 

The unit of potential must be directly proportional to 
the unit of electrical quantity, and inversely as the unit 
of length. (See Eq. 20, and section 11.) Hence its 
magnitude is 



It may also be defined as work per unit quantity or 



-2 

M 5 L* T~ 



M L* T~ ll-i 



M \ L \ y-i 

34. Strength of Field and Potential. 

The relation between these quantities can be illustrated 
graphically as in Fig. 11. 

Calling V the potential, as is customary, the two 
equations are 

V=- 
r 

- m 

J — r i 
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The strength of field due to a 
mass to at a distance r is repre- 
sented by the ordinate of the 
curve marked f. The work done 

m 
over a distance dr is fdr = — 2 dr. 

This element of work is rep- 
resented by an element of area 
of the curve. The integral of 
fdr from r 1 to an infinite distancem 
is represented by the area of the 




4 r 



Tdr 2 3 

Fig. 11. 

force curve out to an infinite distance and is equal to 

m . 

— . This quantity is the ordinate of the potential curve 

r i 

at t\. The potential curve is an equilateral hyperbola. 

Its ordinate at any distance r, is equal to the area of the 

force curve from that point to r = oo . 



35. Gravitation Potential. 

To determine the gravitation potential at the surface 
of the earth we are to find the work required to carry 
3928 grammes from the earth's surface to an infinite 
distance. 

The mass of the earth in grammes is 6.14 X 10 27 . Its 
mass in astronomical units is 



M: 



6.14 X 1Q 27 
3928 



The mean radius of the earth is 6.37 X 10 s centimetres. 
Hence the potential at the earth's surface is by (20) 



M_ 
R 



6.14 X 10 27 



3928 X 6.37 X 10 3 
= 2.454 X 10 15 . 

This is the work in ergs that must be applied to each 
unit of mass to carry it from the earth's surface. to an 
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infinite distance. Assuming g = 981 this work would be 
in centimetre-grammes at the earth's surface 

2.454 X 10 15 

m = 2.501 X 10» 

or 2.501 X 10 7 kilogramme-metres or 25010 tonne-metres. 
This work would, therefore, be the same as would be 
required to lift 25,010 tonnes of 1000 kilogrammes 
through a height of one metre. A day's work for a 
laborer is 100,000 kilogramme-metres. It would require 
the labor of a man for 250 days to do the work computed 
above. Neglecting the protecting effect of the earth's 
atmosphere, the damage which a meteorite having unit 
mass could inflict on the earth if it had a velocity due to 
an infinite fall under the earth's attraction is represented 
by 2.501 X 10 7 kilogramme-metres. This velocity is 
determined by the equation 

™^L = 2.454 X 10- 

.".i> = 1.117X10 6 centimetres per second or 
11.17 kilometres per second. 

This is a little less than seven miles per second. 

36. Potential due to any system. 

If any system of bodies m 1 m 2 m 3 etc., act on a unit 
mass each body will continually exert the same force 
upon it as if it were acting alone. In order to get the 
resultant force in the field we should construct the poly- 
gon of forces taking account of the direction and inten- 
sity of each force. But potential is not a directed 
quantity. The resulting potential will be the algebraic 
sum of the potentials due to the several masses, or 

v=S- (21). 

r 

If the acting mass is in the form of a thin shell, the 
potential at any point due to the shell must be deter- 
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mined by integration over its surface. If a be the 
quantity of matter per unit area, of the surface., then 
d/S being any element of area and r being the distance 
of the element of area from the testing unit, the 
potential due to the shell will be 



V = 



s 



ffdS 



.(22). 



This integration can only be effected when the geomet- 
rical form of the shell surface is known and can be 
expressed by an additional equation. 

37. To find the potential at any point within a thin 
homogeneous shell, bounded by concentric spherical sur- 
faces. 

The mass of the zone generated by 
revolving the arc A. B having a length 
ds about the diameter C is 





d m 


= 2 - y d s a 










where y 


= r sin a 












ds 


dr 
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r dr 






Fig 12. 



The potential at O due to the zone having a mass dm, 
every part of which is equidistant from O is 



dm Ji 

d V = — = 2 7r (t -=. dr. 
r D 



Since potential is not a directed quantity this potential is 
not resolved along the axis of symmetry as was done in 
determining the force within a spherical shell. (See 
section 27.) 
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The potential due to the entire spherical shell is then 

-2?) 



rC d + 1 

D J-(D 
2 xrX^D + B + D — B]. 



= 4 7T<r JB=4!r<r-g = ^ (23). 

The potential at any point within the shell is the 
same as the potential at the centre, and is, therefore, 
constant. 

This result follows from the fact proved in section 27, 
that the force within the shell is zero. It, therefore, 
requires no work to carry unit mass from one point to 
any other point -within the shell. Therefore there is no 
difference of potential between such points, or the poten- 
tial is constant. Since the center is equidistant from 
each element of the shell, it is evident that the potential 
at that point must be 

v _ f dm M 

^T ~ li 

The potential at the shell surface is, therefore, also, _, 

which is the same as it would be at such points, if the 
mass of the shell were concentrated at the centre. 

If the point Obe outside of the shell, the same consid- 
erations hold, but the limits of integration are D + H 
and D — R. The potential due to the shell at an exter- 
nal point is 

V=2x<t^(D+B — D + B), 

a & M „.. 

s= *"lT = JJ (24) ' 

which is the same as it would be if the mass of the shell 
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were concentrated at the centre. This result is also a 
consequence of the result reached in section 28, that the 
force at each external point is the same as it would be 
were the mass concentrated at the centre. The work 
required to carry unit mass from point to point against 
the attraction would then necessarily be the same in the 
two cases. 

38. Potential Energy. 

If a mass m' distant r from a mass m were carried to 
-an infinite distance against the mutual attraction of the 
masses, the work would be 

._, m' m 
W = . 



This expression involves m and in' in the same way. Either 

. . m m' 

mass may be carried against the mutual attraction — g-- 

This expression is called the potential of m' on m, or 
vice versa, or the mutual potential of m and m' . If r 
be increased, the mutual potential decreases, and the 
potential energy of the system increases by an equal 
amount. 

If the mass of the moon be assumed Vso that of the 
earth, and the distance between the centres of the two 
bodies 240,000 miles, the work required to separate them 
to an infinite distance against their mutual attractions is 
8.06 X 10 27 kilogramme-metres. This amount of work 
would require the continuous working of a million 
engines of a thousand horse-power each for 33,630,000 
centuries, assuming 365 days to the year. 

39. Lines of Force. If a unit mass be placed at a 
distance ;■ from a mass m, it will tend to fall radially 
towards m. The attraction on the unit mass at any 
point is called the strength of the field at the point. It 
is customary to represent the field of force by lines, 
coinciding in direction at every point with the direction 
of the force ? the number of lines to the square cen- 

3 
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timetre being numerically equal to the strength of the 
field. The lines of force proceeding from a thin hollow 
spherical shell, would be radial lines, but they terminate 
in the shell, since the strength of the field within is zero. 
In a solid sphere the lines within must thin out as we 
approach the centre, a certain number terminating in 
each concentric shell. The number of lines reaching the 
centre of the sphere will be zero. 

At a distance r from a mass m, the number of lines to 

the square centimetre is -y. The area of a sphere of 

radius r is 4 ic r?. Therefore the total number of lines 
proceeding from a mass m and crossing the spherical 

surface of radius r is —z X 4 it r a = 4 irm. This quan- 

tity is independent of r and depends only on the mass 
from which the lines proceed. The number of lines 
proceeding from unit mass is, therefore, 4 it. 

If consecutive surfaces of equal potential be drawn at 
right angles to the lines of force, these surfaces will lie 
closer together the greater the strength of the field. 
For the surfaces are so drawn that the work required to 
carry unit mass between consecutive surfaces is one erg. 
Where the strength of the field is great, the distance 
over which the force must be exerted in order to do a 
unit of work will be correspondingly small. 

It will be understood that lines of force cross equi- 
potential surfaces at right angles. If this were not so, 
there would be a component of force along the equi- 
potential surface. It would then require work to carry 
unit mass along the surface against the component. But 
this is contrary to the assumption that the surface is of 
constant potential. 

40. Tubes of Force. Any cone having its vertex in a 
mass m and bounded by lines of force, is called a tube of 
force. 

If the section of a tube at 
any distance r from. a particle 
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m is d iS, then the solid angle of the cone is (sec- 
tion 19) 

dS, dS„ 
d to = — 1= — \. 



The strength of the field due to m being denoted by f 
we also have 

■m = f x r\ =f 2 r\, 

Hence 

md <•> = /i d S 1 = f 2 d S 2 (25). 

This product fds is, therefore, constant throughout' 
the tube. The strength of field at a distance unity 
from m, is m. The section of the tube at that point is 
d co. The three expressions in (25) are, therefore, 
expressions for the number of lines of force within the 
tube at various points. If these expressions are inte- 
grated around the mass m at a constant dist'ance r, the 

integral of the first is mid to = 4 ir m, where 4 ir is the 
area of a sphere of unit radius, or the solid angle around 
a point. The other terms of the equation become on 
integration around the mass m at constant distance r 

fJdS=-^i - r 2 = 4 7! m. 

If the section dS' of the tube be oblique, making an 
angle a with the right section, then 

d S = d S' cos a. 

Calling the component of f 
at right angles to the oblique 
section f then 

/ COS a =/'. 

Multiplying these equations together, 
fdS=f dS' 
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41. Flow of Force. The relation between strength 
of field and section of a tube is similar to the relation 
between velocity of flow of an incompressible fluid in a 
tube bounded by stream-lines, and section of the tube of 
flow. The product of velocity and section represents 
the discharge per second. This discharge is constant 
throughout the tube or vd S = v' d 8'. Where the 
section is small, the velocity is great. The component 
of velocity across an oblique section into the area of 
that section gives the same discharge. All of these 
relations have just been shown to exist between f and 
d 8. Where the lines of force crowd together, the 
force on a unit mass is great and the section of a given 
tube diminishes, so that fd8 is unchanged. If the 
lines of force are parallel, the force is constant. This 
is the case in front of an infinite attracting plane. It is 
the case very near to any electrified surface. 

» 

42. The lines of force radiating from a mass m, 
between two infinite parallel planes, all cross one or the 
other of these planes. 

The force on the plane at any dis- 
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ah 
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m 



■r 



tance r from m is/= — ■ We have 

just found (section 40) that we must 
compute the component of force at 
right angles to the surface across which 
the flow is to be determined. If p is 
the perpendicular distance from m to 
Fig. 15. the plane, and a the angle between r and 

p as in Fig. 15, then the component of f at B |_ to the 

plane is f = f cos a = —% • 

Let h be the distance on the plane from the foot of p 
to the point determined by r. Then / and /' will be 
constant over an annulus having a radial width d h and a 
radius h , each point of the annulus being distant r from 
m. The area of this annulus is 2-n-h d h. Since r 2 = h 2 
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+ p 2 we have h d h = r d r, p being constant, 
fore the area of the annulus is 

d S = 2w d r. 



There- 



The force over this annulus at R |_ to its surface is 



f ,_m_p 

J — r 3 



■. /' d s = 2itm p 



dr 



The total number of lines crossing the plane from m 
is, therefore, 



N= j f'ds=2-mp 




This integral is, therefore, independent of p, the dis- 
tance of the particle from the plane, and in value it is equal 
to half of the number of lines which proceed from m. 
The other half of the 47rm lines will, therefore, cross the 
other plane. All the lines proceeding from m which 
depart in the slightest from a plane parallel to the two 
planes, will cross one or the other at a finite distance 
from m. Since at an infinite distance the force is zero, 
the number of lines between the planes at an infinite 
distance from m is zero. 



43. Mass within a Spherical /Sur- 
face. 

If a mass m be placed eccentric- 
ally within a spherical surface, and 
distant D from the centre, the force 
at any point on the sphere distant 

m 
r is -o- . This will be the force on 




Fig. 16. 
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a zone having a radius h, and a width d s. The com- 
ponent of the force along a radius B, of the sphere is 

, m 

/ = -^ cos (i 

where j3 is the angle between ?• and H. 
Since 

r 2 +jR 2_ jD 2 

C0S ^ = 2rli 

we have by separating this fraction and substituting in 
the previous equation, 

J ~~~ 2Br "+" 2Br 3 

The area of the zone is 

d S = 2-h ds 

dr 
where h = r sin a, d s = ■ 



sin , 



„ sin a 
dS = 2* -T—^rdr 
smp 



B 

= 2 - 

and 



= 2 - -jr r d r 



-m W- — IPdr 
f dS= -p- dr + rem — ^ ^-. 

Therefore the flow of force across this spherical sur- 
face from m will be 



fD + B rD 

J-(D-B) J — 



d + b r D + E 

(D-B) 



= 1^(2 fl + 2J)) = 4 I «. 



CHAPTER III. 

ELECTROSTATICS. 

44. The theorems which have preceded apply directly 
to the action upon each other of electrical masses in equi- 
librium. The unit of electrical quantity has already been 
denned in sections 10-11. In electrostatics we must, 
however, consider the action of both positive and nega- 
tive masses. Gravitating matter always acts by attrac- 
tion. Electrical masses repel each other when the 
masses have like signs, whether positive or negative, 
while when the charges have unlike signs they attract 
each other. 

When equal charges on two equal spheres attract each 
other, the spheres both become unelectrified when they 
are put in metallic contact. The sum of the two charges 
is zero. When two equal charges thus repel each other, 
and the two spheres are put in contact, the charges 
remain unaffected. 

The astronomical equation for attraction is found to 
represent the action between such electrical masses. We 
have 

. mm! 
A = ^r ( 26 )- 

The sign of A will be positive if both m and m' are pos- 
itive or if both are negative. A repulsion, therefore, is 
represented as a positive force. If either m or in' be neg- 
ative and the other positive, the sign of A will be 
negative, and this will represent an attraction. 

The potential due to a positive charge is assumed to 
be positive in sign, arid that due to negative charges is 
negative. The potential due to any mass m of positive 
electricity at a distance r is 

F=— (27). 

r 

(39) 
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The testing unit which is supposed to be placed at the 
point distant r is always a positive unit. Accordingly 
the work required to bring a plus unit from an infinite 
distance where the potential is zero into a region of 
positive potential, will be positive in sign. To 
bring the plus unit from an infinite distance into a 
region of negative potential will require negative work, 
to be done on the unit by the external source of 
energy, since the electrical forces to which the field is 
due attract the testing unit. In this case it will require 
positive work to carry the testing unit out of the 
field. Lines of force are said to originate in positive 
masses and terminate in negative masses. The plus, 
direction of a line of force is assumed to be the direction 
in which the plus testing unit is urged by the electrical 
forces. If by hydraulic analogy we speak of the flow of 
force through the tubes of force or along the stream 
lines, we assume the flow to be outward from positive 
charges, and to converge upon negative masses. Such 
expressions must be regarded only as convenient fictions 
which mathematical similarities justify us in using, just 
as for convenience we do not hesitate to speak of the 
rising and the setting of the sun. 



45. Field due to two equal masses of unlike sign. 

Let m and — m represent two equal 
masses of unlike sign, the distance 
between them being 2p. If a very 
small sphere having its centre at m 
surround the plus particle the force 
over this sphere is due to m, the 
force due to — m being inappreciable 

by comparison. This force is — = 

,.2 

and the number of lines diverging from m and crossing 




the spherical surface will be 



m 



X 4 * r 2 = 4 - 



m. 



similar sphere around — m would be traversed by an equal 
number of negative lines which converge upon — m. If 
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we consider these two masses separately, the lines of 
force due to each will be a system of radial and equally 
distributed lines in all directions. When we consider 
the two particles as forming a system, the resulting lines 
of force due to the two bodies must be determined by 
combining the separate action of the two bodies at every 
point in the field, by means of the parallelogram of forces. 

Let us first determine the resultant force on the plane 
midway between the two particles and at right angles to 
the line joining them. (See Fig. 17.) 

The repulsive force on a + unit due to m at any point 

m 
on the plane distant r, would be — , and directed away 

from m. The attraction due to — m at the same point 

f)i 

would be — 5- and would be directed towards — m. 

These two forces are equal and make equal angles with 
the normal to the plane at the point. Their resultant is, 
therefore, normal to the plane. 

The angle a between each fo"rce and the resultant, is 
the same as that between the lines p and r. Hence the 
resultant force on the + unit is 

/ = 2 ?T2 cos a = 2 -g (28). 

The number of lines per square centimetre in the field 
of m and — hi at any point determined by r on this 
plane is, therefore, determined by ( 28 ) . The force on 
a + unit varies inversely as the cube of the distance, and 
the force Is parallel to the line joining the two masses. 

To determine the total number of lines due to the 
system, which cross this plane, we must integrate fd 8 
over the plane. On an annulus every part of which is 
distant r from the two masses, whose radius is h, and 
whose radial width is dh, f will be constant, and its 
value is given in (28). The area of the annulus is 

d s = 2-h d h 
= 2-r dr 
since h 2 + jfi = r 2 , p being constant. 
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, fd S = 4;rm p 



dr 



N=j fdS = i*mp I ^" 



= 4 x m. 



.(29). 



This is the number of lines due to the system leaving 
+ m and it is the number of lines converging on — m. 

46. Case where the plane is not midway between the 
masses. 

The repulsive force due to m 
at a distance r is as before 
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. As we expect to integrate/ d S 
over the plane, we must as before 
determine the component at right- 
angles to the plane. (See sec- 
tion 40.) 



Fig. 18. 
This component will be as before, 



_ mp 



Similarly the normal component due to the. attraction 
of — m will be 

f" = - mp ' 

The resultant normal force will bef=f + f". 
The element of area over which this force is constant 
is 2irh dh or, as before, since h dh = r dr = r' dr" 



dS = 2xrdr = 2*/ dr" 
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Therefore the total flow of force across this lane is 



r»ct> s*tx> 

Jp Jp' 

'G) + '(?) 



^ (30). 



= 2-m 



= 4ir»l. 



By reference to Fig. 18 it will be seen that the result- 
ant force in the field inclines to the plane in such a way 
as to show that all these lines proceed towards the 
particle nearest to the plane. 

47. Case where the two bodies are on the same side of 
the plane of integration. 

This discussion is precisely the 
same as the one last treated ex- 
cepting that as is shown in Fig. 
19, the two normal components 
now have unlike signs. The re- 
sultant normal component is 



«n 



/ = /' -/' 




Fig. 19. 



and, as will be seen by the preceding section, 



JV = 2^m 



'©-'(?)' 



Tt is, therefore, clear that when we consider the result- 
ant lines due to the two masses, all of the lines starting 
from + m, proceed to — m. It must indeed be true 
that some lines proceeding from m aross the plane A B 
outwardly, and away from — m in Fig. 19, but they 
must evidently return, since the total integral is zero. 
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48. Distribution of lines on the middle plane. 

Returning to Eq. 29, if the integration be effected be- 
tween limits r and co , and the condition imposed that 
the value of the integral shall be any fraction y of Airm 
we shall have 

>00 



/-»00 

t dr 



P 
r 



= y X 4 k m. 



P 



or r = — 

y 

„ 12 3 

" y =W 10' 10" 
10 

2 * T 



,„ 10 10 
r = Wp, -^P, — P 



■P 



The concentric circles determined by these values of r 
divide the infinite plane into rings through each of which 
pass iV of the total lines proceeding from m to — m. 

49. Unequal Masses of unlike sign 

Suppose m > m' and let m' be negative. 

sf Suppose an infinite plane at R [_ 
y to the line joining the particles, to 
y intersect this line to the right of 
both particles, as in Fig. 20, so 
that p <ip'. Then the force due 
to these particles .estimated out- 
wards and resolved at right angles 
to the plane will be 




Fig. 20. 



/■= 



r 2 



■ COS a> COS a> 

r 2 



mp m p 



r3 



/3 



where the angles w and to' are the angles made by the 
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lines r and f with the axis or line through the particles 
as shown in Fig. 20. 

As in the previous cases the element of area is 

dS = 2nhdh = 2nrdr = Ixr'dY. 



-. N=ff dS = 2*mp J J-- 2«m' p' I % 

Jp Jp' 



.(31). 



= 2- (»>i — m'). 



If the same integration be earned over a parallel 
plane on the opposite side of the two bodies, the integral 
will be found the same. It is evident that m — m' is the 
algebraic sum of the quantities of electricity between 
the two planes, and that the number of lines proceeding 
from such a system to an infinite distance through a 
surf ace which surrounds it is 47t(to — m'). We know 
that 4irm lines proceed from the mass m, and that 4irm' 
lines proceed to the mass — m'. Of the remaining 4tt 
(m — m) lines, we find that half of them cross each of 
the planes shown in Fig. 20 outwardly and do not 
recross. The distribution of these lines to infinite space 
is, therefore, in accordance with what we have already 
found for a single particle between two such planes. 
( See section 42. ) 

50. Sounding surface between lines proceeding from the 
larger mass m,to — m', and those proceeding from mtoan 
infinite distance. 

In a system consisting of m 
and — m' (Fig. 21 ) where m > 
m' all of the lines proceeding to 
m' come from m. There are - 
47r«j' of such lines. The re- 
maining 4tt ( m — m' ) lines from 
m proceed to an infinite dis- 
tance. The integral of f d 8 
over a surface surrounding the J?ig- 21, 

whole system is, therefore, 4ir{m — m' ). 
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If we pass an infinite plane at R |_ to the axis between 
the masses, the flow of force across an element, of this 
area is as in Eq. (30) 

dr dr* 

d N = fd 8 = 2 Tzmp -^ + 2 nm' p' —^. 

If we integrate this expression between any limit de- 
termined by r, r' and an infinite distance and make the 
integral equal to 2tt ( m — m' ) we shall determine the 
equation of the limiting line of force, between the lines 
which join the masses, and those which proceed to an 
infinite distance. We may reach the same result by 
integrating between the limit r = p and ?•' = p' and a 
superior limit r, r' , identical with the inferior limit of 
the previous case, and making the integral equal to 
47rm'. 

By the first of these solutions we have 

i 00 

2izmp | ^L. +2izm'p' 1 ££ — 2- (m— m')(32). 



mp , m p 
or — + — 7— (m — m') 




or 



m' cos w' — m cos io = m — ml (33). 

By the other method we have 



Jp 



•r r-r' 
. dr | (It* 
2n»p I -g + 2-m'p' I — • = 4-m' (34). 



r 1 



hence 



**(?--i)+"'*'(HJH w ' 
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or 

P i i i P' c r 

m — m— +m — m ^-=2 m 
r r 

mp , m' p' , 

-". — - H f- =m — m , 

r r ■ 

and we have Eq. (33) as before. These integrations can 
also be carried on over a plane external to the two masses. 
The terms of the equation corresponding to (32) will 
then be unlike in sign, because the force from the two 
points will be oppositely directed across the plane as in 
Eq. (31.) In that case the angles m and to' will both be 
either greater or less than 90°. The integral correspond- 
ing to (34) must then be put equal to zero instead of 
iirm' as in (34), since the lines within the limiting line 
whose equation is (33) cross this plane twice if at all, 
and in opposite directions. We shall return to the dis- 
cussion of equation (33) after having deduced it by 
another method which will enable us to discuss it more 
completely than can now be done. It will be observed 
that when m = m', (33) becomes 

cos «' — cos io' = ..(35). 

This equation can only be satisfied by points at an 
infinite distance, for which points r' and r will be infinite, 
or by points on the axis, where co and w are either or ir, 
and r and / indeterminate. 

5T. To determine the equation of the lines of force. 
Two equal masses of unlike sign. 

The number of lines leaving the mass m through the 
circular cone whose vertex is at m (Fig. 22) and whose 
semi-angle is m is (Eq. 25 and section 19) 

N' = 27tm (1 — cos u>) (36). 

It will be observed that if <d in this equation is t or 180° 
of arc, N' = i-xm. From — m draw a similar co-axial 
cone intersecting the former cone in a circle determined 
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by co and r, or by co' and r'. The number of lines of force 
converging to — m through this cone is 

JST' — 2 izm (1 — cos «/) (37). 

The number of lines proceeding to the right through 
the circle of intersection or through the bowl-shaped 
surface 3 of any form, having the circle of intersection 
as a brim, is 

N= N' — N" = 2 Tzm f(l — cos <o) — (1 — cos a>')~\ .(38). 

Let us now vary co and co' and suppose that they so vary 
that the discharge of force or N, through the circle of 
intersection, remains constant. When we consider points 
very near m where r is very small, of will be small. The 
flow will then be determined by m. Equation (38) then 
becomes 

JV=2jrm(l — cos a) (39)i 

where a is the value of to which satisfies (38) when 
w' = 0. Equating these values of N in (38) and (39) 



N 
2izm 



— ■ COS a)' COS 0) = 1 COS a. 



.(40). 




Fig. 22. 



Equation (40) locates 
the possible positions of 
the circle of intersection 
of the two cones of flow, 
in order that the result- 
ant flow through the two 
cones measured at the 
circle of intersection may 
be constant for all values 
s of co and co' from o to ir. 
The curve satisfying 
Eq. 40 may be drawn 
by assuming any angle 
a which fixes the tangent 
cone whose vertex is at 
m. Through m draw any 
line making any angle co 
greater than a with the 
axis. Compute co' from 
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(40) and lay off from — -m a line having this angle with 
the axis. The intersection will determine a point on the 
curve, the revolution of which about the axis will gen- 
erate the surface which must contain the circle of inter- 
section. The lines for the system which start out from 
m external to this surface of revolution, proceed to — m 
external to it. Similar consecutive surfaces internal and 
external may be drawn. These surfaces will be bound- 
ing surfaces for tubes of force ; for lines of force start- 
ing out from m between consecutive tangent cones, whose 
semi-angles differ by da will proceed to — m between the 
consecutive surfaces corresponding to these tangent 
cones. 

For any point on the plane midway between m and 
— m, co + to' = 180° and cos co + cos co' = 0. Hence by 
(40) 

1 — COS a 
— cos a) = ^ and 

, — P _ %P 



1 — COS a 



If this value of r be taken as the interior limit of 
integration and oo the superior limit in determining the 
number of lines crossing the middle plane, we have 



/ 



f d S 




/l — COS a\ 
= 4 - mp I ^ I = 2 jt m (1 — cos a), 

which is the same as (39). But (39) determined the 
number of lines starting from m through the cone of 
semi-angle a. The same relations will hold for any other 
surface and its tangent cone, and, therefore, for the 
space between two consecutive surfaces. 
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52. Potential in the field of two equal masses of oppo- 
site sign. 

The potential at any point in the field of in and 
— m is 

F= m _m (41) 

r r' 

The potential due to these masses is zero if r' = co and 
r = oo , or if r = r'. The latter condition is satisfied 
by any point on the infinite plane which bisects the line 
joining the two masses. If r" > r the potential is posi- 
tive, while if r' < r it is negative. The plane of zero 
potential thus divides all space into two regions. On one 
side of the plane the potential is positive, and on the 
other 6ide it is negative. 

The potential at any point in the field diminishes as + m 
and — m are brought nearer together. It becomes zero 
when they are superposed, since r = r'. The point or min- 
utesphere having the two charges would then be unelectri- 
fied and its potential would be zero. This zero of potential 
is the potential of surrounding bodies or of the earth, if 
the charges m and — m were obtained from contact with 
the terminals of an electric machine whose average po- 
tential is that of the earth. 

53. Unequal Masses of Unlike Sign. Equation of the 
line of force. 

If the cone of tangency be taken at the mass m we 
have by the considerations leading to Eq. (38) 
2nm(l— cosio) — 2 7rm'(l — cos a/) = 2 ?rm(l — cos a) (42) 

This is the equation of any line of force. The sur- 
face of revolution obtained by revolving this curve about 
the axis will bound a tube of force. 

At an infinite distance, co = co' = 6 for any line. 

This determines the angle which the asymptote to the 
line of force makes with the axis. As we shall see later, 
in section 78, this asymptote passes through the centre 
of gravity of the two particles. Eq. 42 then becomes 

(m— m') (1 — cosd) =m (1 — cos a). ..'.(43). 
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Since cannot be greater than ic, if we give it this value 
we shall have the limiting line which separates the lines 
going from in to an infinite distance from those passing 
to the smaller mass in'. Eq. 43 then becomes 

2 (m — m') m = (1 — cos a o ) (44), 

where a o is the semi-angle of the tangent cone for the 

limiting line. 

2m' — m /az\ 

.*. cos a = ••" V.*«V) 

m 

which determines the initial direction of the limiting 
line of force at the larger mass m. The equation of this 
critical line is, therefore, by (42) and (44) 

m (1 — cos w) — m' (1 — cos «/) = 2 (m — m') 
or 

m' cos u> — m cos to = m — m' (33), 

which is identical with (33). 

Since this equation is satisfied by of = tr and a> = ir, it 
follows that this line and, therefore, the surface of revo- 
lution in which it lies not only diverges from the axis at 




Fig. 23. 

the point m but also converges upon it in a point P, on 
the opposite side of the smaller mass — m'. P is the posi- 
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tion of equilibrium, where the repulsion from m balances 
the attraction from — m' . At P the testing + unit 
would be in unstable equilibrium. It would move towards 
— m' on slight displacement in that direction, and away 
from — m', if the displacement were away from — m'. 
From P the surface of revolution containing the critical 
lines continues either as the line P to — m' or as the line 
from P along the axis in an opposite direction. This is 
indicated by the fact that Eq. (33) becomes indetermi- 
nate when w' = w = ir. In Fig. 23, m = 20 and m' = 5. 
Hence by Eq. (45), a a is 120° and the distance m P, is 
twice the distance between m and m'. 

54. If the electrical masses m and — m' be placed on 
two small spheres, the lines of force in the field will be 
the same as when on two points, if they are far enough 
apart so that they do not act sensibly on each other. 

Suppose a very small sphere of matter having no sen- 
sible mass be placed tangent to the sphere having the 
charge — m'. It would acquire a minute charge by con- 
tact and would be repelled by — m'. It would also be 
attracted by + m and it would move along some line of 
force. It would always find its way to the charge -f- m. 
If the small sphere were to be placed in contact with the 
sphere having the larger mass, it would be similarly 
repelled by + m and attracted by — m'. If the point of 
tangency were within the critical surface, the small 
sphere would go to — in' . If outside, it would go to an 
infinite distance along a line of force. In this illustra- 
tion the movement is supposed to be controlled wholly 
by electrical forces, and without complications due to 
the momentum of the small sphere. 

55. Tubes of force between charged bodies terminate in 
equal charges of opposite sign. 

Consider the operation ff d s applied to the surface of 
any tube of force, bounded bylines of force which originate 
on the sphere having a charge + m, and terminate on 
the sphere having a charge — m'. Consider also that 
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this tubular surf ace continues through the electrical films 
on the two surfaces, and that the ends are closed inside 
the bodies. No lines of force pass outwards from the 
tube through the portion between the two films, since 
this part of the surface is by hypothesis bounded by 

lines of force, and for this part of the surface \f d s = o. 
This integral is also zero for the portion of the two ends 
within the two spheres, and which form continuations of 
the tube of force, since f = o at every point within the 

surfaces of the charged conductors. Since \f d s = 
4 7rilif"f or any surface it follows that M or the total charge 
within this tubular surface is zero, or that the charges 
on the ends of the tube are equal and have opposite signs. 
The same is true for all tubes which originate in + m 
and terminate in — m'. The charge within the critical 
surface on the sphere .having the charge + m, is, there- 
fore, + m'. The charge outside is m — m', and the lines 
originating in this portion of the charge are 4 ir (m — m'), 
in number, and proceed to an infinite distance. 

56. Potential due to two unequal masses of unlike 
sign. 

The potential due to m and — m' at any point deter- 
mined by r and r' is 

F=?-5r (46). 

This potential is zero where r=r'= co and also at 
any point which satisfies the condition 

m m' 

_ = , or 

■r r 

r=^r' (47). 

ml 

This is the polar equation of a circle which revolved 
around the line m in' will generate a — 
spherical surface of zero potential, f g /V~~— — r__^^ 
If the distance between the masses r Is J a a +20 
be 2 a, this sphere will cut the ^ ' 

Fig. 24. 
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line passing through the acting masses at points 
where 

?>! + r\ = 2 a and 



r 2 — r' 2 = 2 a. 



We may refer the circle to rectangular co-ordinates with 
the origin at the point midway between the particles. 
We have 

Eliminating r — 

y 2 + (a _ x y = B-( y 2 + (a + x y^ 

, , / m -f- m' \ 2 „ 4 m m' 

or y* + [x — a _I — r = ft 2 -3 

V m — m ) (m— m ) z 

If y = o 

m — m m — m 

The first term of the second member is the abscissa of 
the centre, and the second term is the radius of the 
circle. As m' approaches m in numerical value, both 
terms of this expression become very large, and approach 

each other and — in value. In the limit when 

m — m' 

m = m' the distance to the centre becomes infinite, and 

2a 

the term ,\l m OT ' representing the radius has an 

m — m 

equal value. Hence one point of intersection is then at 

the origin, and the infinite plane which bisects the line 

m m' at Ji\_, is then a portion of the sphere of zero 

potential. 

If a = 10 ; m = 10.001 and m' = 10, the distance to the 

centre of the sphere of zero potential would be 200,010 
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and the ± term representing the radius would be 200,- 
009.8, the intersections being distant from the origin 
400,019.8 cm. or 4000 metres and 0.2 cm. 

The curve for any other value of V is easily con- 
structed from the equation, and the intersections with the 
axes can be readily obtained from either the polar equa- 
tion (46) or from equation (48) when the distance 
between the particles is known. 



57. To determine the flow of force across the spnere of 
zero potential, enclosing the smaller mass — m'. 

Let D and D" be the dis- 
tances of to and — m' from the 
centre ( Fig. 25 ) . Let j3 and a 
be the angles made with the 
radius drawn to any point of 
the sphere by the lines r and r' 
joining the acting masses with 
the same point, the rectangular 
co-ordinates of the point refer- 
red to the centre U being x and y. 

Then the resultant force due to m and ■ 
face of zero potential is 




Fig. 25. 



m' at the sur- 



m m 

f= Va cos a — Ta cos P- 



.(49), 



this force being directed radially towards the centre of 
the sphere. 
Further — 



r '2 + igs _ jyt r 2 + 222_.D2 
cosa = sn; ; cos 13 = z^Tu •■••(00). 



2/i? 



2rJi 



Over a zone of the sphere whose width is ds, and which 
is everywhere equidistant from either to or — to' this force 
will be constant. The area of this zone is 



dS-. 



2-yds (51) 
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where 

y = r sin w =r' sin to 



dr dr" 

ds = sin (3 ~ sin a 



and 



. „.j„ — rar = — - — r ar 

. . yas — s . n Q sin a 

dS =2x?rdr= 2 * f^r'dr' 

Substituting (50) in (49), and multiplying the resulting 
equation by dS after separating terms in (50) 




= 4nm' 

58. Equilibrium of the charges m and — m' on equi- 
polenlial surfaces of the system. 

It is evident that lines of force cut the equipotential 
surfaces of the system at right angles. If this were not 
so there would be a component of force along the sur- 
face, and it would require work to move the testing unit 
along the surface against that component. This is con- 
trary to the supposition that the surface is one of con- 
stant potential. 

We have seen that tubes of force originating in a 
charge to in equilibrium on a small sphere at A, (Fig. 26) 
and terminating in the spherical charge — m' at B have 
equal charges upon their ends. It therefore follows that 
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the entire charge on sphere m, may be transferred to any 
equipotential surface surrounding m without changing 




Fig. 26. 

thefieid external to that surface. The amount within 
any tube of force is to remain the same as before. The 
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electricity is to be projected along the lines of force from 
one surface to the other. The potential within the newly 
charged surface will then be constant, and will be the same 
as that of the newly charged surface before the change. 
The area of this surface being greater than that of the 
original sphere, the density of charge will be less. There- 
fore the force f at the surface will be less than it was at 

the former surface of charge, but the intregal J fds will 
remain unchanged, beiDg iirm. If the equipotential 
surface were to become conducting, the charge thus 
distributed would be in equilibrium upon it. The por- 
tion of the charge m, which is within the critical surface, 
namely + m', might be similarly spread over any equi- 
potential surface enclosing — m' at B and the field within 
would remain unchanged. If this were the surface of 
zero potential, marked Q, its potential in the presence 
of — m' would still be zero, and the potential of all 
external- points due to the two charges — m' and + m' 
would be zero. The distribution on the sphere of zero 
potential would then be the same as it would be if the 
sphere were conducting, and were to be grounded in 
presence of the charge — m' within. 

Keturning now to the original condition of m and 
— m', if we were to transfer the charge — m' at B to the 
sphere of zero potential as before described, the exter- 
nal field due to + m and — m' would remain unchanged. 
The potential on and within the sphere of zero potential 
would be zero, and the distribution on that sphere would 
be the same as it would be if it were a conducting 
sphere, grounded in the presence of the external 
charge m. 

It thus appears that if this sphere of zero potential 
due to the charges m and — in' were a conductor, and 
grounded in presence of the external particle + m or the 
internal particle — m', induced charges would be pro- 
duced which in the two cases would be identical in dis- 
tribution, and opposite in sign. If the sphere were to 
be grounded in presence of both particles, its potential 
would remain zero, and the distributions on its outer and 
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inner surfaces would remain unchanged. We proceed 
to determine the law of density of this induced charge. 

59. Required the density of the induced charge at any 
- point on a conducting sphere due to the inductive action 
of either an internal or an external particle. 

By Eq. 48, the distance from — m' to the centre of 
the sphere is 

2) > = a m + m' = 2am' 

m — m' m — m' 



The radius of the sphere is by the same equation 
B = 2a ^mm' • 



m — m 



(53). 



Eliminating m by (52) and (53) 

D' (2a + -£>')'= R\ 



U D = Z? (54), 

or the radius of the sphere of zero potential due to two 
particles m and — m', is a mean proportional between the 
distances of the particles from the centre. The position 
of these particles is at conjugate points of the sphere. 
Hence with a given sphere, if either D or D' be given 
the other can be computed. 

The condition which will determine the hypothetical 
mass which, placed at any point within or without a 
sphere, in presence of a given mass at a conjugate point, 
will reduce the sphere to zero potential is 



-2- = ^- (47). 

r r 
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At the points of intersection of the sphere by the line 
through m, m' we have for the internal intersection, 

r' = B — D' r = D — B 

and for the external intersection 

r' = D'+B r=D + B 

from which 

m_ D — B _ -P + R ,**■> 

ri~~ Ji — D' ~~ D' + B ^ h 

Eliminating D from either of these expressions (55) by 
means of (54) 

m=-jy m'.. (56). 

Eliminating D' we have 

m' = -p m (57). 

If we have any internal mass — m' at any distance D' 
from the centre of a sphere of radius R, then ( 56 ) gives 
the mass + m that must be placed at a conjugate point, 
determined by ( 54 ) in order to produce zero potential 
on the sphere. Equation (57) applies in a similar man- 
ner to an external mass m. This equation is instructive, 
in showing that if — m' were placed on the sphere of 
zero potential in presence of + m at a distance D from 
the centre, the potential at the centre would be zero 
whatever might be the law of distribution of — m' over 
the sphere. 

The force at the surface of zero potential is given by 
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( 49 ) and ( 50 ) . Eliminating D, m and r by means of ( 54 ) , 
(56) and (47) we have 

f R— W (58) ' 

This is the force on a plus unit at the surface of zero 
potential due to + m and — m', or at, but inside the sur- 
face, due to the charge — m' and the positive induced 
charge on the sphere, if it be a conducting surface 
grounded in presence of the internal particle, — m'. 

In order to determine the density of distribution of the 
induced charge we must consider certain experimental 
results. 

1. Suppose the sphere of Fig. 25 to be conducting and 
grounded, and let — m! be any mass at any internal 
point. The force just outside of the internal spherical 
surface is zero. The attraction due to — m' is exactly 
balanced by the repulsion of + »»' induced upon the 
sphere. Hence, at a point just outside this distribution, 
of quantity + in', it acts as if it were at the point occu- 
pied by — m! . 

2. If a mass — m determined by Eq. (56 ) be placed at 
a conjugate point, we have shown that it would produce 
the same distribution on the sphere. Experiment shows 
that the force within the sphere, due to — m at the conju- 
gate point and the distribution + m' on the sphere is zero. 
The sphere acts as a perfect screen. The forces balance. 
Therefore, at a point inside the surface the distribution 

acts as m =jf m' = ^p m ' units would act at the conju- 
gate external point. 

At a point infinitely near the attracting surface, on 
either side, its attraction on a unit particle will be the 
same as that of a plate, or 2 v a. See Eq. (10).. Since 
this attraction balances that of the inducing mass on the 
side of the surface where they are opposed, the force on 
the opposite side where they act together must be 

/=+*« (59)- 
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By (58) and (59) we have 

,- | ^~ D " mL ceo). 

^ 4-i? r' J ■ K 

By means of equations (47), (56) and (57) the 
values of If m' and ?•' may be replaced by D, m and r 
and we then have for the force due to m and its induced 
distribution on the sphere 

f= -*nr 73- (61) ' 

which value is the same as (58). The density due to 
the inductive action of a charge + m will be 

D 2 — & m , 

Equation (61) is the force at but outside the surface 
of zero potential due to an inducing mass m, and the 
negative induced charge on the grounded sphere. The 
quantity of the induced charge is 

m =-=-m (° 7 )- 

The force within the sphere is zero. The potential 
will, therefore, be constant and equal to zero. The 
external field will be the same as if the mass — m' were 
placed at a point conjugate to that occupied by + m', as 
determined by (54), and the conducting sphere were 
removed. 

These relations were first pointed out by Sir Wm. 
Thomson, now Lord Kelvin. He looks upon — m' at 
the conjugate point, as the electric image of + m, in the 
sphere of zero potential. So far as external effects are 
concerned the grounded sphere may be replaced by the 
image of the inducing mass. 
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60. The principle of electric images has been of great 
importance. The field of force due to complex distri- 
butions of electricity may be determined by substituting 
equivalent electrified points, as the illuminating effect of 
a reflecting surface may be replaced by images in that 
surface of the sources of light. 

In the presence of the external plus particle, the space 
occupied by the conducting sphere would, if the sphere 
were removed, be positive, and would vary according to 
the law, 

V=-. 



When the grounded conducting sphere is present, its 
potential must be zero because it is grounded. The in- 
duced negative charge upon it distributes according to 
Eq. (60), and this distribution brings the potential of 
every point down to zero. If — dm' be an element of 
this negative induced charge and the integration be carried 
over the surface of the sphere, then at any point deter- 
mined by r and r' on or within the sphere 



-/ 



dm! 



m 



.(63). 



61. Verification of Equation 
(63). 

We have found that the den- 
sity of charge on the grounded 
sphere, due to the inductive ac- 
tion of an external particle at a 
distance D from the centre, is (62) 

m(D 2 — i?2) 




Fig. 27. 



— AxB r 3 

The potential at the centre due to this distribution is 
(see Fig. 27) 



-+r- 



yds 

B 



.(64), 
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where 2 it yds is the area of the zone whose width is ds, 
upon which the density of charge is constant, since its 
plane is at R [_ to the line from m through the centre of 
the sphere. 



But y = r sin a 

dr 

ds = -7—7 



B 
.-. yds =75" rdr. 

Substituting these values in (64) together with the 
value for a and remembering that the potential due to m 

at the centre is -jr, we have for the resulting potential 

at the centre, 



m T7 - m m (Z) 2 — R 2 ) I dr 

-R 



m m(P 2 — i? 2 ) 
~D~ 2DR 



no* 

\ r 2 

[d—r ~ d + r) = °' 



62. Example. Let an external particle have a mass 
m = 3, its distance from the centre of the sphere be 
D = 180 cm. , and let the radius of the sphere be i? = 20. 
Then the charge induced on the sphere would be (by 56). 

20 1 

m ' = W X3 =3 

The density at the nearest point where r = D — R would 
be (62) 

m(.P 2 — i? 2 ) m (D + R) 

a °— ±nR(D— R)* ±*R(R — D)* 

3(180+20) 
= _ 4*X20(180-20) 2 = _ 0.000093 



§ 63 ELKCTBOSTATICS. 65 

The density at the remote point would be by (62) 

3(180—20) „ 
'" =-iO<W080T20) 2 = - °- 000048 - 

The conjugate point within the sphere would be at a 
distance from the centre of 

400 
D' = j|q-=2.22 cm. See (54). 

For external points the potential due to this distribu- 
tion on the sphere is the same as would be due to V3 of a 
unit, at a point 2.22 cm. from the centre. For internal 
points it is the same as would be due to 3 units at a 
distance of 180 cm. from the centre. 

If a mass in' = 4 were placed at the centre of the 
sphere of radius 20 the distance D — o. Then since 
r' = R the density of charge on the sphere due to 
induction would be by ( 60 ) 

m' 4 1 



— 4 it k& ~ 4 7T X 400 ~ 400 % 

It would be opposite in sign to that of the inducing 
particle. The density would be constant. The con- 
jugate point would be at an infinite distance. Such a 
distribution could not be produced by an external parti- 
cle at any finite distance 

63. Induction of an external mass m on an insulated 
conducting sphere originally in a neutral state. 

After equilibrium has been established, the potential 
is constant throughout the sphere, although it occupies 
a region where the potential would vary according to v the 

AM 

law y= — if the sphere were removed. Experiment 

shows that the force within the sphere is zero, and that 
there is no electrification on the walls of any internal 
cavities. The negative charge on the side facing the 
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inducing mass + m brings the potential of that side down 
to the resulting potential of the sphere, while the equal 
charge on the remote side similarly raises the potential 
of that part. Since these equal induced masses of 
unlike sign are equidistant from the centre, the potential 
at that point due to them must be zero, whatever the 
law of distribution. The potential at the centre is, 
therefore, due wholly to m and is 

V a =l (65). 

This must, therefore, be the potential of every other 
point in or on the sphere. 

Suppose the sphere to be first grounded, reducing its 
potential to zero and as has been shown charging it by 
induction with — m' such that 

=- = £ (66). 

m D 

Suppose the sphere now insulated and a charge + ml be 
uniformly distributed over it. Equilibrium will result, 
and the potential at the centre rises from zero to 

^ = ? < 67 >- 

Since the charge on the sphere is now zero, the potential 
at the centre must be the same as that given in ( 65 ) and 
(66) is also satisfied. 
The density of the new layer is 



.(68). 



°— 4 -IP — InRD 

The resulting density due to both layers on the sphere, 
at any distance r from m is 

, _ w IP —IP m 

a °^ a — irzRD 4-iZ ~W 



m I \ iy* — w\ , anx 
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The density will be zero for points on a circle the 
plane of which is at It |_ to the axis, and which is deter- 
mined by the equation 



r 3 = Z>(D 2 — W). 



.(70). 



The external field due to the mass + m at a distance 
D from the centre of the sphere, and the induced 
charges on the sphere, is the same as it would be for the 
external mass m, a mass — m' at the conjugate point 
within the sphere, and a mass + m' at the centre of the 
sphere, where m' is given by (57). 



64. To find the distribution of electricity on an infinite 
conducting plane due to a mass m whose perpendicular 
distance from the plane is p. 

The plane acts as an electric 
screen and the force due to m and 
the induced charge is zero on the 
opposite side of the plane from m. 
This is due to the fact that the 
distribution on the plane exerts an +m 
equal and opposite effect. If the 
distribution on the plane were re- 
versed in sign, its effect on parti- 
cles to the right of the plane (Fig. 28) would be the 
same as that due to the plane. Hence a mass — in at a 
distance p to the right of the plane would have the same 
effect on points to the left of the plane that the negative 
distribution due to the inductive action of + m has. We 
have already found that the force at the plane at a distance 
r due to m and — m is 









T s 


h 




a P 




P -m 



tfig. 28. 



/ = 



2mp 



.(28). 



This is, therefore, the force due to m and the negative 
distribution at but on the left side of the plane. 

If the density at the point where f is thus determined 
be a, the force due to the plane alone is 2 ir a. See (10.) 
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Therefore, since the action of the plane on the opposite 
side is balanced by that of m, we have for the total force 
of the field at the surface 

/= _4™ (71). 

Equating these values in (28) and (71) 



mp 



2wr* 



.(30). 



If m = 3 units, and p = 160 cm. the density at the 
nearest point on the plane where r = p would be 

3 

= 0.0000186 



2-x (160) 



The density falls off very rapidly from this point, since 
the density varies inversely as the cube of the distance. 

65. The total charge on the plane is easily obtained by 
integrating J ad 8 over the plane. If d 8 be a ring 
whose centre is at the foot of the perpendicular from m, 
whose raidius is h, whose radial width is dh, and whose 
oblique distance from m is r, then 

d S = 2nhdh = 2 t: rdr, 

since r 2 = 7j 2 + P 2 



Q = — J m <r dS = — mp I — J- = 




The induced charge on the plane is equal to that on 
the inducing point. This is in harmony with the result 
previously found that all lines from + m proceed to — m. 
We here find that the field to the left of this plane is 
the same as if the plane were replaced by the image 
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— m. The lines orignating in + ni, terminate in an equal 
charge on the plane. 

It can be readily shown by a process similar to that of 
section (48) that the distribution of electricity on this 
plane is exactly like that of the lines of force. 

The potential at the foot of the perpendicular due to 
m and the induced charge upon the plane is 



r 

r m r a dS m j 

p J h p m P I r 

J P 



dr 



V r 2 - 



m 

— • — mp 

p * 



pa r 



00 

= 0. 
P 



The potential of the plane is also zero at an infinite 
distance from m, and it is a plane of constant potential, 
since it is a conductor having a charge in equilibrium. 
Therefore its potential is zero throughout. 

66. Inductive reactions. If the charge + w be sup- 
posed distributed uniformly over a sphere of radius Ii, 
its action on the plane will be the same as if the charge 
were at a point. The distance p, is measured from the 
centre of the sphere. 

The negative charge on the plane will react inductively 
on the sphere. Its action will be equivalent to that of 
its image, which is at a point equidistant to and opposite 
from the centre of the sphere. The positive charge 
which the plane will induce on the sphere will be by 
(57) 

+ m =2p-m, 

which may be assumed at a point conjugate to that occu- 
pied by the image of the plane, in order to compute its 
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reciprocal reaction on the plane. The distance of this 
internal image of + m' from the centre of the sphere is 

2p 

At the same time since the sphere is insulated, an equal 
negative charge — m' must be spread uniformly over 
the sphere, and in computing its reaction on the plane, 
it must be assumed concentrated at the centre. These 
two charges will act differentially on the plane, the 
resulting induced charges again reacting on the sphere. 
To determine this reaction they must be assumed at 
opposite and equi-distant points. In this way the final 
charge and distribution on the plane, and the final dis- 
tribution of the charge on the sphere, may be deter- 
mined to any degree of precision, the distribution of each 
charge being computed from .formulae which precede. 
The theory of the solution is very simple, but the com- 
putations are very tedious. The terms of the summation 
converge rapidly and only a few are required. 

An electrified particle between two parallel conducting 
planes, will also give rise to mutual inductions which may 
be represented by two infinite series of images as in the 
case of optical images of a radiant point. 



CHAPTEK IV. 

CAPACITY. 

67. If a conducting body having any shape receive a 
charge of positive electricity m, that charge will spread 
over the body according to some definite law. By what 
has preceded it will be seen that this distribution will 
depend on the shape of the body, and the location of 
surrounding bodies. If an equal negative charge be now 
applied, the body will be everywhere neutral. This 
shows that the two charge* distribute according to the 
same law. This is found to be true irrespective of the 
numerical value of m. If two charges + m be added in 
succession, and then a single charge — 2m the body will 
again be neutral at every point. Such experiments show 
that each successive increment distributes according to 
the same law, whatever may be the charge already on the 
body. 

At any point in, on or around, any conducting body thus 
electrified, the potential due to electricity on the body 
will be directly proportional to the charge on the body. 
If dm represent the charge on an element of surface d8, 
where the density is a, then dm = a d 8. If r represent 
the distance from dm to any point in, on or around, the 
body, then the potential at that point due to the entire 
charge on the body will be 



■=s- 



**L (72), 



where the integration is to be carried over the entire sur- 
face of the body. This equation is not integrable with- 
out an accessory equation giving the value of a at any 
point on the surface. The law of this distribution is 

(71) 
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beyond the reach of mathematical analysis, except for a 
few bodies of simple form. For all bodies the density 
of charge a at each point is directly proportional to the 
total charge, and, therefore, the potential at any point 
in space due to that charge is also directly proportional 
to it. Therefore 



Q=GV.. 



.(73). 



The constant O is the quantity of electricity required 
to be added to a body in order to increase its potential 
by unity. The magnitude of the unit capacity is deter- 
mined by ( 73 ) in terms of those of the units of quantity 
and potential. 

By reference to sections (33) and (11) 



Capacity unit = 



M i L% T~ 



The capacity of a body is therefore a length and can 
be measured in centimetres or miles. The unit of 
capacity is the centimetre. 

68. Capacity of a Sphere. 

The potential at any point inside 
of a spherical shell due to a charge Q 
upon its surface is to be first deter- 
mined. 

The potential of a zone . element 
every part of which is distant r from 
the point P is see (Fig. 29. ) 




Fig. 29. 



d V = 



d Q 
r 



2 t: a yds 



.(74). 



where y = r sin a 



ds. 



dr 

sinfi 



.,„jo sin a B 

yds — — __ rdr _ r dr. 

sin p D 



§ 68 CAPACITY. 73 

Substituting this value in (74) and integrating in r 
over the surfaoe of the sphere. 



' - a — I r 
D J- 



->D + B 
■■ 2 - <^ | dr 

(D-B) 



= 4 7T <r i2 = — ^— = s K' )- 



The potential at any point is, therefore, the same as the 
potential at the centre, and is, therefore, constant. 
This result depends on the fact that the force is zero. 

If the point is external to the sphere the same con- 
struction will hold, but the limits of integration must 
be changed. We then have 



•*»£* 



+ B 
dr 
B 



t*"* 2 Q (76). 



D ~D 



The potential at any external point is the same as if all 
the electricity were at the centre. If the external point 
be at the surface of the sphere, the potential becomes 

F=| (77). 

Comparing this equation or (75) with (73) it will appear 
that the capacity of a sphere is 

= B (78). 
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A sphere having a radius of one centimetre will have a 
capacity of one electrostatic unit.* 

69. The Ellipsoid. The force within any electrified 
conductor being zero when in a condition of electric 
equilibrium, it follows that the distribution of electricity 
on an ellipsoid must be the same as the distribution of 
matter in a shell bounded by similar ellipsoids. A 
line being passed in any direction through the two bound- 
ing surfaces, the intercepts between the surfaces are 
easily shown to be equal at each end of the chord. 
This, would be true for each of the bounding lines of a 
cone of infinitely small angle, whose vertex is at an 
attracted particle O within. The masses enclosed within 

the two nappes of the 
cone would be directly 
proportional to the 
square of the distances 
from O. 

The opposing attrac- 
tions on unit mass at 
O would each be 
Fig. 30. equal to 




dA = i =pdw dr, 



where p = volume density, r = distance, dm = solid angle 
of cone and dr = shell thickness, which is equal in each 
of the opposing masses. 

An electrical layer having such a distribution would 
behave as electrical layers do behave, and the potential 
within the body would be constant, since the force is 
zero. 

The equation of the inner ellipsoid is 



+ 



6 2 



1 = 1. 
C 2 



.(79). 



* It will be observed that potential is not a quantity which depends 
on direction. The difference between the discussion for potential 
and for force within a spherical shell should be noted. 
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If the axes of the outer ellipsoid be a' b' c', the con- 
dition that the two are similar is 



a 

a 



1 -f a. 



.(80), 



where a is infinitely small. From 

the centre O of the ellipsoid, 

draw a line to any point M of 

the inner ellipsoid, producing it 

to N~\n the outer surface. Pass 

the plane P T tangent to the 

ellipsoid at M, and draw M M' q 

and O P = p normal to that Fig si. 

plane. Then the quantity of matter per unit of surface 

at M is 




<r = pMM 



.(81). 



By similar triangles 



MN 



MM'=p m = p 



ON— OM. 
OM 



But 



ON , ON— OM 
OM= 1 + ? or OM~- 



G=PP «. 



.(82). 



The volume of the shell being the difference between the 
volumes of the ellipsoids, its mass is 

Q = 4- *a& C [(l+«) 3 -l]<° 
or by section 18 



Q = 4 n aba p a 

M 

4 7: aoc 



.(83). 
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To find p we have as the equation of the tangent 
plane at ~M, whose co-ordinates are x" y" z" 



a 2 o 2 c 2 



The intercepts on the axes are 

JUL 5!_ -f 

x" y" ~Y" ' 

If u, v, w are the direction cosines of p, 
a 2 6 2 c 2 

P = — U= 77- V== 7T W 

x y z 

and 

."2 



M 



/a;" 2 «" 2 b"2 \ 



P = 1 (84). 

l/ a 4 + & 4 + C 4 



By (84), (83) and (82) we have 

4*«& C / g» y»2 % ^ (85) ' 

The potential at the center of the ellipsoid is 

J r ~4:xabcJ r ...(86). 
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The capacity of the ellipsoid is, therefore, 

Q 4 z abc 

c ~~v~~rEK ■"■'■ (87) ' 

It will be observed that this quantity is of the dimen- 
sions of a length. The numerator abc is a volume. 
The quantity pdS is a length into an area, or a volume. 
Therefore the whole expression has the dimensions of a 
length. 

The integration required in (87) involves elliptic 
functions for the spheroid of three unequal axes, and in 
such general form is not of special importance. 

If c = b we have an ellipsoid of revolution around a, 
for which the integration may be readily performed. 

70. Ellipsoid of revolution. As in case of the sphere, 
let d8 be the element of surface described by ds, an arc 
of the meridian curve. 

Then 

2 iz ydx 



d S = 2* 



dx 
ds 



6V 
But ds 2 = dx* + ^j-2 dx 2 

. dx i y 



ds 



y V a* + b* 
pdS = 2n V*dx, 



and hence 



G ~~ 4 waft 2 J r 2a L 



dx 
V a 2 + y z 
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Since a 2 y 2 + ft 2 x* + a 2 a; 2 = a 2 6 2 + a 2 « 2 

where e is the eccentricity of the ellipse of which a is 
the major axis. 
Henee 

*+ a 

1 j dx 



O p 2a I V 6 2 + e 2 a; 2 



-a 



+ a 



= i [^ (6a! + V&2 + " 2 ^ - « 



J — 2^ \±^ (89)- 

2 ae y 1 — r 



■ e 

This gives the capacity of a prolate spheroid. This 
expression can be developed into a series by means of 
McLaurin's formula and the value of O p determined 
when e = o or when the ellipsoid becomes a sphere. 
The value is C p = a. 

For any other value. 

2ae M 



a 



p 1 + e 



'10 1. 



where M= 0.4343 or the modulus of common loga- 
rithms. If e = 0.5 or b = ai/o.75 = 0.866 a then 



n 0.4343 a 



where a is the length of the major axis in centimetres. 

Tf a is large compared with b it will be observed 
from the equations that the density approaches uniform- 
ity on the main body of the surface, but becomes very 
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large at its pointed ends. The element of charge on a 
zone whose height is dx is 

q 

or by equations leading to ( 88 ) 

Q 
dQ = -„- da;, or 

clQ = Q 
dx 2a 

The charge per unit of length along a is, therefore, 
constant, = i^ , or zones of equal height have equal 

charges. Since the surface per unit length may become 
very small at the pointed ends, the density will become 
correspondingly great. 

.71. Oblate Spheroid. If a^>b, the axis b being the 
axis of rotation, 

Since aV + b 2 x* + &V = a 2 & 2 + b 2 y 2 



xZ ~\~ y 2 = a 2 — 



and (88) becomes 



C'o = 


"V. 


_ & a V* y 








+ b 


1 


arc-sin 


ey 
b 


arc-sin e 


2ae 


ae 




- 




— b 


or C„- 


arc 


ae 




-sin e 



(90). 
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As e becomes small this value approaches a, so that 
this formula also gives the proper value for the capacity 
of a sphere. 

When b = o or e = 1, this ellipsoid becomes a circular 
plate, and 

0=*- (»i>. 

When e = 0.5, then arc-sin e =~ a nd by (90) the 
capacity of the oblate spheriod having b = 0.866 a is 
C D = 0.954 a. 

72. Elliptical Plate. 

The density at any point, x, y, z on the general ellip- 
soid is given in (85). 

From the equation of the ellipsoid 



c* — c 2 { a?~ b*) 



Substituting this value in (84) and leaving off the 
accents, 



P. 

c 






As c approaches zero 3L approaches the limit, 



\CIc-, 



c 
1 



V a? W 



Therefore the -density on one side of an elliptical 
plate is 

Q 1__ 

ix db / 

~~6 2 



I/' 1 -,---" 
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For a circular plate a = b, and x 2 + y 2 = r 2 where r is 
any distance from the centre of the plate, of which a is 
the radius. Hence the density at any point on a circular 
plate becomes 



Q 



4:7raj/ a 2 r 2 



.(92). 



The density at the centre of the plate on one side is 
j = ff - ^ ne quantity on one side of the plate being 

Q 

-5 and the area of the plate being ir a 2 , the average den- 

Q 

sity over the plate is h i which is twice the density at 

the centre. 

The plate has the average destiny at a point whose 
distance r is r a = « V~\ = 0.87 a. The density at 
the edge of the plate where r = a is infinite. The den- 
sity at any point in terms of the density at the centre is 



Va 2 — r 2 



.(93). 



The curve showing the den 
sity along a diameter of i 
the plate is given in Fig. iail 
32. If the curve shown in 10 . 
Fig 32 be revolved about 
the vertical line at the cen- 
tre, representing the den- 
sity at the centre, it will 
generate a surface, hav- 
ing right circular cylinder 
formed on the plate as a 
base, as an asymptote. The 




8 a 



Fig. 32. 



4r 6 

Density on a Circular 
Plate. 



volume enclosed between plate, cylinder and surface of 

, . Q 

revolution will represent the charge „ on one side of the 
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plate. This volume is, therefore, a finite quantity, and 
is, of course, represented by the integral J a d s over 
the surface of the plate. 

72a. Capacity of a Circular Plate for a free charge. 

By means of Eq. (93) we can determine the capacity 
of the plate for a free charge. The potential of the 
plate being constant, we can determine the potential at 
the centre of the distribution. This potential is 




2 tz a a 



where d /S = 2 ir rdr. 

The potential due to both sides of the plate will be 

Q 2a 

which is identical with (91), and is represented by a 
length. 

73. Capacity of a Circular Cylinder or a Straight 
Wire. 

In case of the spheroid of revolution we found that 
equal charges were distributed on zones of equal height. 
It may, therefore, be assumed that when the axis of 
revolution becomes very long, so that the ellipsoid 
becomes in form like a wire, that the quantity per unit 
length will be constant, except at the ends. We find that 
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in case of a plate although the density is infinite at the 
edge, that the total charge is finite for a finite potential, 
or, in other words, that the capacity is finite. As the 
wire does not terminate in a point, the density at the 
ends of the^wire will not be infinite, but only somewhat 
larger than over the main part of the wire, and this end 
effect will not extend far from the ends of the wire. 
We may, therefore, neglect this end effect in determin- 
ing the capacity of the wire. 

We first find the potential 
at the middle point O of the i <g- 



wire. The charge on a cylin- g 

drical element of radius a hav 



ing a width dl, whose plane is Fig. 33. 

distant I from O, the oblique 

distance from O to the surface of the element being 
r, is 

dQ — 2 n a a d I. 

The potential due to this element at O is 

2 it a a d I 

dV= . 

r 

If we integrate this in I between zero and I, which is 
the half length of the wire, and multiply the integral by 
two, we have the potential at due to the entire electri- 
fication, or 




= 4 , a * lg s [z + V" 2 + P"X 

, I + V a 2 + P 
= 4 5T a a Ig ! — 
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\ 

The length of the wire being 2 I, the total charge is 

Q = in a a I 
. F _ 9lg l+^^+P 

Calling 2 I == L, and assuming a small compared with L 

r=*i%~ ( 94 >- 

.-. |=0=^^V (94'). 

F 2lg ^ 

If the logarithms are common, M being the modulus 
= 0.4343, we have for the capacity of the wire for a free 
charge, 

C=— ^- (95). 

2 log - 
a 

If a be very small — will be very large, and the capacity 
a 

will be small even when L is large. 

It will be observed that the quantity — is an abstract 

a 

number and that the capacity is again a length, but the 
numerical value of — increases with L, a being constant, 

so that the capacity of a straight wire is not directly 
proportional to its length. 

The capacity of a mile of No. 0000 B. and 8. trolley 
wire which has a diameter 0.460 inch, or a radius of 
0.5842 centimetres, will be in electrostatic units 

0.4343 X 160838 _ 0.4343 X 160838 

2 loa 1G0838 ~ 2 X 5 - 4 4 
J 0.5842 

= 6420. 
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The capacity of this wire will, therefore, be the same 
as that of a sphere having a radius of 6420 centimetres 
or 211 ft. 

74. Capacity of Go-axial Cylinders. 

If the wire be surrounded by a co-axial cylinder its 
capacity is greatly increased. In an ocean cable, the 
water surface in contact with the external surface serves 
as such cylinder. In Ferranti's mains at Deptford a 
similar condition exists. (See Fleming, Alt. Curr. 
Transf. II, p. 319). Let the internal radius of the ex- 
ternal shell or cylinder be a'. A charge of opposite sign 
and equal quantity will spread over the outer shell. The 
potential at the centre of the wire due to this layer will 
be by Eq. (94) 

Q L 

Jj "e a » 

The resulting potential at the centre of the wire will be 

V=2-flg — (95')- 

The potential of the outer shell which is grounded will 
be zero. The capacity of the wire in the presence of 
the co-axial cylinder is then 

T = ° = ^ < 96 >' 

2^. - 
e a 

or in common logs. 

0.4843 L 



0-- 



2 log — 
a 



It will be seen that in this arrangement, the capacity of 
a wire is directly proportional to its length. 
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A mile of No. 0000 B. & S. wire, surrounded by a shell 
having a radius of one centimetre, the capacity would be 

0.4343 X 160,838 _ 

C ~ „ 7 1.000 — 

2 log 



0.584 



0.4343 X 160838 _ 
2 X 0.2335 — 

A plate having this capacity would have a radius 

a — — X 149,000 centimetres. 
2 
Th,e thinner the insulation separating wire and shell, 
the greater the capacity. It would become infinite if 
a = a' in (96). Placing the two charges nearer to- 
gether, diminishes the difference in potential which a 
given charge produces. Such an arrangement is called 
a condenser. 

75. Capacity of a plate facing a 'parallel plate. 

Let A and B represent the two plates, which are at 
potentials V 1 and V 2 . The capacity for free charge of 
a plate has been determined, but when plate A. faces a 
parallel plate, its capacity is greatly increased. 

The lines of force over the central parts of the plates, 
are parallel lines starting from the positively charged 
surface and terminating in the opposite surface. These 
lines are at right angles to each surface. This is equiv- 
alent to saying that/ or the force on a plus unit is con- 
stant ; for since f d 8 is constant, if the section dS of a 
tube is constant, the value of /is constant. The force 
at any point in the field is 4 w a. 

The positive surface would repel a unit charge with a 
force 2 7r <t, while the negative surface would attract it 
with an equal force. The surfaces of equal potential are 
planes, parallel to the surfaces of the plates. Their dis- 
tance apart is such that/V = one erg where t is the dis- 
tance between consecutive surfaces. The difference in 
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potential between the plates is then V 2 — V l = Ft, where 
t is the distance between the plates. 



and 

V t -V x 



(7 l 



±i:t 



.(97). 



If Q represent the charge on one of the plates, and S 
its area, then 

Q = a S or 

The charge on one plate necessary to create unit dif- 
ference of potential between them is the capacity of the 
condenser. Therefore 

Q G = ~A- (98). 



V i —V l i* t 

This capacity is represented by an area divided by a 
length, and is, therefore, a linear quantity. The nearer 
the plates are together, the greater the capacity. 

A circular plate away from all other bodies has a 

capacity on one side of — , Eq. (91). If brought to a 
distance t from another plate of equal size its capacity 

becomes by (98) .. Its capacity is multiplied by . 

This factor would be 1,000 if 



A circular plate having an area of one square metre, 
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distant one-tenth millimetre from an equal plate would 
have a capacity of 

0= 10000 =79;577 , 

0.01 X 4 7T 

If the plate were removed from all other bodies its 

2 2 100 
capacity would be — a = =_ and the capacity of one 

side of the plate would be — =. = 17.95. 

7T l/ v 



7C>. Capacity of a spherical 
condenser. 

\ Let r r = radius of sphere; r a 

\ = inner radius of the concentric 

I shell ; r s = outer radius of the 

I shell. Place a charge + Q on 

# the sphere. There will be a 

charge — Q induced on the inner 

surface of the shell, and if the 

shell be insulated, there will be a 

charge + Q on the outer surface 

of the shell. 

It is easy to see that the force is zero within the body 
of both sphere and shell, for the sphere is within three 
concentric spherical charges, and for each, the force 
within is zero. Furthermore, the shell is within the 
charge on its own external surface, the force due to which 
is zero. The shell is external to the charge on the sphere, 
and the one on the inner face of the shell. Each of 
these charges acts on an external point as if it were con- 
centrated at the centre of the sphere. Being of oppo- 
site sign and of equal amount, the force due to them at 
external points is zero. The force between sphere and 
shell is, therefore, the same as it would be if the shell 
with its two charges were removed. The field external 
to the shell is the same as it would be if the two internal 



§ 76 capacity. 89 

charges were removed, since for all points external to the 
charge on the inner face of the shell the repulsion due 
to + Q on the sphere, balances the attraction due to — Q 
on the inner face of the shell. There are, therefore, no 
lines of force within the sphere, nor within the body of 
the shell. The force here is zero and the potential is 
constant. There are two fields of force wholly separate 
from each other. In one, the lines of force begin on 
the surface of the sphere, and end in the negative charge 
on the inner face of the shell. In this field the force is 
due wholly to the charge on the sphere. In the other 
field of force the lines of force begin in the positive 
charge on the outer surface of the shell, and proceed to 
an infinite distance. This field is due wholly to the 
charge on the outer surface of the shell. If the shell 
were grounded the outer charge would disappear, and the 
field external to the charge on the inner face of the shell 
would be zero. The potential there due to the two 
remaining charges would be constant and equal to zero. 
The field between shell and sphere would, however, 
remain wholly unchanged. The potential at the centre 
of the sphere due to the three charges is the same as that 
due to each separately and is 

v = -« _ A + -1 

n n r 3 

The potential at any point within the sphere is the same, 
for the same reason. The potential at but just outside 
the sphere, due to the two external charges, is the same 
as before for the same reason. The potential due to the 
charge on the sphere is the same as it would be if the 
charge were at the centre, which, however, is the same as 

before, or—. Therefore the potential at or within the 

spherical surface is V a as given above. 

The potential just inside the inner face of the shell 

due to the two external charges is still jL — |- — 

* o * o 
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but that due to the charge on the sphere is less than in 
the previous cases, being -?-. Therefore the poten- 
tial at such point is 

At a point within the body of the shell just external to' 
its inner surface, the potential due to the outer charge is 

still unchanged, being _^ . That due to the two inner 

charges is the same as if they were at the centre. The 
potential is, therefore, 

V _ Q-Q , Q __ 

2 n IS r s 

The same reasoning applies to any point within the body 
of the shell. 

The potential just outside the outer charge is the same 
as if the three charges were at the centre or 

^ Q— Q + Q_ Q 

V n • 

The potential at all points in or on the shell is, there- 
fore, bL. The difference of potential between sphere and 
shell is, therefore, 

r„-r, = -£—£- (98') 

and is independent of the charge on the outer surface. 
If any additional charge ± Q' were placed on this outer 
surface it would not affect the difference in potential 
between sphere and shell. It would change the poten- 
tial of each equally. The external field is in no way 
involved. If the shell were to be grounded, this would 
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impose the condition that its potential should be that of 
the earth, which is the potential from which positive and 
negative potentials are estimated. It is the zero of 
potential. Since the potential external to the charge on 
the inner surface of the shell due to the two internal 
charges is zero, there can be no charge on the outer sur- 
face when the shell is grounded, otherwise the potential 
of the shell would be greater or less than zero. Since 
the difference of potential between shell and sphere is 
independent of r s on any charge on the outer surface, 
this difference of potential is represented by the last 
equation whether the shell be grounded or not. 

The 3harge required to be put on the sphere in order 
to create unit difference of potential between sphere and 
shell, or to raise the potential of the sphere from zero 
to unity in the presence of the grounded shell, is 



Q 



v -v 3 



= C-. 



.(99). 



77. Discussion of the equation for capacity of the 
spherical condenser. 

The capacity of the sphere 
will become very great if r 2 
and j-j become very nearly 
equal. 

Assuming i\ constant, and 
making r 2 the independent 
variable, since 



l- r -> 




2 Fig. 35. 

it appears that if r t = <x> , 

the capacity of the sphere in free space = r lt a result 
before obtained. If r 2 = r y , O = qo , and for interme- 
diate values the capacity is represented by an equilateral 
hyperbola, where xy = r\, the values of x and y being 
x = r 2 — r, and y = C — r v 
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If the sphere were alone in space, its potential with a 

charge Q would be—. Placing the insulated shell around 
r i 

it, its potential falls to -!L jl_l-_jl, the potential be- 

V V V 

ing less than before by _£. — . It will be readily seen 

that the potential at every point distant r, where r < r 2 
would be diminished by the same amount. At points 
external to the shell, the potential is not changed by 
placing the shell around the sphere. 

The upper curve and line 
abc of Fig. 36 shows the 
potential when the sphere 
is alone in space, and the 
lower curves and lines a'b'c' 
show the potential when 
the sphere is surrounded 
by the insulated shell. 

If the shell were to be 
grounded, the potential at 
all points where r < r 2 
must fall as much as that 
of the shell falls, namely 

— . If the shell were infinitely thin for r t = r s the fall 
r s 

in potential caused by placing the shell around the sphere 
would be zero, if the shell were insulated. If the shell 
were grounded its potential would drop to zero, and the 
potential of the sphere would fall on equal amount. 

78. Distribution of lines of force. Lines of force 
originate in positive charges, and terminate in negative 
charges, or at an infinite distance. At great distances 
from any system, the lines of force are equally distrib- 
uted in space, and the equipotential surfaces become 
concentric spheres having the centre of gravity of the 
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system as a centre. It follows that the lines of force 
approach asymptotes, which radiate 
from the centre of gravity. 

Let G be the centre of gravity of 
any system of which m' is one element, 
distant d' from G. Take any remote 
point P, distant »■' and li from m' and 
G. The potential at P due to m' is 
m' 



But 

r' 2 = B? + d' 2 — 2d'B cosa' 

where a' is the angle between d' and R. 




•■ = B*[l-2^cosa> + (*)-] 



The final term in the second number being a small 
quantity of the second order, may be neglected. Ex- 
tracting the square root (see section 18) 



r' = B 1 1 — £- cos a' I 

1 1 / d' \ 

•"• V = B[ 1+ B C0Sa ' ) 



m m -L m A' 

~V =~B + W d cos a - 



For the whole system of bodies 



m 2 m . 1 
Z— = —^ — h ^ S m d cos a. 



Since d' cos a' is the projection of d' on G P, the 
points being projected along lines at right angles to 
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G P, and the moments of the system balance on the 
centre of gravity, it follows that 2 m d cos a = o. 



.(100), 



m 2 m 

•'• S ~r~ = ~R~ 

or the potential at P due to the system is the same as if 
the whole were at the centre of gravity. In the latter 
case the equipotential surfaces would be spheres, having 
G as a common centre, and the lines of force would be 
equally distributed radial lines. 

79. Ohm's Law applied to the flow of force.* 

Lines of force distribute themselves as if space offered 
resistance to their passage, for they follow the law of 
electrical distribution in a conducting medium. In case of 
lines proceeding from a small sphere of radius a, having 
a charge m, the number of lines proceeding from m is 

4 ir m. The potential of the sphere is — If R repre- 

a 

sent the resistance of space around the sphere, we have 
analogous to Ohm's law, 



ixm = 



m 
a 



or R= -!— (101). 

This quantity depends solely on the radius of the ball. 
If it be made greater or smaller, the potential and 
resistance change in the same ratio so that the flow of 
force remains Airm. The expression for resistance in 
this case can readily be found by integration. Let 
the element of the conductor be a spherical shell of 

* That Ohm's law holds for an electric circuit is known only by 
experiment. Its application to the distribution of lines of force in a 
field, is to be justified by the results which follow. 
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radius r and of radial thickness dr. The flow is 
radially across the shell, so that dr is the length and 
4 7r v 2 the section of the elementary conductor. Hence 
if K denote specific resistance, 



B = 




(102). 



Comparing this equation with (101 ) it will be observed 
that -2T= 1, or the specific resistance of space for lines 
of force must be considered unity. 

The same method may be applied to two spheres of 
radii a, having equal charges m of unlike sign. The 
flow of force from the positive to the negative charge is 
again inm. The difference of potential between the 

Hence again 



spheres is 2 — 
a 



4 ™ = 2 ^ 



otB — 



2*0, 



(103). 



This resistance is twice as 
great as in the former case. 
It is independent of the dis- 
tance between the spheres. 
It is clear that the resistance 
is practically confined to the 
region immediately around the 
spheres, and that we have here 
two resistances in series, each 
of which must be 1 
iira 
In section 48 the distribu- 
tion of lines on the middle 
plane was determined, and the circles which divide the 
flow into tenths were determined. The tubes of force 
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containing these circles divide all space around the 

masses + m and — m into ten equal conductors, each of 

1 5 

which has a resistance of 10 X — = The gen- 

2tto. ira 

eral form of these lines is represented in Fig. 38. 
80. On Dielectrics. 

A region filled with air or other gases offers practically 
the same resistance to the flow of force as a vacuum. 
Cavendish investigated the condition of different media 
subjected to electric stresses, about a century ago. The 
fact that a medium can be ruptured when these stresses 
become large, and that there is a tendency of positive 
electricity to flow along lines of force towards lower 
potentials, or of negative electricity to flow in the 
opposite direction, is an element of the problem. This 
is analogous to a flow of heat along lines at every point 
at right angles to isothermal surfaces from regions of 
higher to regions of lower temperature, or to a flow of 
cold in an opposite direction. 

The result of these electric stresses developed at every 
point in the medium, is the slow accumulation of surface 
charges by what is called inductive action. In a per- 
fect conductor, or even in an ordinary metal conductor, 
these surface charges accumulate instantly, or so 
quickly, that they may be considered as instantaneous. 
The result is that these charges, taken in connec- 
tion with the inducing charge, produce a constant 
potential in a piece of metal placed in a field of force. 
The lines of force in the metal then disappear. The 
force within becomes zero. In a dielectric like shellac, 
the surface charges accumulate very slowly, and are much 
less in density than they would be on a conductor. They 
are insufficient to produce constant potential within the 
body of the dielectric, but they do modify that potential. 
The force within is not made zero, but it is diminished. 
These Active layers, as they are called, cannot be appre- 
ciably removed by making contracts with metal conduct^ 
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ors, since they are distributed over a poor conductor on 
which the charge cannot travel. 

If while the dielectric is under stress, a flame be played 
over its surface, each point of the surface will be dis- 
charged, and if the body be then removed from the 
inducing field, unbalanced internal stresses then appear, 
which are opposite in direction from those which formerly 
opposed external inductive action, and the surfaces will 
then develop charges opposite in sign from those 
formerly removed. 

81. Spherical Conductor, surrounded by a concentric 
shell of shellac or other dielectric. 

Let r = radius of the sphere hav- 
ing a charge + Q. 

Let 7\ and r 2 be the radii of the / 
inner and outer surfaces of the con- m 
centric shell. §§ 

The force .Fj at the distance »•, but \|§ 
inside the surface, due to the charge M 

Q 

+ Q is — j . The force due to the 

r i 
Active layers on the shell surfaces K 39 

will be zero, whatever their amount, 

since the point is within them. 

If ff 1 be the density of the Active layer, then the force 

.Fj' at the surface, but external to it, and, therefore, 

within the body of the shell infinitely near the former 

position, will be determined by the equation 

F 1 — F{=;±Tia 1 (104.) 

We may also write 

fk = * :( 105 > 

and proceed to investigate the nature of the quantity [i. 
It is apparent at once that if the shell were a conductor, 

7 




Q 

n* we 


have F' 


I " 




F\ = 


Q 


Q 
— r 


l' 



98 ELECTRICITY AND MAGNETISM. § 81 

F{ would be zero and // = oo. Also /^ = 4 x o-^. It is 
also apparent that if the shell were of air, like the 
medium within, F x = F\, fi = 1 and a y — 0. 

Since 2^ = 
and .F. 



.-. Q (l — -i- j =4 * *, r,» = Q' (106), 

which determines the quantity in the Active layer on the 
inner face of the shell, in terms of Q and jx. Since 
ft > 1 > Q' <C Q> an< i these charges will have unlike signs 
essentially, as has been assumed in the equations. 

The force F t ' just inside the outer Active layer will be 
zero due to that layer, and due to — Q' and Q the force 
will be the same as if they were at the centre or 

Ft' r\ 

■••*v =J- a (107). 

The force in air on the outside of this surface will be 
F t = /lFt > = Q (108), 

' 2 

which is precisely what it would be if the shell were re- 
moved. This is due to the fact that the Active layers on 
the two surfaces of the shell are equal and of unlike 
signs. 

The density of the outer layer is given by the equation 
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Similarly the density of the inner Active layer is from 
(106) 



»=M i -l) • (110) - 



82. Influence of the ficlive layers. 

We proceed to determine the effect of these Active 
layers on potentials in and around sphere and shell. 

If the shell were removed, the potential of the sphere 
would be 

r = Q (in). 

Its potential is 

-*-«(-;).£-*) <->■ 

Since y. > 1 and r 2 > r Y it follows that the potential of 
the sphere is lower with a given charge Q, when sur- 
rounded by the shell than when in free space. It will 
then take a greater charge in the former case than in the 
latter to change the potential of the sphere by unity. 
In other words the presence of the shell increases the 
capacity of the sphere. 

If r 2 = oo and r, = r o we have the case of a sphere in 
a medium other than air. The potential then becomes 

and the capacity becomes 

= -| = P r o (113). 

It thus appears that the capacity of a sphere depends 
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on the medium which surrounds it. The quantity [i was 
first investigated by Cavendish, who determined this value 
for several substances as early as 1771. In 1831 Faraday 
called the quantity specific inductive capacity. 

The specific inductive capacity of a substance is a very 
complex quantity. It is a function of the duration of 
charging and also of the time and duration of former 
charges. It is probable that the entire prior history of 
the dielectric is involved in the value of fi for a given 
specimen at a given time. 

When the duration of charging is a very small fraction 
of a second, the capacity determined seems to be inde- 
pendent of conductance, but slight time variations make' 
great changes in the values. If the duration of charge 
is greater, a permanent condition is approached, and the 
value of fi thus determined involves electrical conducting 
power or conductance. Schiller found that when the 
duration of charge was ^5- second, the specific inductive 
capacity was greater than when the duration was T7&?nr 
second. He found for paraffine quickly cooled and 
nearly transparent, by the slow method, fi = 1.92. 
When the duration of charging was 0.0000568 second 
he found fi = 1.68. For slowly cooled white paraffine, 
he found by the slow method fi = 2.47 and when the 
duration of charging was 0.0000858 he found [i = 1.81. 

The specific inductive capacity by slow methods has 
been found to be for Paraffine 1.96, Ebonite 2.56, 
Sulphur 2.88 to 3.21, Glass 6.10, Mica 5.0. 



83. Apparent Resistance of the Dielectric to lines of 
force. 

In case of the conducting sphere surrounded by the 
dielectric shell, the potential was determined by 
(112). 

The force in the air between shell and sphere, or out- 
side of the shell in air, is the same as it would be were 

no shell present. Hence the flow of force ffdS from 
the sphere is still 4 it Q. 
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Applying Ohm's law, the resistance of space external 
to the sphere is determined by the equation [see (112)] 

«___(,L_1.)( 1 _JL) Q 



...*= *_'(JL_i_)( 1 _ i_).. ( iu). 

This resistance is less than when no shell is present by 

±/J__.LWi_j_y 

4,« \ »i r 2 / V // / 

This represents the difference between an air shell and a 
dielectric shell. This resistance of the former is 

-(---) 
Therefore the resistance of the latter is 
1/1 1 \ 1 

If the dielectric medium fills all space external to the 
sphere, or, if i\ = r a and i\ = <x>, the resistance of that 
medium as deduced from (115) is 

R' = -r^ ( 116 )- 

It, therefore, appears that fi represents specific conduct- 
ing power of the medium for lines of force. We must 
then conclude that the perfect conductor of electricity 
for which p = oo , is also a perfect conductor for lines 
of force. 

The flow of force from a body having a charge Q, is 
4 ir Q whatever the nature of the surrounding shell, if 
the surface over which Cfd s is determined and which 
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change in the 



wholly surrounds the body be in air. A 
material of the shell, changes the potential of the body, 
and the resistance to flow in the same ratio, leaving the 
flow of force unchanged. 

The fall of potential through the body of the shell is 



Q 



Of 



n i\ n 






In r 2 ) ij. 



See ( 106). In a perfect conductor where fi = oc this 
value becomes zero, or the potential is constant. (Fig. 
36.) Q and Q' are then equal. If the shell were of 
air this fall would be 



«(*-*)■ 




Fig. 40. 



84. Flow of Induction. It is now 
clear that we should broaden the 
theorem we have previously deduced 
concerning the flow of force in a tube. 
Suppose a spherical conductor A ( Fig. 
40), to be surrounded by two concen- 
tric dielectric shells B and O of dif- 
ferent materials, the bodies A, B, and 
(J being separated by air-spaces. If 

the integral CfdS be determined in air between A and B, 

when A has a charge Q, it will be 4 -n- Q. 

In shell B at its inner surface the force F' = — where 

<" 
i^is the force in air on the opposite side of the surface, 

Therefore, p F' = F. It is, therefore, clear that 
p. CF'd/S within medium B is the same as CFdS in the 

air between A and B. In the air space just outside of 
B as we have found, the force i^ona plus unit is the 
same as it would be if shell B were away. Therefore, 
CFdS in this air space would be the same as ft CF'd/S 

in shell B and as CFdS in the air-space between A and 



§ 85 CAPACITY. 103 

B. The same considerations show that in shell C if the 
specific inductive capacity be ^ the integral //j CFdiS 

will be 4 tr Q. The force in the air outside of C will 
be the same as if B and C were removed since the 
two Active layers on each shell are equal and of opposite 
sign, so that the external force due to each shell is zero. 
Therefore we may write the equation. 

fFd8 1 = fh fF 1 dS 3 = n s fF4lS s = li: Q (118). 

In the first term representing the flow in air, the value 
of ft = 1. If shell B were a perfect conductor, F 1 would 
become zero and ^ would be oo . The other members 
would have the same numerical value, and we must 
assume that 4 w Q would then be the value of fi x CF x d8 v 

The conducting shell acts as a medium across which 
induction takes place and fi Fd8 is said to measure the 
flow of induction. Equation (118) then expresses the 
fact that the induction, or the flow of induction, or the 
number of lines of induction is constant throughout a 
tube of induction. It is proposed to call fx,perviability,* 
ivomper. via. 

85. Effect of the Medium on Capacity. 

Equation (106) shows that when a shell of some 
dielectric surrounds a sphere, there is induced on the 
inner surface of the shell a charge Q of opposite sign, 
the total quantity of which is wholly independent of the 
distance between conductor and shell. It depends only 
on the amount of the original inducing charge, and the 
nature of the substance forming the shell. If the shell 
were in contact with the sphere Q' would be the same. 
The result of a change of the medium in which the 
charged conductor is imbedded, is to change in a definite 
ratio the effective electrifications which determine poten- 

* This name is not in general use, but has been adopted by the 
author for the purposes of the present treatise. 
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tial. In case of a sphere, the electrification Q is dimin- 
ished by Q" and the effective electrification becomes 

Q-Q'=Q-q/i-I) = « (119). 

The quantity of electricity required to produce a unit 
change in potential becomes fi times as great, and, there- 
fore, the capacity becomes fi times as great (113). 

86. Capacity of bodies. 

The capacity of a sphere surrounded by a dielectric 
being O = fir, the potential of the sphere becomes 



v 

p. r 



The number of lines of induction proceeding from the 
charge to an infinite distance is 4 tr Q. By Ohm's law 
applied to the flow of induction 

^ fir B iJ.r 

where P is the perviance or conducting power of the 
surrounding medium for lines of induction and is the 
reciprecal of resistance to the How or induction, which 
may be called diviance,* from dis and via, denoting a low 
degree of the property qualified. 

Hence P = 4* fj. r = Ix O (120). 

where C is the capacity of the sphere. 

If the sphere is surrounded by a concentric conducting 

* The prefix dis may denote a lack of the quality without implying 
a total want, as in discontent or discomfort. These terms are not in 
use, and are adopted in this treatise as the only ones which seem 
available. 
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shell having a dielectric between the two conductors, the 
capaeity becomes by (98) and (119) 



0=n- 



The potential of the sphere when the outer coating is 
at zero potential becomes 

Q 



The total flow of induction between sphere and shell 
= l* §FJ S = 4t Q is 

Q 



...p = 4*-^L=4,rC (121)- 



r. — r- 



d 

i 
ri 



It is evident that ^ = R = ~ I ~. See Eq. (102). 



If two spheres of equal radii r, be charged with + Q 
and — Q, and embedded in an infinite mass of the die- 
lectric their potentials will be 



2Q. 

The difference in potential between them will be — 

Since the 4 it Q lines of induction which start from + Q 
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all go to — Q the total flow of induction through the 

2Q 
potential difference — is 4 ir Q. Hence, 

p.r 
or P = 2 -11 r (122) 

= 2-C, 

where C is the capacity of one of the bodies. 

The cylinder in free space does not properly admit of 
the same treatment as the sphere, since if it is of finite 
length, the lines at an infinite distance diverge radially 
from its centre of gravity in all directions, as if it were 
a sphere. Assuming a constant charge per unit length 
upon the cylinder its potential is increased by increasing 
its length, see (94), and such increase of length would, 
therefore, modify the section of the tubes of flow and 
change the perviance of the surrounding space to the 
lines of flow from the same quantity Q. If the cylinder 
be made infinite in length, the potential becomes infinite. 

When the cylinder is surrounded by a co-axial cylinder, 
the field is then limited to the region between the two 
surfaces, and we may, if the cylinder is long compared 
with its radius, assume that the lines of induction are 
radial through the entire field. 

We have then by (95) and (119) 





V= 


2Q 7 a' 

— rig — 




.-. 4 


-Q = 


2Q 7 a' 
= —rig — 


X P. 


P 
L 


. 4- 

2ig 


r '\ -4. 
a 

a 


c 

L 



(123). 
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The perviance per unit length is, therefore, propor- 
tional to the capacity per unit of length. In this case 
the perviance per unit length can be determined by direct 
integration as in case of the sphere. 

The elementary conductor is a cylindri- 
cal shell of radius r of radial thickness 
dr and having a length of one centimetre. 

The lines of induction proceed across 
this shell, and its divianceto their passage 
is 

dr 
;j.2-r 




Fig. 41. 



Integrating through the entire field between the comple- 
mentary charges Q and — Q 



B = 




-Pi 



1 

b; 



a' 
*9Z 



which is the same as (123). It thus appears that the 
electrical capacity of a perfectly conducting body 
depends upon the medium which surrounds it, and upon cer- 
tain characterizing dimensions of the cavity in the medium 
which the body occupies, or of the portion of the medium 
which carries the field of force. We have learned that 
this capacity of the body depends solely upon what may 
be called the perviance or conductance for the lines of 
induction, of that part of the medium or dielectric which 
is under stress. This determination of capacity is in 
electrostatic measure. For the equivalent electro- 
magnetic capacity, see section 211. 
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87. Determination of Specific Inductive Capacity or 
Perviability. 

Faraday's apparatus for determining this quantity con- 
sisted of two equal spheres, surrounded by equal concen- 
tric shells. A charge Q was placed on the inner sphere 
of one condenser, the external shells being grounded or 
connected with each other. It was found that when the 
spheres were then connected by means of a fine wire, 
that the resulting potential was one-half its former value. 
This showed that the charge had divided equally between 
the two spheres, or in other words that the spheres had 
equal capacity. This conclusion readily appears from 
the following considerations. 

Let Cj and U 3 be the capacities which are supposed to 
be unlike by reason of a difference in dimensions. Place 
the charge Q on the condenser having the capacity C\ and 
let V be the potential of its inner coating above that of 
the outer coatings. 

Then 

Q = C l V 

Now divide this charge with the other condenser, and let 
Q, and Q 2 be the charges and V the common potential 
of the inner coatings. 
Then 



If F = i V, then 



r _ ft- 


_ % _ Qi + <3 2 

^s Cj -f- Co 




Q 




c,+ c 2 


then 




i Q 

2 C, 


Q 


.-. 


0*!= Co 



Having found that the two condensers are alike, let G 
be the capacity of either of the condensers and let the 
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interspace between sphere and shell be filled with some 
substance like sulphur or shellac having a perviability or 
specific inductive capacity p. Then the capacity of that 
condenser becomes // O. 

Let the charge Q be placed in the air condenser so that 

Q=CV. 

Divide the charges as before, then 

v n ,.n 



or 



V = 



G riC ~ C ( 1 + v) 
Q , CV 



C(l + /.) — C(i + ^) 

■ • 1 +/•* = yl 

V V 

P= y> ( 124 >- 

In case of sulphur where Faraday found p. =2.24, the 
ratio was 3.24.* 

88. To determine electric potential in centimetre~ 
gramme-second units. 

This determination can be made by means of an air 
condenser, so arranged that the attraction between the 
plates can be measured. 

Such an arrangement is the 
attracted disc electrometer. 
The disc to be attracted is 
restrained or balanced by a^ 



calibrated spring or by a y t L 



weight, and is surrounded by Fig- * 2 - 

* Exp. Researches, Vol. 1, p. 403, Nov. 1837. 
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a guard plate of which the disc constitutes the central 
portion. With this arrangement the density over the 
plate 8 is sensibly constant. Facing this plate is the 
attracting plate A Fig. 42. 

Let the two plates be connected with two bodies having 
potentials V t and F 2 , either one of which may of course 
be zero. It is required to find the potential difference 
V 2 — V 1 . On one plate we shall have a density a and 
on the opposite plate it will be — a. The attraction of 
plate Aona. unit quantity at the small plate will be 2 ir a. 
The quantity on the small plate is a 8, where 8 is the 
area of the attracted disc in square centimetres. Then 
the small plate will be attracted by a force 

1 S 



2 it a 


X «■ S = 2 


17 ; ; 


/ A 
V 2ttS 



The force on a plus unit at any point between the two 
plates due to both is 

Since V L — Fj is the work required to carry unit quan- 
tity from one plate to the other, the distance between 
them being t, 



Hence 



ft=V 1 —V l . 



Fi — F 2 = 4 Trrt 



=w /%j t" (125) - 

Here A is a force which can be measured in dynes by 
calibrating the spring with weights. 8 is an area and t 
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is a distance. The magnitude of the unit of potential is, 
therefore, 

v T /MLT~* i i _, 

Suppose the pull on the attracted disc were equal to the 
weight of 0.92 gramme. Then A would be 0.92 X 981 
dynes. If iS were 10 square centimetres and t were 0.5 
centimetre, the potential would be 



V x — V s = 0.5 



/8?rX981 XO-92 



V 10 

= 23.8 



in electrostatic units. 

As will be shown later this potential difference is 7140 
volts. (See section 218.) 



CHAPTER V. 

ENERGY. 

89. Energy of an electrification. 

A body having a charge Q and a capacity C, has a 
potential 

r=S. 



If the charge be increased by dQ, the work done in 
adding this charge is 

dW=VdQ=QdQ. 



The total work done in charging the body from zero 
potential is 









\QV=\CV* (126). 



In the operation of charging, the average work pet 
unit added is % V. This multiplied by the total quantity 
added, gives \ Q V as above. 
(112) 
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90. Energy of a charged sphere. 

The force with which any ele- 
ment of surface d8, having a /Y^ 
charge a dS, is apparently repelled (/ 
outward by the rest of the electri- 
fication is 



dp=2 -na X <rdS ■■ 
But d S - r 1 dm 



2 ito*dS 




Fig. 43. 



where dco is the solid angle subtened by d/8. Also, 

47rr 2 
Q2 

If the sphere be collapsed by external pressure, the 
radius being shortened dr, the work applied to the 
element against the opposing repulsion is 



cPW=clp dr = 



Q 2 



r 2 



The total work required to shorten the radius of the 
sphere from r" to r' will be found by integrating in m 
over the surface of the sphere and by integrating in r 
between r" and r' 



or 



W-. 





/Mtt 


rr 


Q 2 

8* 


\dv> 


Idr 


fc> 


fo « 


/r' 



"'" 2 \/ r"/' 



Now since the capacity of a sphere in air or vacuum is 
equal to its radius, this expression, which represents the 
work applied to the sphere, is equal to the difference 
between its initial and final energy. (See Eq. 126.) If 
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the original radius r" were infinite, the original energy 
would be zero. The work required to reduce the radius 
to r" against the constantly increasing repulsion of the 
electrification for each element, becomes 

2r' 

which is the work required to charge a sphere of radius 
»■' with a quantity Q. 

We have thus found that the function 

/ 2 
dp dr = 2 *<? dSdr = — dSdr, 

if integrated around the electrified body and then out- 
ward through the volume of infinite space, gives the 
energy of the electrified body. (In the last expression 
f is the force on a plus unit at the surface.) This is 
usually referred to as evidence that the field around the 
body is to be looked upon as the seat of the energy of 
the electrification. It does represent the mechanical 
operation of causing an electrified sphere of infinite 
radius to collapse to a finite size. During this operation 
the surface sweeps through every point in space external 
to the resulting spherical surface, and the equation itself 
does not necessarily suggest anything more, concerning 
space, than is involved in this simple mechanical opera- 
tion. 

91. Energy of an electrical system in terms of the 
medium. 

The energy of an electrified sphere can also be 
expressed in terms of the flow of induction, and the per- 
viance or its reciprocal the diviance of the surrounding 
medium through which the flow takes place. Thus we 
have for the energy of a charge Q on a sphere of radius 
r, when surrounded by a medium of perviability //, 

.<? 16 #<? Uufds] 1 

2/ir ZIt? ,,.r 8- i-,j.r V ; ' 



§ 91 ENERGY. 115 

The first term of this equation is the potential energy of 
the sphere in a medium wherein its capacity is fir. In 
the final term /i Fd/8 represents the number of lines of 
induction which in air becomes FdS. The integration 
in this member is to extend entirely around the charge 
Q. If we represent the total flow of induction by i, and 
the diviance of the space around the body by M, then we 
have (118) (120) 



-/> 



4 7! Q = I ^ FdS 



l=B=- 1 



Hence 



P 4i/ir 



2/i.r ~~ 8 w 



(128). 



The first member of this equation represents the 
potential energy of a charge in equilibrium. It 
appears that it is expressible in terms entirely 
similar to those in which we express the work 
per second done on a conductor of resistance R 
through which flows a current of electricity 1. We may 
apply this method also to determine theenergy of asystem 
consisting of two charged spheres in. air having radii r t 
and r„ and with charges + Q r and — Q 2 in which numeri- 
cally Q, >• Q r The potentials of the spheres will be 

Vl ~ r, 



*=--£ 



Proceeding # from a definite area of the charge Q 1 there 
are 4 w ( Q x — Q^) lines of force which go to an infinite 
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distance. The diviance of the tube through which these 
lines flow is by Ohm's law 

ft 

olBl = __L Qi (129). 

4 7T n Qi — Q 2 

In Fig. 44 P M a is the limiting line of force which, 
when revolved about the axis of figure of the system, 
generates a surface. The tube whose resistance or divi- 




Fig. 44. 

ance is determined by Eq. ( 129 ) is external to this sur- 
face. The base of this tube on the larger sphere has an 

area ~Z - iff/, and the charge on the base of the 

Qi 
tube is Q x — Q 2 . Compare Fig. 26. 

The charge on the larger sphere within the critical 
surface is + <j) 2 . From this charge 4 ir Q 2 lines proceed 
to the smaller charge on the other sphere. The 
difference of potential between the two spheres is 

-~± + .Si. Hence as before 



*—(* + *)* 



i? 2 = — !— %-+ -J— (130). 

4*?-! Q 2 ^ 4 7rr 2 v ' 
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This is the diviance of the tube of force within the 
critical surface and terminating on the two bodies. The 
first term of ( 130) is the diviance to the lines within the 
critical surface proceeding from the charge + Q 2 on the 
larger sphere, on the assumption that they proceed to an 

infinite distance, precisely as in Eq. (129). ^ 2 is the 

fraction of the surface occupied by the bound charge Q r 
In fact if the first term of (130) and the diviance 11^ 
(Eq. 129) be considered as resistances in multiple, the 
product of the two divided by their sum will be found 

to be This would be the diviance to all the lines 

4 7rr x 

proceeding from sphere r r if its lines were radial. Eq. 
(101.) The remaining part of the diviance i2 2 isthe 

term . This is the diviance around sphere ?■„ if it 

47rr 2 

were alone in space and its lines of flow were radial . 
(Eq. 101.) It is evident that r r and r a are entirely 
independent of Q 1 and Q r If Q 1 = C^ then 

Mi = oo 
B.= t^— + j-^— (131). 

If ^ = r 2 = r 

1 



Hz = 



2nr 



which is identical with (103). If we apply Eq. (128) 
to the flow through the two tubes whose diviances 
are given in (129) and (130) we have 



8* 



"'U-W^T&Z 
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_ QJ , ©I ( 132). 

— 2r x ^ 2r 2 

By reference to ( 12f>) it will be seen that this is the sum 
of the energy of the two spheres, in terms of their 
respective charges and capacities. It is, therefore, evi- 
dent that the results reached in this article are a restate- 
ment in other terms of those reached in section ( 86 ) as 
summed up at the close of that section. 

It is evident that the first term of (130) is the diviance 
from the larger sphere to the surface of zero potential 
between the two spheres. The second term is the divi- 
ance of the rest of the tube. 

92. Electrostatic determination of resistance. 

Assume a conducting sphere of radius r, charged to a 
potential V, and connected with the ground through a 
large resistance R. A current will flow through R to the 
ground. This would cause the potential of the sphere 

Q 

to fall, since V= — - Suppose the radius of the sphere 

to simultaneously shorten due to external compression. 
This would cause the potential to rise. Let the velocity 
of change in the radius be such that the potential 
remains constant. In that case the terminals of R hav- 
ing a fixed difference of potential, a constant current 
would flow through the wire R. We have then by the 
imposed conditions 

^ Q Q—dQ dQ dQ dt 



r r — dr dr dt dr 
But -^= I, or the current flowing in the wire. 



dt 



•• /= ^r < 133 >- 

dr 
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By Ohm's law it is evident that 



I=Z- ( 134 ) 



R 
and by (133) and (134) we have 



B^^=— (135). 

dr v 



The resistance of the wire is, therefore, equal to the 
reciprocal of the velocity of contraction required to 
maintain the potential of the sphere constant. The con- 
ductance of the wire is, therefore, equal to this velocity. 
If when the radius shortens at the rate of one-half cen- 
timetre per second the potential is found to be constant, 
then the resistance in electrostatic units of the connecting 
wire is R = 2. As will be shown later this would be 
2 X (3 X 10 10 ) 2 = 1.8 X 10 21 electromagnetic units ( C. 
(t. 8. ) = 1.8 X 10 12 Ohms. According to Ayrton and 
Perry, the resistance of a column of gutta-percha one 
centimetre in section and one centimetre long at a tem- 
perature of 24° C. is 92.2 electrostatic units. Therefore 
if II is to be 2, the circuit may be made up of any metal- 
lic wire with a column of gutta-percha in circuit, the 
section of the gutta percha being 1 square centimetre and 
2 

the length cm. 

8 92.2 

93. The results of the last section may also be 
reached in the following manner. 

Let ( — t" be the duration of the operation, during 
which the radius of the sphere shortens at the uniform 
velocity v from r" to r' ; then 

r" — r' =- v {? — J") (136). 
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Further 

r, Q 4 tz r 2 a 

V = — = = 4jt r <r 

r r 

By section 90, the force acting normally outwards on 
an element d/S of the electrified surface is 

dp = 2 no* dS 

where dS = r 2 du> 

dm being the solid angle subtended by the element d8. 
The energy applied to the element d/S when the radius 
is shortened dr is 

d? W = dpdr = 2 TcaHSdr 
= -5- drdw. 

OTT 

Therefore the total energy applied to the surface dur- 
ing the operation is 

F 2 . 



F 2 
= \ (r"-r'). 

This is the energy added to the sphere during the opera- 
tion. But the initial energy of the sphere was - r" V 2 

Li 

and at the end is _ r' V 2 , so that the energy at the close 

V 2 
is less than at the beginning by — (r" — ?•'), during 
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which time the energy added to the sphere was also 
— (r" — r'). The total loss of energy was, therefore, 



W= F 2 (/' — O (137). 

The current in the wire was 

dQ^V 
dt B 



or-Q'=%(t-n- 



The energy developed in the wire as heat was 



W=V(Q'- <2')=^(j'-0 



or by (136) 



B 
Equating (137) and (138) 



w= vi — r (138). 



V 



In electrostatic units, therefore, conductance is a veloc- 
ity. Its unit is the centimetre per second. 

94. Reciprocal Action of two electrified bodies. 

We will denote the bodies as A t and A 2 . Let them be 
insulated and neutral. Now place unit charge on A l 
and call its potential p a . From A x , over and within 
which this potential is constant, the potential will fall off 
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in every direction to zero at an infinite distance. Lines 
of force lead from A^ to an infinite distance, and equipo- 

tential surfaces en- 
closing A x may be 
drawn at right angles 
to the lines of force. 
Body A 2 will be in 
this region of varying 
potential, but its 
potential is necessar- 
ily constant, at every 
point. This condi- 
tion is brought about 
Kg. 45. by a negative charge 

which accumulates on the side of A 2 which faces A y and 
which is so distributed as to bring the potential of that 
side of the body down, and an equal negative charge on 
the other side of A 2 which serves to bring the 
potential of that part up, to the resulting value. This 
distribution may be considered as the result of two 
superposed electrifications such as have been treated at 
length (section 59) in case of a sphere acted upon by an 
external point. These charges also distort the surround- 
ing field. A certain number of lines of force originating 
in body A^ terminate in the negative charge on body A\ 
and continuing as lines of induction through A 2 re-appear 
as lines of force in its positive charge and proceed to an 
infinite distance. One of the surfaces of equal potential 
surrounding A x cuts A 2 in its line of zero charge and 
widens out into a pocket or region of constant potential 
coincident with body A 2 . The equipotential surfaces 
and lines of force are shown in sectional view in Fig. 45. 
The equipotential lines of the figure are to be considered 
as intersections of the plane of the paper with surfaces 
of equal potential. For purposes of illustration we may 
consider them as lines of equal level, or contour lines 
around a hill, the summit of which is the high plateau 
A v A 2 is then to be considered as a level region on the 
side of the hill, and produced by cutting and filling. 
The level of this plat A^ must then necessarily be the 
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same as that of some line that encircles A v If the 
distance between the bodies is large, the grading necessary 
to produce the level surface A 2 will be inappreciable. 
There will then be no appreciable distortion of the field 
by A 2 . This was the condition assumed in the discussion 
relating to Fig. 44. The distortion of the field of A 1 
due to the presenee of A 2 may also be considered in 
another way. 

If A 2 were not present, the lines of force would flow 
from A , at right angles to its surface and proceed outwards 
to an infinite distance, distributing themselves in space ac- 
cording to Ohm's law. A 2 is a perfect conductor for the 
force, and a certain amount of the flow deflects through 
this body, exactly as water forced from A 1 through a 
porous medium would drain into a perfectly conducting 
cavity A 2 . Such a cavity would converge upon itself 
the drainage lines over a definite range, and would cause 
a re-arrangement of all the stream lines proceeding from 
A v The water draining into A 2 from one side, would 
leave at the opposite side. The line of no outward or 
inward flow in the surface of the cavity would correspond 
to the line of no electrification on the body A 2 . The 
pressure within A 2 would be constant, and the same as 
in a surface of equal pressure surrounding the source A x , 
and intersecting body A 2 in the line of zero flow. 

In determining the energy of the system in which body 
A x has unit charge upon it and body A 2 has equal charges 
of unlike signs induced upon it, neglecting the reacting 
inductions upon A x it is evident that the presence of A 2 
does not change the flow of force from A v This flow is 
4 ir. By Ohm's law. 

It is evident that the charges on A^ act differentially on A x 
the negative charge diminishing and the equal positive 
charge increasing its potential. Since the negative 
charge is nearer to A x than the positive, the potential Fj 
is on the whole lower when A 2 is present than when it is 
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away. It, therefore, follows that the diviance is lower 
in the same ratio. The perviance of the medium around 
Aj is increased by the presence of A r The capacity of 
A± is, therefore, also greater. It takes a greater charge 
to raise the potential of A 1 from zero to unity when A 2 
is present than when it is away. The energy of A^ 
having unit charge is, therefore, diminished by the pres- 
ence of A 2 . The energy of A 2 is, however, zero, since 
the total charge upon it is zero. The total flow of force 
either from it or to it is zero. 

95. Continuation. 

The potential of A Y having unit charge being p u , let 
the potential of A 2 due to the same charge be p n . If 
now the charge on A t be increased to Q L , the potentials 
of A Y and A 2 will be p u Q x and p 12 Q v Similarly if the 
system be reduced to its original condition, and a charge 
Q 2 be placed on A 2 the potentials of A 2 and A Y will be 
p n Q 2 and p 2l Q 2 . If these states be simultaneously 
imposed, the potentials of the two bodies will be 



V, 



\ (139.) 

JP12 Qi +P22 Q 2 -> 



The coefficients in these equations are denned by the 
equations themselves. The coefficeint p n is defined by 
the two conditions 



Q 2 =o 



[ (1*0.) 



The condition Q 2 = o does not mean that body A 2 has no 
electricity upon it, but that it has equal charges of unlike 
signs. This condition implies then that A 2 is insulated. 
The reciprocal of p n is the capacity of Aj in the presence 
of A 2 insulated, and measures the charge necessary to be 
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added to A 1 in order to raise its potential by unity in 
presence of A 2 insulated. Similarly the conditions 
denning p 21 are 



j? = — =C 2 i { 



«, 1 > (U1) - 



C 21 or the reciprocal of p 21 is numerically equal to the 
charge which must be put on Q 2 in order to raise the 
potential of the other body from zero to unity, both being 
insulated. p n and p 22 are quantities of the same charac- 
ter and are defined by reciprocal conditions like Eq. 
(140) while p^ and p 21 are defined by conditions like 
(141). 

Equations (139) may be solved for Q 1 and Q 2 . We 
have by simple elimination, 



Qi = ill . y x + 1*1 Vs 

P22P11 P12P21 P12P21 P22P11 

Q 2 = — v x + ^zz — y * 

P12P21 P22P11 P22P11 P12P21 

which may be written 

Qi =211^1 + ?ai ^2 

Q 2 =912^1 + 922^2 

Here q n is defined by the conditions 



• (142) 



.(143). 



F 2 = 



.(144). 



v 1 Ql1 3 

If V 2 = o then body A 2 is grounded. q a is the capacity 
of body A x in presence of A 2 grounded, while — = O n 
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is its capacity in presence of A 2 insulated and, there- 
fore, with zero charge. 

Similary Q a is defined by the conditions 

V 1 =o 



n. r (145). 

*1 _ r< 1 



q a is the charge on body A 1 when grounded, and A 2 , 
insulated, is raised to unit potential in its presence. It 
is the capacity of A l for induced charge. 

96. Energy of the System A x and A r 
The energy of the system is 

W = \ Q ± V x + l -Q 2 V 2 (146). 

By combining with (142) or (143) this maybe expressed 
either in terms of the charges or of the potentials. In 
this way we have 

W = jP 11 Ql + ~ (p„ + P 12 )Q 1 Q 2 +~P 22 Q|-(147). 

w = Y q n Tl+|- (ff.i + ffi.) V.Y, + \q 22 FK148). 

If charge Q 1 be increased by dQ x , Q 2 being constant, the 
work done will be 

V 1 dQ 1 =( Pll Q t + p 21 Q 2 )dQ x (149). 

The increment of energy may also be found by differ- 
entiating ( 147 ) from which 

dW = p 11 Q 1 dQ 1 + ^{p 21 +p 12 ) Q 2 dQ ± (150). 
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Equating ( 149 ) and ( 150 ) and reducing we have 

P21 =Pl2 ( 151 )- 

Hence, whatever may be the shape or size of two insu- 
lated bodies, if either receive a unit charge, the poten- 
tial of the other body due to that charge will be 
reciprocally the same. 

From conditions impc sed it is evident that p n > p n 
and P*> > iV Therefore by ( 142) q u and ? 22 of ( 143 ) 
are essentially positive and q a and q u are essentially 
negative and equal to each other. The last statement 
means that the negative charges induced on either body, 
when grounded, in the presence of the other body raised 
to unit potential, are reciprocally equal. 

97. Perviance of tubes of 'force. 

If two tubes of force origi- 
nate on any charge in equilib- 
rium on a conductor, and 
terminate at an infinite dis- 
tance and have equal charges 
Q upon their bases, the tubes 
will have equal perviances. In 
Fig. 46 the tube originating 
at the place of greatest curvature, where the density is 
great, will have a small, base. Since the bounding lines 
of the tube are normal to the surface, the tube diverges 
more rapidly than is the case with tubes originating at 
places where the curvature is less. The portions of such 
tubes intercepted between any two surfaces of equal 
potential will have equal perviances. 

In Fig. 47 one tube 
is shown originating on 
a body having a posi- 
tive charge and termi- 
nating at an infinite 
distance where the po- 
tential is zero. Another 
tube is shown originat- Fig. 47. 




Fig. 46. 
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nating in the same body and having an equal charge on 
its base. This tube proceeds to a negatively charged 
body. Around this body there must be a closed sur- 
face of zero potential, within which the potential is 
negative. The perviance of this tube between the posi- 
tively charged body and the surface of zero potential is 
equal to that of the infinite tube before described. 



CHAPTER VI. 

MAGNETISM. 

98. Most of the definitions given in the introduction 
apply equally to electrical and to magnetic discussions. 
We proceed to point out the nature of the distinctions 
that must be made. 

A mass of iron when placed in a field of magnetic 
force, behaves somewhat like an imperfect conductor, 
when placed in a field of electric force. The iron be- 
comes polarized by the magnetic stresses ; surface charges 
of magnetism of unlike signs accumulate on opposite 
sides, and for points within the iron, the field due to 
these surface charges opposes that of the inducing field. 
The resulting force within the iron is, therefore, less than 
it would be at the same point in space if the iron were 
away. As in the case of dielectrics, the force due to 
these surface distributions is not so great as that of the 
inducing field, so that the resulting force is not zero, as 
it is in a perfect conductor in a field of electric force. 
Since lines of force penetrate the mass of the iron, the 
magnetic potential within the iron cannot be constant. 
Internal cavities have a field of force, and their walls 
have a magnetic distribution, just as an internal cavity in 
a mass of shellac placed in a uniform field would have 
distributions of electricity of unlike signs on opposite 
faces where the lines of force enter and leave the cavity. 
The magnetic charges cannot be removed at all by con- 
duction. 

The distribution of magnetic lines of force around 
a mass of iron placed in a field is such, that their form 
and arrangement may be ascribed to a variation in 
the conducting power of the medium for lines of force. 

9 (129) 
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Iron is by far the best conductor for the flow of mag- 
netic force. Other media such as brass, copper, shellac, 
etc., behave very nearly like air. 




Fig. 49. Sphere having permeability 2.8 in a uniform magnetic 
field. (Kelvin.) 




Fig. 50. Sphere having permeability 0.48 in a uniform magnetic 
field. (Kelvin.) 



Fig. 49 shows the distorting effect of a spherical mass 
of matter having a permeability 2.8, placed in a uniform 
field. Before the introduction of the iron, the field would 
be represented by parallel straight lines, equally spaced. 
The direction of the lines at any point is determined by 
combining the forces due to the distributions of north 
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and south magnetism which accumulate on the two 
hemispheres, with the force of the original field. 



M, In Fig. 51 . H represents the 

north pole of a needle. _/j and/ 2 



K 



force of the original field on the 




represent the forces due to the 
(polarities of the sphere. When 
these three forces are combined, 
the resultant F will represent the 
lg " ' direction of the resulting force. 

When such constructions are made at various points 
around the sphere, the resulting F at any point is seen 
to be tangent to lines of a system like that shown in 
Fig. 49. The behavior of the iron mass shown in Fig. 
49 may also be described in another way. These lines of 
magnetic force distribute themselves according to Ohm's 
law. The iron is a better conductor for the magnetic field 
than air, and the lines of flow of the force converge on 
the conducting sphere. If water were being forced 
through a porous medium, the flow taking place in 
straight lines, these lines would be similarly disturbed 
by a spherical cavity cut into it. 

The specific conducting power of different media for 
magnetic lines of induction is called permeability, which 
is a property similar to what we have called perviability 
for electric lines of force. The permeability is usually in- 
dicated by fi. Its numerical value for iron is as great as 
2500, as will be shown later. For diamagnetic bodies, the 
permeability is less than unity, which is the value in free 
space. A sphere of such material acts like an obstruc- 
tion to the flow of force. The lines of force are diverged 
as they would be by a sphere of less porous medium as is 
shown in Fig. 50, which corresponds to a permeability 
0.48. 

In passing from medium to medium, the number of 
lines of induction /i Fd S in a tube is constant, as is the 
case with electrical induction in dielectrics. As already 
stated in other words, there are no magnetic bodies in 
which [i = oo and therefore F= 0, within the body, and 
which would correspond to exceedingly good conductors 
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like copper. A copper ball receiving a charge of elec- 
tricity by momentary contact at one of its points, con- 
ducts the charge over its surface so quickly that in an 
exceedingly small part of a second the distribution has 
become so nearly uniform, and the potential has, there- 
fore, become so nearly constant, that no difference of 
charge or potential can be 'detected by direct experi- 
mental means. Therefore under such circumstances we 
may treat copper as a perfect conductor of electricity 
and of electrical induction. This is, however, entirely 
consistent with the idea that will be developed later, that 
a permanent condition of either equilibrium or flow is 
never really reached in a finite time, and that under other 
circumstances, copper cannot be treated as a perfect con- 
ductor. 

Magnetism is developed in iron and other bodies by 
stresses due to a field of force. The repelled polarity 
cannot be removed by any means while the attracted 
polarity is retained. The sum of the magnetic quanti- 
ties on any magnetized body is always zero. The north 
and south magnetism is always present in equal quantity 
and of unlike sign. 

The ultimate particles are apparently permanent mag- 
nets, which when the iron solidifies from fusion, so 
arrange that the polarities of adjacent particles are 
mutually satisfied, so that they exert equal and opposing 
forces at external points. In very weak fields these 
mutual attractions are not much changed, but with fields 
of increasing strength the particles finally begin to yield 
in a very general manner, as if a molecular panic had 
been set up. This is shown by the rapid rate of increase 
in the strength of the magnet as the strength of the field 
increases. When this rate of increase is at its maximum, 
a maximum number of the elementary magnets have 
their axes at right-angles to the lines of the inducing 
field, in which position they are most sensitive to 
change. This happens in soft iron when the field is 
about twelve or fifteen times the strength of the earth's 
horizontal component in middle latitudes. Thereafter 
the effect of increasing the field diminishes. 
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A line of particles, having their north poles turned in 
the same direction is called a magnetized filament. 

To find the potential at any point due to a magne- 
tized filament. 

The potential at any point is the 
sum of the potentials due to each 
^ elementary pole m. 
Fig. 52. " This is 

m m . m m . m m m _m jw f.,.a\ 

r i r ,2 r 2 r S r 3 r i r n r i r n 

The potential is thus due to the poles at the ends of the 
filament. It will be positive if the nearer end terminates 
in a positive or north polarity and vice versa. At points 
where r x = r n the potential will be zero. If the ends of 
the filament are joined so that a closed ring is formed, 
then r\ = r n everywhere, and the filament will show no 
polarity. 

100. Magnetic Susceptibility. Permeability. 

If a long and thin wire having a section S be placed 
along the lines of a uniform magnetic field of strength 
H, poles of strength m are formed at each end, by in- 
duction. Lines of flow of the field converge on the wire, 
as upon a channel of low resistance. The space occupied 
by the wire has a larger flow than it would have were the 
iron removed. The additional flow through the section 
at the middle of the wire is represented by 4 irm, where 
m is the quantity of magnetism which develops on one end 
of the wire. If a represent the density of the magnetic 
separation across the middle section of the wire then 
trS = m. If B represent the number of lines of induc- 
tion carried by the middle section, //'being the strength 
of the force over the same section, then 

SB = SH+ iTzm (153). 
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(154). 

Where / is the magnetic moment per unit volume, of a 
short piece, of wire at the middle having a length I. The 
quantity i" is called the intensity of magnetization of the 
iron. 

It is evident that B, H and I are quantities of the 
same kind or dimensions. Therefore we may write 

I=KH. (155) 

where K must be an abstract number, or a numeric. It 
is defined by the equation 

It is the average increase in the intensity of magnetiza- 
tion per unit increase in the strength of the inducing field. 
It is called the magnetic susceptibility of the iron. In 
free space K = 0. In diamagnetic substances it is neg- 
ative but small. No diamagnetic substance is known in 

which K is numerically as great as Therefore B is 

always positive, and we may write 

B = H (1 + 4 itK) = /i H (156). 

In diamagnetic bodies y. is less than unity while in para- 
magnetic bodies it is greater than unity. 

Diamagnetic bodies offer greater resistance to the flow 
than space (See Fig. 50), while para-magnetic bodies have 
greater conducting power than free space. (Fig. 49.) 
The quantity p. is called permeability. It varies greatly 
for different irons, and for the same iron it varies with 
B or H. It also depends on whether H is increasing, 
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or diminishing, although vibrations and jars tend to 
obliterate such differences. Fig. 135 shows Ewing's 
values for fj. and B in terms of H, and Fig. 136 shows 
his determinations of Kandl. The determinations were 
all made on the same specimen of soft iron wire by 
methods that will be discussed later. 



101. Lines of Force and Lines of Induction. 

A mass of iron like a long cylinder of circular section, 
placed with its axis parallel to the lines of force, becomes 
magnetized throughout. Its external surface, however, 
acquires properties quite different from interior sections 
which are bounded on both sides by iron. On the 
external surface are distributions of free magnetism, 
those on opposite ends having opposite signs. The 
opposite distributions are separated by a line of zero 
charge at or near the middle of the rod, and the density 
of free magnetism diminishes in a very complex manner 
from points at or near the ends to the line of zero 
density. 

This free magnetism diminishes 
the strength of the inducing field 
within the mass as do electrical 
charges on a body in a similar posi- 

• • Trio* KQ 

tion in an electrical field. It is the B " ' 

resulting field that is called H when reference is made 
to the force within a magnetized mass. (Eq. 153.) 
Suppose a cavity to be made in a magnetized mass. Let 
the cavity have the form of a cylinder co-axial with 
that of the iron mass, and parallel with the lines of the 
inducing field. The value of II as defined above at any 
point O, is the force due to the external field, and the 
distributions on the external surface of the iron. 

The cavity having a section S we have surface charges 
on the ends of this cavity. The force H is increased on 
this account by iir KH (1 — cos a) if O be taken at 
the middle point. Here a is the semi-angle of a cone 
whose base is either end of the cavity, and KH is the 
density of the free magnetism on the surfaces. In a 
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metal having no magnetic susceptibility, K would be 
zero, and these distributions would have zero density. 

If a were very small, as in case of a long filamental 
cavity, the force due to the ends of the cavity would 
vanish. The force at O would then be H. 

If, however, the cavity were short and of relatively 
large section, so that a = 90°, the force at O, midway 
between the distributions on the ends of the wafer-shaped 
cavity would be 4 V KH. The whole force at the point 
would, therefore, be 

Here H and B are the values of the force at points in- 
finitely near each other, but on opposite sides of the 
surface of the wafer-shaped cavity. H\s the strength 
of field within the iron, or the number of lines of force 
to the square centimetre, and [i H is called the number 
of lines of induction. The H lines of force in the iron 
yield p H or B lines of force when they discharge into 
the air on the opposite side of the magnetic film, /i H 
is called the induction within the iron. B d 8 = /n Hd 8 
is the flow of induction in a tube of induction, of sec- 
tion d 8. Each tube of induction is closed on itself, and 
however heterogeneous the material through which it 
threads, the induction fi H d 8 is constant throughout 
the tube. See Eq. (156.) 

102. To determine the strength of a magnetic field. 

A unit magnetic field is one in which unit magnet pole 
is urged along the lines of force with a force of one 
dyne. In a field of strength H, a pole of strength m 
will be urged with a force of mH dynes. 

If a bar magnet be suspended to oscillate in a horizon- 
tal plane, it will follow the law of a compound pendulum. 

Let be the angle of deflection of a swinging magnet 
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from its position of repose. Let the angular velocity at 

the instant be co. Call I the moment of 

inertia of the magnet and its stirrup. 

Since the energy of the rotating mass will 

be %o) 2 I it follows that the increment of 

energy when diminishes by d will be 

lea d o). The moment of the force causing 

this motion is mH sin 01 where I is the 

length of the magnet. In imparting the 

increment of energy Iwd co, the magnet 

sweeps over an angle d and the work 

applied is mH sin did 




Fig. 54. 



.*. I u> d u> = — m I H sin Odd. 

When 6 = the angular velocity will be a maximum. 
Call it <o . The product m I is- called the magnetic 
moment of the magnet and is denoted by M . 

Integrating the last equation over the semi-arc 




du> = — MH 



-P 

I sin Odd 

J e 



or 



T '<-8- 



a i )=MH{l— cosO). 



.(157). 



Let the greatest value of 6, when w = be a. Then 
1 



2 



Ia)%—MH0.—COSa). 



.(158). 



Eliminating a> o in (157) and (158) 



g- I<o 2 =MH(cosd — cosa) (159). 
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For small arcs we may put 
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cos 6 = 1 



- and cos a = 1 — - 



Since t/1— 2 = 1 — 5 6 2 ( section 18) 



,IaP = Mn(a^ — e 2 ). 



.(160). 




Fig. 55. 



On the very short and practically 

straight arc 2 a as a- diameter, de- 

y \ scribe a semicircle, and from the 

B centre lay off from O the arc 6. 

6 ° Then in Fig. 55 the vertical line 



y is 



Then by ( 160) 



to = y 



/WW 



V 1 

The time of describing the arc d d is 



* = *• = 



d0 



/ MH 



_<o / 1 

y V UTS' 

By similar triangles in Fig. 55 calling ds the arc on the 
semicircle corresponding to d 6 

ds _ a dd ds 

dd~ y y ~~ a 



.-. dt = 



ds 
IT y 



/ 



MH 
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But — is a measure of the small angle marked dp. The 

a 
time of describing the arc A B is, therefore 



.-. MH — - 3 JL. (161). 

103. Determination of the moment of inertia of the 
magnet. 

The moment of inertia / can be determined, by attach- 
ing a mass of non-magnetic material of known moment 
of inertia T. The attached mass must have a simple 
form, so that T can be computed. The time of vibration 
with the known moment of inertia added will be 



.:MH= t? ^±£- ( 162 )" 



If the experiments represented in equations ( 161 ) and 
(162) follow each other rapidly, so that H and M may 
be assumed constant then these equations give by 
elimination of MH, 

I—-*r (163). 

For determinations which require great precision, tem- 
perature corrections must be applied to M and r, and t 
must be corrected for the torsional effect of the suspen- 
sion fibre. For the details of these corrections, refer- 
ence must be made to special works.* 

* See Elementary Practical Physics, Stewart and Gee. 
Theory of Magnetic Measurements, Nipher. 






Fig. 56. 
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104. Continuation. 

In order to determine H of equation (161), another 
equation is necessary which may be combined with (161) 
by the elimination of M, and containing in addition 
only quantities that can be determined with precision. 

For this purpose, the magnet which was oscillated in 
the experiment represented in (161) is replaced by an- 
other, which will be called the needle. The magnet is 
"Sa placed with its axis at right angles 
]lin to themagnetic meridian as at m,m, 
So that its axis prolonged will 
pass through the centre of the 
needle. The needle is deflected 
' s and comes to rest making an angle 
a with the magnetic meridian. 
The distance r between the centres of the magnets should 
be five to ten times the length of the magnet. 

The strength of the magnet poles are m and — m, and 
of the needle m' and — m' and the distance between poles 
of the magnet and needle are I and I'. If I' is small 
compared with r, the moment of the force of m on the 
needle is 

mm' V 



ir$7 



A,= 



nr 



The moment of — mon the needle is negative and is 
m m' V 



A.= 



hi)' 



The resultant moment is 

mm' V m m' V 



A = 



(-if hi)' 
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or 

A = m m' 



"(fit) 



Expanding the denominator, and neglecting a small term 
of second order, 

2ml m' V r 2 M M' 



■C'-^r-M^) 



This represents the moment of the force with which the 
magnet acts on the needle, when the latter is in the 
magnetic meridian. When the needle is deflected over 
an angle a this moment becomes 

• COS a (164). 



Wl- 1 --) 

When in this position, the moment of the earth's force 
on the needle will be 

H m' V sin a=H M' sin u. (165). 

For equilibrium, the angle a must be such that these 
moments (164) and (165) balance, or 



M 
H 



= lr»ton«(l-i^-) (166). 



This formula involves the distance between the poles 
of the deflecting magnet. When the formula is more 
rigorously deduced, the quantity in the parenthesis in 

P 

(166) is replaced by a series of the frOm 1 ^-+ etc., 

where ordinarily the term having P may be dropped, 
since P is always found to be small and sometimes posi- 
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tive and sometimes negative in sign. The inaccuracies 
of adjustment are in fact thrown upon this quantity. 
We may then write for (166) 



= j**tana (l-£) ( 167 >- 



M 1 
H 



The value of P may be determined by measuring a for 

M 

several values of r the value — remaining constant. 

The equation may be put into the form 

2M 1 



r 2 =P + 



H r tan a 



Computing for each r the value = x and plotting 

r tan a r & 

r 2 and x, the intercept on the r 2 axis will give P. The 
last* equation shows that P has the dimensions of an area, 

p 
and that — is an abstract number. 

r 2 

Combining (161) and (167) by division, we have 



where . / 2w 2 

A.- /— - 



\/tan 



■0-3 



This value of A is independent of any system of units. 
/ is a mass into the square of a length. I is the square 
of a time and r 3 is the cube of a length. Therefore the 
magnitude of the unit in which H is measured is 



flunit= /*£ mS .+ 
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We have also defined the strength of a field to be force 
per unit quantity. According to this definition, the 
magnitude of the unit would be directly as the magni- 
tude of the force unit, and inversely as that of the 
quantity unit, or 

H unit = — j — j = M 2 L 2 T 

which is seen to be the same. 

If H" be the horizontal component of the earth's field 
in foot-grain-second units, and H the strength in (J. G. S. 
units then 

H < M L 






or 



(168). 



H =0.04611 H' i 
H' = 21.688 B) 

The value of the magnetic moment of the magnet may 
also be determined by (161) and (167). 
We have 



M * = ±-tana(l-*.y£ (169). 



According to this equation, the magnitude of the unit of 
magnetic moment is 



We have also defined magnetic moment to be m. I. 
According to this its unit would be 

i} T~ l X L = M i 1$ T~ l . 
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105. Example. 

•The time of vibration of a magnet was t = 6.827 sec- 
onds. When loaded with an inertia ring of brass, the 
axis of which coincided with the axis of rotation, the 
time was t' = 8.562 seconds. The moment of inertia of 
the ring was computed from the formula 



r = y- (r' 3 + r"*) 



where w = 812.9 grains, or the mass of the ring, and 
where the radii of the ring were 

n = 0.1200 foot 
r 2 = 0.0953 " 

The moment of inertia of the ring was, therefore, 9.5812. 
The moment of inertia of the magnet computed from Eq. 
(163) was 

(c. sgyy 
J = (8.56 2 V-(6.827) 2 9 - 5812=16 - 722 - 



Hence by ( 161 ) 



MH=r? 4- =3.541. 



The magnet was then replaced by the needle and the 
magnet was placed at a distance r of two feet from the 
needle as in Fig. 56. The angle a was then measured. 
The distance r was then changed to 1.75 ft. and the angle 



was 


again 


measured. 

r 

2 feet 


The 


angles 


were 

a 
2° 14' 


.4 






1.75 feet 




3°20' 


.7 
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Substituting these values in Eq. (167), we have 

M • 
from which by eliminating —n 

P = + 0.0083. 
Hence 





_ 1 
~ 2 


8 tan 2°14'.4 (l - 
= 0.156 


■0.0083\ 
4 j 




Combining 


this 


with the value of MH we 


find 






#= 4.762. 







By means of the upper equation (168) the value of H 
if all our measurements had been made in C. G. S. units 
instead of in foot-grain-second units would have been 

H = 4.762 X 0.04611 =0.219. 

When the torsion and temperature corrections are applied 
to these measurements, the value of Hm English units 
is 4.767 instead of 4.762. 

106. Magnitude of units. 

In Article 100, intensity of magnetization of iron was 
defined to be magnetic moment per unit of volume. It 
was denoted by the symbol I in that section. Its unit 
has, therefore, the magnitude 

j^ =M?L^ T 

JO 
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which is the same as for H. It follows, therefore, 
since B = H + 4 ir 1 that B must be a quantity of the 
same kind as H and 1. Since furthermore magnetic 
susceptibility is 



and since 

B 

,J =H 

it follows that both susceptibility and permeability must 
be abstract numbers. 

Whatever the units of length time and mass, the 
numerical values of fi and K remain unchanged, and 
those of B H and / will change in the same ratio. 

107. To find the potential at any point in the field of a 
magnetic shell. 

It is assumed that the shell is a thin plate whose 
magnetic field is such as would be produced by a current 
of electricity flowing around its circumference. The 
fundamental importance of such a distribution in its 
application to electrical measurements will be apparent 
as we proceed. 

The shell may be assumed to be 
made up of small parallel magnets, 
having a length dl equal to the thick- 
ness of the shell, and having each a 
Fig. 57. p ] e f ace d $ am j a p i e f strength 

ad S. Let AB = dl of. Fig. 57 represent the axis of 
one of the elementary magnets. The potential at any 
point P due to the elementary magnet A B is 




dV= crdS 
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the negative magnetism being supposed on the more dis- 
tant face. Calling a the angle A B P, 

dV=adS ( ri ~ r ) = a d S — . 
\ r± r J rr y 

Since dr = d I cos a and r and r' are sensibly equal, 

, T _ a dSdl cos a adl d S' 

dV= -5 = -o 



where d8' is the right section of the cone of solid angle 
da, and whose oblique section is dS, and whose vertex 
is at P. 
Hence 

dV = <rdld<o (170). 

The potential at P of a sheil of finite area and having 
a uniform distribution a is 



"= a d I J d 



.(171). 



The quantity erdl characterizes the shell. It is the 
moment per unit area of its pole face. 

At any point in the plane of the shell, or at any point 

whose distance r is infinite, J dm will be zero, and the 
potential will, therefore, be zero. At the face of the 

shell J d a) = 2 7T and the potential will be 2-iradl. This 
potential will be positive at the positive face of the shell, 
and negative at the negative face. The difference in 
magnetic potential between the faces of the shell will be 
Anradl. 

This will be the work required to carry a unit + pole 
from the negative face along any path around the edge 
of the shell to the positive face. 
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108. To find the potential energy of a magnetic shell 
in afield of known strength. 

Suppose the field to be due to a pole + m at the point 
P in Fig. 57. The work required to bring this pole to 
the point P from an infinite distance against the repulsion 
of the element magnet will be 

aw = mav= madSdlcosa . 

r 2 

This will also represent the work required to bring the 
shell to its position in the field of the pole m. 

But —5 cos a dS is the flow of force from m through the 

tube whose oblique section is d8 (article 40). Indicat- 
ing by dN~ the number of lines of force in this tube we 
have 

dW= TdldN. (172). 

Integrating over the face of the shell on the assump- 
tion that a is uniform we have 

W = adlN. (173). 

The potential energy of a magnetic shell in a magnetic 
field due to some external source is, therefore, proportional 
to the number of lines which intersect it. At an infinite 
distance from m, the energy of the shell would be zero. 
If the shell so moves that JV increases, the energy will 
increase in a like ratio. The same result will follow by 
increasing the strength of the external field. If the 
shell stand edgewise in the field its energy will be zero. 
If the + side of the shell faces + m the energy will be 
positive. It has required energy to put the shell in that 
position. If the — side of the shell face + m, the 
energy will be negative. In the former case looking at 
the shell in a + direction along the lines of the field 
(which is the direction the north end of a needle 
would point) the peripheral + currents around the shell 
which would produce its magnetization would circulate 
counter-clockwise. 
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ELECTRIC CURRENTS. 



109. Definition of the Unit Current. 

We have found that the potential at any point in the 
field of a magnetic shell is odldea where dm is the solid 
angle subtended by the shell at the point. Suppose a 
current to flow around the circumference of a magnetic 
shell of intensity a d I, and the current were to be so 
adjusted as to produce the same lines as that due to the 
magnetism of the shell. Let the unit in which this cur- 
rent is measured be so chosen that the potential due to 
the current is i d w. The unit current would then pro- 
duce the same potential as a magnetic shell in which 
adl= 1. 



110. Potential and Strength of field on the axis of 
Circular Current. 

The . solid angle subtended by the circular current at 
any point on the axis is m = 2 it (1 — cos a) (Article 19). 
Therefore the potential is 

r=2izi (1 — cos a) (174), 

where a is the angle subtended by the radius of the 
circle. 

The axis is a line of force 
due to the current. Therefore 
calling I the distance from the 
point to the plane of the circle, 
and r the oblique distance to the 
metal strip forming the con- 
ductor, ^g- 58 - 

dV=Fdlor 

_ dV 
F ~~dl 




(175). 

(149) 
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The last equation shows that the strength of the field 
at any point on the axis may be found by differentiating 
(174) with respect to I. If R represent the radius of 
the circular current, 



F=2tti('i — 



I 



VlP + P 



F=-jr =—2m z (176). 

ai (P+i? 2 )* 



r 3 



At the centre of the circle I — and 



F=F =-^J (178). 



If i = 1 C. G. 8. unit of current or ten amperes, 
and F is to be 0.219, or equal to the strength of the 
earth's field measured in section 105, the radius of the 
circular current must be 



_ 2 X 3.1416 

-» — — q gin — 28.6 centimetres. 



If such a current were placed with its plane at right 
angles to the magnetic meridian and the current were to 
flow upward on the east side of the current and down- 
ward on the west side, the force at the centre due to 
the coil would balance that due to the earth at the point 
measured. The resulting force would be zero. If the 
current were to be reversed, the resulting force would 
be 2 X 0.219.^ By means of Eq. (176) the force at any 
distance / centimetres from the plane of the coil could 
be determined. 
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F in equations ( 176) or (178) represents the force in 
dynes, with which a unit pole would be urged along the 
axis at the point determined by the value of I. If I = 0, 
R = 1 and i = 1, then F a = 2ir. Since the length of 
the circumference is then also 2tt, it follows that each 
centimetre of length of a wire carrying unit current, 
every part of which is one centimetre distant from unit 
pole, will act upon the pole with a force of one dyne. 
This also serves to define the unit C. G. S. current, 
which is ten amperes. 



111. Action of a current having any form, 

Let df be the force with which an element 
of current, of length dl, and of strength i, 
acts on a pole of strength m, and distant r. 
Let /? represent the angle between the line 
joining the pole and the element of current, 
and a perpendicular from m to the tangent 
to the circuit at the element. Then by the 
previous definition and from section 14, 




Fig. 59. 



df-- 



m i dl 

—5 — cos p. 



.(179). 



This force urges m at right angles to the plane deter- 
mined by the lines T and r. The direction of d f 
reverses with the current. The force will be zero when 
m is on the tangent T, where (1 = 90°, and it will be 
greatest, for a given value of r, when /? = 0. 

The force of the entire circuit, or of any part of it, 
will be obtained by integrating along the wire between 
the proper limits. It is 



F=mi l_ 



cosfi 



.(180). 
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Fig. 60. 



This integration cannot be made, unless another equa- 
tion, determining the form of the wire, is is given. 
We may determine the force at any point in the axis 

of a circular current, as 
shown in Fig. 60. Let P 
be the point occupied by 
unit pole, whose distance 
from the plane of the circuit 
is I, and whose oblique dis- 
tance from every part of the 
wire is r. If the current is 
flowing from the observer 
in the upper part of the wire as shown in Fig. 60, then 
an element d I of the wire at that point will tend to 
revolve the pole P around the element in a clock-wise 
direction, in a circle whose radius is r. The force is rep- 
resented by P Q which is at right angles to r. If the 
current were reversed, this force would reverse in direc- 
tion. The angle /? of Eq. ( 180) is zero for every part 
of the circuit. This is known by experiment, since the 
magnetic lines of a straight current are concentric circles 
having the wire as a centre. An element dim the lower 
part of the circuit, in which the current flows towards 
the observer, would tend to revolve the pole in a counter- 
clock- wise direction. This force is represented by P Q' 
in Fig. 60. The forces due to any element d I of the 
wire would lie in a cone generated by revolving P Q 
about the axis I keeping the angle y constant. The sum 
of the components of P Q at right angles to the axis 
will evidently be zero. If y be the angle which P Q 
makes with the axis, and a the angle which r makes with 
the same axis as in Fig. 60, the component along the 
axis is 



dF 



idl idl 

— r - cos y = —j- sin a 



= i *dl. 
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Hence integrating in I around the circle 



iJ 2 



which is the same as Eq. (177). 
The sign of this force will depend on the direction of the 
current. In the case represented in Fig. 60, the force 
F would tend to increase the distance I, when the pole is 
on the left of the plane of the circuit. 



112. Magnetic Force in the field of a straight wire 
carrying a current i. 

The force on unit pole at m L — SL 

due to an element of current dl 

is 



idl 
dF = -4- cos |3. 




Fig. 61. 



Let p be the perpendicular distance from m to the wire. 
Then 

cos? = - and r 2 = p 2 + P. 



Substituting these values in the former equation, integrat- 
ing in I between and oo and doubling the value we 
have 



F=2 




(181.) 



The force varies inversely as the distance from the 
wire, and is constant for constant p. The lines of force 
are then concentric circles having the wire as a centre. 

We may determine between what limits and I, the 
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integration of (178) must be carried in order that the 

2 i 
force may be any fraction k of — . We have 

P 



I - 2 * 

Zip = K 



• . I = p 



V 1 — k'' 



ltJc=-l 1= P 



2 VT 



QQ 



Hence at a distance p of 10 centimetres from the middle 

point of a wire 140 centimetres in length, the force 

would be within one per cent of that which would be 

produced by a wire of infinite length. Therefore if this 

wire carried a current of ten amperes or one U. G. 8. 

unit, the magnetic field due to 140 centimetres of the 

wire at a distance p of 10 centimetres from its middle 

99 2 

point would be — = 0.198. This is about equal 

^ 100 10 M 

to the horizontal component of the earth's field at 
o d Baltimore. 

In Fig. 62 let A B represent the wire whose 
effect at P has just been found. If O A rep^ 
resent a vertical leading wire having a length of 
500 centimetres its force at P may be com- 
puted by integrating (181) in I between 10 and 
. ^ 510, its distance p being 70. The integral is 
lg " ' not to be doubled as has been done in (181). 
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We thus have 

510 10 



Fi z= 70 

L 



(70 ) 2 (702 + 5102)^ 70 2 "(70 2 + 10*)* _ 
1/510 10 \ „ „,„ 

This force would be directed towards the reader, as 
would that of the equal return wire B D, and would be 
opposite in direction from that of A B. The resultant 
field at P due to these three portions of the current 
would be 0.198 — 0.024 = 0.174. 

If _P were at a point ten centimetres above the centre 
of A B the force due to A B would be reversed in 
direction. The effect due to A G or B D would then 
be found by integrating in (178) between / = — 10 and 
I = + 490. 

113. Magnetic potential in the field of a straight wire 
carrying a current i. 

We may apply the general equation (sections 109, 110) 

V= to i (182) 

where w is the solid angle subtended by the circuit. 

Let ft» represent the section of the 
conductor which extends to an infinite 
distance above and below the paper. 
Practically this may mean that the, 
wire must be eight or ten metres in 
length. Suppose the circuit to be lg " 

completed to the left of w in a return wire, the plane of 
the circuit containing the line w y. The potential at any 
point m is determined by the solid angle m of the cone 
whose vortex is at m and whose base is the circuit. The 
right lines drawn from m to every point of the circuit 
all lie in two planes which have for their traces the lines 
w m and m P. The angle between these planes is 




156 ELECTRICITY AND MAGNETISM. § 113 

Pmw= and is equal to \_mwy. With m as a centre 
describe a sphere of unit radius. The solid angle m will 
be equal to the area of that part of the sphere included 
between the planes P m and m w or, 



,= J-4:* = 20 
2 TZ 



.-. V=2i 6 (183). 

Points so located that is constant will lie in a surface 
of constant potential. These equipotential surfaces are 
radial planes intersecting in the wire axis. Any one of 
these planes may be taken as the datum plane from which 
is measured. If = 2 ir, equation ( 183) gives the work 
required to carry a unit pole around a closed path which 
links with the wire. It is 4 tt i ergs. Since the force at 

2 t 

a distance r is F = — and a circumference with radius »• 
r 

is C = 2 it r, it is evident that whatever the value of r, 

2 i 
F G = — X 2 7T9- = 4 7T i. The path may, therefore, 

have any form. 

The work done along any closed path not linking with 

the wire is zero. If the radial planes be so drawn that 

the work done between consecutive planes is one erg, the 

number of such planes will be 4 w i, and the angle be- 

2 1 

tween consecutive planes will be ; — ; = - — If the unit 

Atti 2i 

pole be carried around the wire n times the work will 
be 4 ir n i. The case is analogous to the operation of 
swimming around a vortex, or like measuring on its hori- 
zontal projection the work required to ascend a winding 
stairway. 

The force at any point in the field can also be deter- 
mined from the equation for potential. From Eq. ( 183) 
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the work required to carry unit pole between two planes 
making with each other an angle d is 

dF=2 id 6. 

If the path is at a distance r from the wire, and has a 
length d8 then dS = r d 0. If the force be denoted 
by F then 

dV = FdS = Frd6. 
Equating these values of d V 

F= 2 -i 



which is identical with (181). 

114. To find (he strength of the magnetic field in the 
axis of a circular current of B turns. 

Let R be the radius of a conducting cylindrical shell 
of length I. We will suppose a current to be flowing in 



dx 




Fig. 64. 

a sheet around the tube. We are required to find the 
magnetic force on a unit pole at a point O, whose distance 
from the middle point O of tha tube is D. Let dx be 
the width of any element of the cylinder, whose plane 



158 



ELECTRICITY AND MAGNETISM. 



§ 114 



is distant x from the centre C. Let i be the number of 
units of current per centimetre, measured parallel to the 



axis of the cylinder, or i 



dx' 



The force due to the 



current di of the element dx, at is by Eq. (176) 

R 2 



dF = 2 n i dx 



((D + ^ + i? 2 )) 



I 



The force due to the entire sheet of current around the 
tube is 



9 ff in 7?2 


^2 

dx 




((D + as)" + i* 2 ) 1 


o 


I 
2 



= 2 * i„ Jf2 2 



Z> + a; 



72 2 V(^ + «) 2 + ^ 2 



2 »•/„ 



/ 



V 



D +2 

(*+y)' + 



-R 2 



+1 

^2 



Z> — 



V 



/ 



(»-7 + 



.(184). 



.R 2 
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This equation applies to any point on the axis. If 
I 
-O > -~ the point is outside of the helix. If D = ± 

I 

-~ the point is at one end or the other of the helix and 

F = 2 * i , l (185), 

Vz 2 + B? 

where i I = i in case of a single current sheet around the 
tube and i 1= S i, if S windings of insulated wire, each 
having a current i, cover a length I of the tube. 

If Z> = 0, the point is at the centre of the tube or 
helix, and 

Fo =4W„ l — (186). 

Vi a + 4 J R 2 

If I is very small compared with R, as in the case of a 
single wire serving as a galvanometer coil, then by (185) 
and (186) 

2 ri, I 2 Tzi 



F e =F„ 



B B 



which is the same as ( 1 78 ) . On the other hand if I is 
very large compared with 4 R. 

F e = 2«i = =-^- (187). 



F =4*«. =!?^i (188). 

The force at the ends is then half the force at the cen- 
tre. (See Fig. 134. ) This is due to the fact that at the 
centre of a long helix the two halves co-operate, but the 
end windings are too far away to have appreciable effect. 
When the testing pole is at the end of the helix, there- 
fore, the condition is the same as it would be at the 
centre, were half of the helix to be removed. 
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If we make l = m R, then whatever the value of m we 
have 



Xl = k=2 / 1+m2 (189). 

If m = 10, or the length of the helix is only five times its 
diameter, measured from centre to centre of the current, 
the value of K becomes 2 X 0.98 = 1.96, which is with- 
in two per cent, of its value when m is infinite. 

If the helix has several superposed layers of wire, the 
force due to each at any point may be obtained, and the 
results summed. 

As I "approaches zero the terms in the parenthesis of 
(184) approach each other in value, and the value of F 
approaches zero. This is also the case with a thin mag- 
netic shell. If the distance dl between the positive and 
negative distributions be made zero, the force at every 
point becomes zero. 

Example. A brass tube two metres in length and 1.27 
centimetres in external diameter is wound with two lay- 
ers of No. 10 B. and 8. wire. The wire diameter is 
0.1019 inch or 0.26 centimetre, and the diameter of the 
insulated wire is 0.29. Each of the two layers has 689 
windings. If the current through the wire be 15 am- 
peres, or 1.5 C. G. 8. units, then for each layer 

Si 689X1.5 K1C 

l ° = — = 200 =5 ' 16 - 

The radius R of the inner layer is -~- (1.27 + 0.29) 

= 0.78 cm. The strength of field at the centre of the 
helix due to this layer is by (186), 

n= 4 ,. X5 .i6- 20 ° 



V 40000 + 4 X 0.61 
= 4 X 5.16 * = 64.84. 
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It is therefore evident that (188) might have been used 
for this computation. According to this formula, the 

value of i" for the two layers is -^_ = 10.32. 

J 200 

The force at the centre due to the layers is, therefore, 

F„ = 4 tt X 10.32 = 129.7. 

Example. A brass tube of .1.27 cm. diameter and hav- 
ing a length of 30 cm. is wound with 6 layers of No. 10 
wire, having a diameter of 0.29. There are 103 windings 
in each layer. The current is 15 amperes. Eequired 
the force on the axis of the helix at a distance of one 
metre from the centre of the helix. For any layer, we 
have 

103X1.5 , 1K 
l ° = — 30 = 5 - 15 ' 

By (184) the force due to the inner layer is 

100 + 15 100 — 15 



F l =2 X 5.15* 



|_VO 



15) 2 + 0.61 V(85) 2 + 0.61 
= 0.000620. 



The radius of the outer layer is 2.23 cm. The force due 
to the outer layer is, therefore, 



F 6 = 2 X5.15* 



100 + 15 100 — 15 



V(H5) 2 + (2.23) 2 V( 85 ) 2 + (2-23)2 
= 0.00505. 



These computations may be simplified by means of the 

formulas of section 18. Eq. (184) reduces readily to 

T) 7 7?' 
F=2iri when D is large compared with R. 

11 
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In a similar way the force due to the other layers may 

be determined and the results 
' may then be added. 

The force at the centre of 
this helix due to the inner layer 
is 0.998 X 64.71 = 63.41. 

By reference to (178) we find 
that the force at the centre of a 
circular circuit of single turn due 

. 2-7TI ^ 

to a current ^ is —5- . By equa- 
tion (181) the force due to an infinite straight wire a, b, 




2 i 
Fig. 65 at a distance R is — -. 



The circular current of 



Fig. 65 will have a force w times as great at the point 
O, as the infinite wire. The student may easily prove 
that an arc whose middle point is at the point of tan- 
gency and whose length is two radians, will produce the 
same force at the centre, as the infinite straight wire 
having an equal current. 

115. To find the force at any internal point in the 
plane of a circular current. 

By Eq. (179) the force at P 

due to the element of current i dl 

distant r is 

dl 
dF=i—Q-cosP. 
r 2 

where ft is the angle between the 
perpendicular p to the tangent T 
and the line r, or the line r and 

the radius R. Let D be the distance O P, and a the 

angle between D and R. 




Then 



dl = Bd 



cos 13 ■■ 



2rB 
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and since r 2 = D 2 + B 2 — 2DB cos a 

It — Dcosa 

cos ft = — — ■ 

■s/lP + B 2 — 2DBcosa 

Substituting the values of r 2 , dl and cos (3 

<^ =iR R — D cos a (190). 

da (Z) 2 + B 2 — 2DB cos a)% 

Let D = K R. If we integrate (190) in a between 
and 7r and multiply by two we shall have the force at a 
distance D from the centre. 

Hence 

F __2t j (l — Kcosa) da £ 191 ^ 

M 1(1+ .ST 2 — 2Kcosa)% 

Jo 

This expression can be developed into a series in terms 
of a and determined to any degree of precision required. 
We proceed to determine the integral by graphical and 
mechanical means, such as can be applied to any other 
case. We are to find 

Z= |/(«) da (192). 

'o 

It is evident that the average value off(a) between 
and 7r is 

average y = y = — j/(a) da (193). 

/O 



■•■ Z = *Vo= |/(«)d« (194). 
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For a point at the centre where iT = 0, f (a) of (191) 
is unity for all values of a between zero and ir. The 

area Fig. 67 represented by If (a) da is, therefore, a 



Jr w 



rectangle whose sides are unity and ir and whose area is 
ir y Q = ir. Therefore 

22 



F = 



which is the same as (178). 




If K = 0.1, the value of f (a) of ( 191 ) may be com- 
puted for each ten degrees between 0° and 180". The 
form of curve obtained for this case is shown in Fig. 68. 
When a = the value of 



/(«) ^ 



1—K 



( 1 — 2K.+ K?)% ( !— -S") 2 



dF 



da 










1.2 
1.0 


















0.8 


- 








0.6 


- 








0.4 


- 








0.2 


- 













. 








, 1.0 


, 2.0 


a.o 



45° 



90° 
Fig. 68. 



180 



$« 
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This is a measure of — — or the force per unit angle at 
da f » 

the nearest point of the wire.' When a = it, f{a) is 
1 + K _ 1 

(1 + 2K+ K*)% ~~ V + K ?' ™ S ^ uanti1 7 multf " 

plied by — is the force per unit angle at the most re- 

mote part of the circular current. (See Fig. 68.) The 

intermediate values of f (a) must be computed at a 

sufficient number of points so that the curve can be drawn 

with sufficient accuracy. For instance if a = 20°, the 

20 

abscissa in Fig. 68 will be ir = 0.349 and the ordi- 

* 180 

nate to the curve will be 

/'.(a) = 1 -°- 1COS20 ° , = 1.215 

(1 + 0.01 — 0.2 cos 20)^ 

Having plotted the curve for K = 0.1 from a sufficient 
number of such computations, the area of the curve 
between the limits, a = o and a = tt, is to be determined 
by means of a planimeter. In a certain case this area 
was found to be 2.059 square decimetres. Then the 
planimeter area of a rectangular figure on the same dia- 
gram was determined. The area of the rectangle of the 
ordinate 1.00 and abscissa it was found to be 2.046 
square decimetres. Since the integral value "of this 
rectangular area is ir, we have for the integral repre- 
sented by the area of the curve between o and ir, 

** = t£s 3 - 1416 - 

Hence y = |jjg = 1.006 
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Therefore at a point one-tenth of a radius from the 
centre, the force is 



*•=»£* 1.006 



In this manner the values of y for each value of ./Tin 
the table below have been computed. These values are 
the factors by which the force at the centre must be 
multiplied, in order to give the force at a distance K R 
from the centre.* 



K 


2/o 


2/ from (195) 


0.0 


1.000 


1.000 


0.1 


1.006 


1.008 


0.2 


1.032 


1.033 


0.3 


1.072 


1.076 


0.4 


1.145 


1.145 


0.5 


1.246- 


1.250 


0.6 


1.425 


1.413 


0.7 


1.687 


1.687 


0.8 


2.234 


2.231 


0.9 


3.92 


3.841 


0.95 


7.17 


7.035 


0.99 


32.07 


32.512 ' 



The values of this factor y as given in column two 
agree very well with the following empirical formula 



* In case of the curve for K = 0.99 the value of the ordinate when 
a = o is 10000 -while when a = 180° it is 0.252. It, therefore, be- 
comes necessary to construct different parts of the curve to different 
scales. 
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from which the values in column three have been 
computed. 

y = 1 + i E tan {E 90)° (195). 

Assuming this formula to be sufficiently accurate we 
have for the force 



F= 2 ~ (l + ~ E tan (E 90) j (196). 

The number of lines of force on an annulus of radius 
K R, radial width RdK and area 

dS = 2*11? EdE 
is 



FdS 



= 4 tt2 * RK (l + -i E tan (-£"90) W 



If we integrate this expression in K between K = 
and K = K' where K'R is the distance from the centre, 
then 

J FdS =2 - 2 iRE' 2 + 2 - 2 iR iE 2 tan (E 90) d E 



The value of the final integral can be readily found 
by the planimeter method just described. Dividing out 
of the resulting integrals the value of K' 2 the equation 
may be written, 



JVdS = 2**1 RE'* (1 +y). 



.(197) 
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where the values of 1 + y which correspond to various 
values of K' are given in the table below. 



K' 


i+y 


K' 


i + y 


0.1 


1.004 


0.6 


1.178 


0.2 


1.016 


0.7 


1.270 


0.3 


1.037 


0.8 


1.424 


0.4 


1.066 


0.9 


1.728 


0.5 


1.122 


0.95 


2.074 






0.99 


2.985 



In (197) 



R 



it will be observed that 2 tt 2 i RK' 2 
ir (K'R) 2 represents the number of lines en- 



closed by a circle of radius R 'K, if the force were every- 
where equal to the force at the centre. If the radius of 

s then by selecting 



the wire be »* ahd ZT'be taken as 



R 



R 



the value of 1 + y from the preceding table, (197) will 
give the total number of lines of force linking with the 
wire. If for example the wire radius is 0.01 of the 
circuit radius, then K' = 0.99, 1 + y — 2.985 and the 
total lines linking with the wire will be 

JV= 5.85 tt 2 iB. 

If i= 10 amperes or 1 C. G. 8. unit and R = 30 cm. 
2^=1732. The difference in magnetic potential from 
any point on the plane along the lines of force linking 
with the wire, to the same point again, is Airi. (See 
section 113.) Calling p the magnetic resistance or reluct- 
ance of the magnetic circuit to these JV lines we have 
by Ohm's law 

5.85 izHR= — 
P 

OTp = TA^Ti 
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If the circular circuit have a radius R = 30 centime- 
tres, the radius of the wire being 0.30 centimetre (K' = 
0.99), i being 15 amperes, or 1.5 O. G. 8. unit then the 
total number of lines iVwill be 2598 and^ = 0.0072. 



116. Magnetic force inside a conductor. 

The force within a straight thin tubular conductor is 
Let Fig. 69 represent such a conductor in cross 



zero, 
section 

Let the current be supposed 
to flow in the shell, at right 
angles to, the paper and away 
from the reader. If the total 
current be i, and the radius r 
then the current in each centi- 
metre of arc will be 



2sr 




Fig. 69. 



Let r' and r" be lines intersecting in a small angle at 
any point O, and cutting the shell at the extremities of 
the small arcs ds' and ds" . 

The currents in the elements ds' and ds" of the con- 
ductor are 

di' = i" ds' 

di"=i' ds". 

The force due to these currents at the point O will be 
(181) 

dF > _ 2di ' _ 2i 'o ds ' 



dF"= 



r' 


r' 


2di" 


M ds" 


r" ' 


r" 



By geometry we know that 



ds' ds" 

= — -p- and by experi- 
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ment we know that F' and F" are oppositely directed. 
Therefore the force at O due to the elements ds' and ds" 
is zero. .The same will be true for all the opposite ele- 
ments obtained by drawing lines through O. Therefore 
at any point inside a wire the force due to the cylindrical 
shell external to the point is zero. Let r represent the 
distance from the centre of the wire to any internal point, 
?• being the wire radius. Let i represent the current in 
0. G. &. units in each centimetre of cross-section. 
Then the current in the cylindrical section of the wire 
internal to the point is ir r 2 i , and the force due to this 
current at the point will be by (181) 

2 iz r 2 i 
F = „ " = 2 » r i (198). 



At the surface of the wire this force becomes 

2 xrV 2i 



F= 2-i n r n - 



o" 



The number of lines of force inside the wire due to 
the current i, for each centimetre of length, can be found 
by integrating FdS over a radial section from centre to 
circumference. The element of area is 



dS = dr X 1 



/ 



FdS = 2*i | rdr 



= -i n r~ n = 




The number of magnetic lines of force within the wire 
for each centimetre of length, is, therefore, independ- 
ent of the size of the wire, and is numerically equal to 
the current. A wire having a current of ten amperes or 
a unit 0. O. 8., will have one internal line of force for 
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each centimetre of length. At the centre of the wire 
the force is zero. Within the wire the force is directly 
proportional to the distance from the centre ( 198). 



117. To determine the constant for a tangent galvano- 
meter of single turn. 

The short magnetic needle is 
placed at the centre of the circular 
current where - the field due to the 
coil may be taken as 



F: 



2 -ni 



Therefore the force acting on each 
pole, m, of the needle and at right 
angles to the coil is 




Fm 



2 jt im 
~R 



Fig. 70. 



The earth's force acting on each pole of the needle 
and in a direction parallel to #i\7"(Fig. 70) is Hm. Under 
the action of these two forces, the needle is deflected 
irom the plane SN of the coil, the angle of deflection 
and equilibrium being d. The component of Fm at right 
angles to the needle, and which tends to increase the 

2 ir i m 
angled is — j> — cos o. The opposing component of 

Hm is Hm sin d. These forces are represented in Fig. 
70 bjf and_/\ For equilibrium, those forces are equal. 
Hence 



2n 



tan S . 



.(199). 



A galvanometer of single turn which is to deflect its 
needle 45° when carrying a current of 12 amperes or 
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1.2 C. G. 8., the strength of the earth's field being 
0.19, must have a radius Ii of 

2X1-2" _ 3968 cent i me tres. 
0.19 

The field due to a circular current of one turn is shown 
in Fig. 71. 




Mg. 71. 



118. Helmhollz-Gaugain tangent galvanometer. 

The needle is placed between two parallel coils, and it 
is desired to make the field as nearly constant as possible 
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at the point on the common axis, midway between the 
two coils where the needle is placed (Fig. 72.) If the 
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Fig. 72. 

coils are too near together, the lines of force at this 
point will be convex towards the axis, and will diverge 
as they depart from the middle plane, as they do in 
a galvanometer of single turn (Fig. 71 ). If the coils are 
too far apart, the lines at the middle plane will be con- 
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cave towards the axis. The field due to both coils is 
(176) 

F=4*i g . 



(j? + sty 

where 2 I is the distance between the two coils. We are 
to adjust I so that the field will be as nearly constant as 

' dF 
possible, or so that -r, shall be a minimum. 

Differentiating the last equation twice and placing 

„ 2 = we find 

21 = R. 

When the instrument is thus constructed the value of F 
in the last equation becomes 



R WIT ■« 

The force at the centre of either coil due to the action 
of both will then be 

F= 1.854 i£. 
it 

The lines of force due to the two coils are shown in 
Fig. 71. They link either with one or with both wires. 
The lines of equal potential on this diametral plane are 
at R |_ to the lines of force and are also shown in this 
Fig. <fU 

119. Mutual action of coils of one winding. 

We have found (section 108) that when a magnetic 
shell is cut by N lines of force, the potential energy of 
the shell is 

w = <jdlN. See (173). 
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For the equivalent plane current 

w = iN. 



See Eq. (173) and section 109. 

If two coils A 1 and A 2 each carry unit current, ' 
a certain number 3^ of lines due to A x link 
with A^. If the current in A^ be increased to | 
\ the number of lines due to A x which linki 
with A, will be Fi S- 73 - 

Ni = Miii. 

If coil A 2 have a current i 2 its energy would, there- 
fore, be 

Wi = Ni ii = Mi «i i 2 (200). 

This would be the work required to carry coil A 2 out 
of the field due to A x , in doing which the moving coil 
would cut N x = M x i x lines of force. 

Similarly let M a represent the lines due to A\ having 
unit current which link with A v Then the number of 
such lines when the current in A 2 is i 2 becomes 

Ni = Mtk. 

The energy of coil A x carrying a current i x with which 
JV 2 lines of force link would, therefore, be 

wi =JV 2 i2 = Mi%i%\ (201). 

This represents the negative work required to carry 
coil A x into the field of A\ again, restoring the original 
relative positions. If we, therefore, consider the two 
quantities w 2 and w x of (200) and (201) to have unlike 
signs, their algebraic sum is zero, from which 

M* = Ml 

It is, therefore, clear that the number of lines of 
force due to unit current in either coil which link with 
the other coil are reciprocally equal. 
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If the coils have a common current, *", then the energy 
of either coil due to the presence of the other is 

w = MP (202). 

M is called the coefficient of mutual induction of the 
two coils. It is equal to the number of lines due to 
either which link with the other, when the current is 
unity in the primary coil which produces the field. It 
is evidently also equal to the energy of either coil in the 
presence of the other if each carry unit current ( 202 ) . 

The two coils shown in Fig. 72 each have a field like 
that in Fig. 71. Since the currents are parallel, Fig. 72 
represents the lines due to both coils. These coils attract 
each other and w = MP measures the work that would 
be required to separate them to an infinite distance from 
each other. If the currents ran in opposite directions, 
the coils would repel each other, and the work required to 
cause them to approach each other would be positive in sign . 

120. Self-induction. 

The lines of force due to any coil of one winding link 
with the current to which they are due. Although the 
coil does not tend to move with respect to its own field, 
it is clear that such a system represents energy. If L 
represents the number of lines due to a coil of single 
turn having unit current, the energy required to produce 
the system composed of a current * having L i lines of 
force linking with it is 

w= \Lidi = \LP (203). 



If the current be doubled, the number of lines due to the 
current is doubled, and each line links with twice as 
many units of current. 

This energy is applied in producing a stressed condi- 
tion in the region around the wire. We shall investigate 
this subject more at length further on, but it may be well 
to point out here some of the physical peculiarities in- 
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volved in the formation of such a magnetic field. When 
a given battery or dynamo is closed through a circuit 
having a self-induction coefficient L, the operation of 
bringing the current up to a given strength i, and of 
producing L i lines linking with the circuit requires a 
certain interval of time. The greater L is, the longer 
is this time. If the battery or source of electricity is 
cut out of the circuit by a short circuit the energy re- 
turns on the wire and manifests itself by a great increase 
of current. A great magnet thus charged and shut out 
of the circuit of the battery, without opening its circuit, 
can be destroyed in af ew seconds by the current devel- 
oped by the return to its wire of the energy of its 
surrounding field. The same results are seen when the 
field-current of a loaded dynamo is opened. 




Fig. 74. 

121. Motion in a magnetic field due to an external 
source, of a conductor carrying a current. 

Let B in Fig. 74 represent a source of electricity, 

12 
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connected with two conducting rails or bars as shown. 
Let the circuit be completed by a movable conductor I, 
laid across the rails. The lines of force from the exter- 
nal source If 8 have their plus direction downwards in the 
figure. This is the direction in which the north pole of 
a needle would point. The lines due to the current are 
not represented in the figure, but their plus direction 
within the circuit is also downwards. Under these con- 
ditions every part of the circuit tends to move outwards 
in such a way as to increase the area of the circuit. If 
the direction of either the current or the magnetic lines 
from the external source be reversed, all parts of the 
wire will tend to move inwards in such a way as to dimin- 
ish its area, or if capable of such motion it will turn 
upside down unless balanced in unstable equilibrium. 
The conditions represented in the figure would then be 
reproduced, if the current had been reversed in direc- 
tion. In all cases the wire tends to move in such a way 
as to increase the number of lines from the external 
source which link with the circuit if they coincide in 
direction with the lines due to the coil itself, and to 
diminish the number of external lines which cut through 
the circuit, when they are opposite in direction from 
those due to the circuit. The motion or tendency to 
motion of the wire may also be remembered by the fol- 
lowing rule, which applies readily in the study of any 
kind of electrical machinery. 

Imagine yourself floating in the current within the 
wire with the head in the direction the positive current 
is flowing, and with the face in a plus direction along 
the lines of the external field. The body must turn in 
the wire so that you always face in a plus direction along 
the field if the wire has a motion of revolution, as in an 
armature. Then the wire will tend to move to the left 
across the lines of the field. It is this inter-action be- 
tween a current and an external field which causes a 
suspended coil to set with its plane at right angles to the 
magnetic meridian. Whenever these motions of the 
wires are permitted, the current from B becomes feebler. 
If this motion be assisted by an external force, and the 
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velocity be sufficiently great, the current will sink to zero. 
If the velocity of the slider be still further increased, the 
current will reverse, and the battery liquids will be 
deranged by a current opposite in direction from that 
which the battery would yield. These results can readily 
be obtained by using a more effective motor than that 
represented in Fig. 74. Any dynamo driven as a motor 
by a battery and having a separately excited field will 
yield all of these results if the motion of the armature 
be assisted by belt driving. 

If, however, the slider or armature be driven in a 
direction opposite to that which the battery current tends 
to give it, the current at once becomes stronger than 
when the slider is at rest. It is thus shown that the 
motion of the wire across the lines of the field produces 
a difference of potential or an electromotive force. The 
current due to this electromotive force in the case just 
described is in the direction opposite to, and it therefore 
enfeebles the current of the battery, when the battery 
current causes or aids the motion. It is in the same 
direction as the battery current, and, therefore, strength- 
ens it, when the slider or armature is moved in a direc- 
tion opposite to that which the battery current tends to 
give it. In both cases, therefore, the current due to the 
motion of the wire across the lines of force, reacts upon 
the field in such a way as to resist the motion to which 
the current is due. 



122. Energy of a steady electric current in a motion- 
less circuit. 

If the battery and conductors have a resistance R, and 
the current at any instant is i, then the work done by the 
battery at any instant during a time dt is 

dw = Eidt (204). 

The electromotive force J£ of the battery depends upon 
the active materials composing it. The current i, is 
defined to be the quantity of electricity which is forced 
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through any section of the wire each second, or i = ~tt • 
Therefore ( 204 ) may also be written 

dw = -E7 — dt = EdQ (205). 

at 

The work required to carry a unit quantity around the 
circuit in a direction opposite to that in which the bat- 
tery forces or pumps it, would be E. The work which 
the battery does on a unit quantity, in maintaining the 

flow per second of -j- is EdQ. By (204) it also 

appears that the work per second is 

lTt = Ei < 206 >- 

This expression, therefore, measures the power of the 
battery. We shall now examine the distribution of the 
energy throughout the circuit. 

The potential falls through the external conductor, 
from the positive to the negative end of the battery. If 

the potentials at these points are respectively + - F"and 

— 5 V, the difference of potential, or electrical pressure 
z 

on the ends of the wire will be V. If this wire have a 

resistance R' times as great as that of the conductor 

whose resistance is taken as the unit resistance, then the 

difference of potential V maintains the currrent i 

through the resistance R', the relation between them as 

established by the experiments of Ohm being 

< = J (207). 

During one second, the quantity of electricity which 
enters one end of this wire, or leaves at the other is i. 
The work done by the battery each second in forcing 
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this quantity through the wire is, therefore, Vi. By 
Ohm's law this work per second or power may be ex- 
pressed in either of the three ways : 

Vi = PB' = ~ (209). 

The heat equivalent of this quantity appears each 
second in the wire. The battery resistance being B, it 
is, therefore, evident that the amount of power used in 
forcing the current through the resistance of the battery, 

is 

&B = (E—V)i= < g — F ) 2 (210). 



The total power required to maintain the current in 
the entire circuit is, therefore, found by adding similar 
terms in (209) and (210). 

T7I3 

Ei=f(B+B')=-^- B .. (211). 

The heat equivalent of this quantity is radiated from 
the battery and wire each second. 

The expression, Power = PR! shows that if the same 
current * be forced through resistances R' and R" the 
heat developed in them per second is in direct proportion 
to the resistances. A 55 watt 100 volt lamp has a 
resistance of 181 Ohms when hot. A No. 0000 trolley 
wire having a resistance per mile of about 0.3 Ohm 
would require to be about 600 miles in length in order 
that its resistance should equal that of the lamp. If the 
same current should be sent through these two conductors, 
the heat developed per second in each would be equal. 
The energy expended in a circuit in any given time t, is 
obtained by multiplying the power by the time, or 

W=Eit = {>(B + I?)t = ~±g (212). 
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123. Energy in a motionless circuit when the current is 
in a variable state. 

If the current is changing in strength, then the intrin- 
sic energy of the circuit due to a change in the number 
of its own magnetic lines which link with it is also 
changing. ( Section 120. ) If the current increases by 
di during a time dt then the intrinsic energy of the 
current increases by the differential of the term \ Ei 2 or 
Lidi. 

The energy demanded of the battery during this time 
is, therefore, greater than would be required to maintain 
the steady current i. If R represent the resistance of 
the entire circuit, the latter energy is R i 2 dt. The total 
energy demanded of the battery is, therefore, 

Eidt = Ri i dt + Lidi (213). 

where the sign of the final term will depend upon that of 
di. If the sign of di be positive, or the current is 
increasing, the energy derived from the chemical action, 
is now in part expended in heating the circuit, this heat 
being lost in radiation, and the remainder is stored up 
as potential energy in the field of stress, the lines of 
which link with the circuit. If di becomes negative or 
if the current is decreasing, the radiant heat from the 
circuit — the equivalent of Ri 2 dt — is supplied, in part 
from the chemical action, and in part from the energy of 
the field. 

E 

The current is no longer -jr, but it can readily bef ound 

from (213). Cancelling the common factor i, we have 



dt E L di ,„,.. 

l = ~R = E- "5-S (2U) - 

This equation expresses the obvious fact that while 
the current in a circuit having resistance R and con- 
taining an E. M. F., E, is increasing, that current 
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is at that instant less than the steady current which that 
E. M. F. is capable of maintaining in that circuit. It 

shows also that it is less by 

J R dt 

This term must have the same dimensions as the term 

— . (Section 17.) It follows that L —~ must represent 
R at 

an electromotive force which when i is increasing or di 
is positive, acts in opposition to E and resists that in- 
crease, while when di is negative, it acts with E and 
resists the decrease in the current. 

If the resistance be suddenly diminished i will begin 
to increase. An opposing E. M. F. represented by 

di 
L -j— is at once set up which resists the change, but 
etc 

which ceases as soon as i has ceased to increase. We 
shall return later to a further investigation of the law 
according to which this change takes place. 

If the battery be stricken from the circuit the resist- 
ance being kept constant we should also make E = in 
(214).' We then have 

<=+lff- (215) " 

The current will then be due to the electromotive force 
caused by the disappearing lines of the magnet field. Ex- 
periment shows that the field disappears very quickly, 
and — is in ordinary circuits very large. It follows that 

thei?. M. F. of discharge maybe very great. Since di 
is essentially negative during discharge, it follows that the 
current is in the same direction as that due to E. The 
coefficient of self-induction, L, is the number of lines of 
force due to unit current which link with the circuit. It 
may be defined by the equation 

L = ~ (216) 

di 
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where eZiVis the change in the number of lines linking 
with the circuit due to unit change in the current. In- 
serting this value of L in (215) 

dN 

The electromotive force of discharge is, therefore, the 
change per second in the number of lines of force which 
link with the circuit. It appears from (216) that idN 
may replace Lidi in the equation for energy (213). 

124. E. M. F. of a conductor moving in a magnetic 
field. 

The result reached in the last section enables us to find 
the E. M. F. of a moving conductor. If the battery B 
of Fig. 74 be replaced by a wire, and the slider I moved 
in the opposite direction from that shown in the figure, 
it will generate the current represented in the figure. 

Let v represent the velocity of the slider, in centi- 
metres per second, I the length of the slider in centi- 
metres, and Hthe strength of the field due to N~. 8. 
Then the area swept over by the slider in one second 
will be Iv and the number of lines of force cut per 
second by the wire will be 

E = Hlv (218). 

This is the E. M. F. in C.G. 8. units. 

If the length of the slider be 1 00 centimetres and the 
velocity 1500 centimetres per second the area swept over 
per second will be 1.5 X 10 5 . The vertical component 
of the earth's field is about 0.3. In such a field the 
E. M. F. generated will be 1.5 X 10 5 X 0.3 = 4.5 X 10 4 , 
G. G. 8. units. As we shall see later, one volt is 10 8 
G. G. 8. units. This E. M. F. is, therefore, 4.5 X 
10-* or 0.00045 volt. 

As soon as the wire I begins to move in a direction 
opposite to that indicated in Fig. 74, and the current is 
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started in the direction indicated by the arrows, the in- 
teraction between current and field resists that motion, 
and urges / in a direction opposite to that which we force 
it to take. The wire tries to act as a motor, when we 
force it to act as a generator. We have already seen in 
section 121 that when we allow the wire I freedom of 
motion and drive it electrically, as a motor, it at once 
begins to act as a generator, producing an opposing 
'current, and thus tries to stop itself. 

In Fig. 75 let A'A and 
C" O represent a plan view c 
of the rails shown in Fig. 
74. They are connected 
only by two sliders G and M. 
Suppose the positive direc- K S- 75. 

tion of the field to be away from the reader as in Fig. 
74. If G be moved to the right as a generator the cur- 
rent thereby started will be in the direction of the 
arrows. The wire G resists this motion, and tries to 
move in the opposite direction. The current runs 
through the slider M. This wire will then be driven as 
a motor in' the direction shown by the arrow. If there 
were no frictional resistance at the points of contact, and 
no other load, the wire M would move with the same 
speed as G. The area between the two wires and rails 
would remain unchanged. In that case M is cutting 
across the lines of the field exactly as G is doing. It 
is being directly moved by a different agent, but it 
is being moved so that it will generate an equal and 
opposing current. Therefore there will be no result- 
ing current. Therefore the power applied, Ei, is 
zero. But no power is required to drive a frictionless 
machine. 

If the motor wire be restrained by a weight, P' = m'g 
dynes, hung on a frictionless pulley, then M will move 
more slowly than G. The back E. M. F. of the motor 
will be Hlv' and the resulting E. M. F. in the circuit 
will be 

E — E' = Hl{v — v')=iB (219). 
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If P = mg represent the force applied to the wire G, 
the power applied to G is 

Pv = Hlvi=Ei (220) 

.-. P = Hli (221). 

The force required to drive the generator is, therefore, . 
proportional to the strength of the field, the length of 
the active wire and the current it carries. 

The strength of field H, in the interpolar space of the 
average motor or dynamo may be taken as 5,000 C. G. 
IS. units. A wire in this space, 30 centimetres, or about 
one foot in length, and carrying a current of 100 am- 
peres or 10 C. G. /S. units, would be urged tangentially 
with a force of 

P = 5,000 X 30 X 10 = 1.5 X 10 6 dynes 
= 1.529 kilogramme. 

This is equivalent to about 3.4 lbs. for every foot of 
wire in the polar spaces. By (218) if the velocity of 
this wire be 1500 centimetres per second (or about 3,000 
ft. per minute) the E. M. F. generated by the same 
wire would be 

5,000 X 30 X 1500 

w =2.25 volts. 

125. Potential energy of a current in a magnetic field 
due to an external source. 

This subject has been treated in sections 108 and 109. 
We found that the work required to bring a magnetic 
shell from an infinite distance where no external lines 
intersect it, up to a point in the field where N lines in- 
tersect it is a dl N and for the equivalent current the 
work is * 2V. 
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Equation (221) enables us to discuss the matter 
further. 

Let the rectangular circuit 
of Ampere be placed in a 
magnetic field of strength 11 
the lines of which are hori- 
zontal. Let a be the length 
of the vertical wires, and 2r 
the length of the horizontal Fi S- 76 - 

wires, so that the vertical wires rotate in an arc of radius 
r. The horizontal wires can have no effect in producing 
motion around a vertical axis. When the plane of the 
circuit is parallel to the lines of force the circuit en- 
closes no lines, and its potential energy is zero, according 
to the results of sections 108 and 109. Let the coil be 
revolved 90° into a position of unstable equilibrium. 
The number of lines enclosed will then be N~ = 2r a H. 
We are to determine the work required in this operation . 

According to Eq. (221 ) the force acting on each ver- 
tical wire tending to move the wires in opposite direc- 
tions across and at right angles to the # lines of force is 



Ha i. 



The circuit has moved 
over an angle to. (Fig. 7 7.) 
In that position a further 
angular change of dto 
will swing the vertical 
wires through an arc dp 




rd to. The forces P will be exerted over a path parallel 
to P of 



dh 



dp cos w = rd (o cos u>. 



The work done on both wires is, therefore, 
2 P d h= 2 a i H r cos u> d w. 
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The work over 90° will be 
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w = 2 ai Hr I cosm da> = 2 r a Hi = Ni. 



This energy is the same as that required to bring the 
wire to its final position from an infinite distance, where 
J7=0. 

We may also apply the same discussion to a circular 
wire capable of rotation around a vertical diameter. 

In Fig. 78, let Z N"N' 8" represent a circular circuit 
having its plane parallel to the lines of force (repre- 
sented by N"8", or Q P) where its energy with respect 
to the field is zero. No lines link with the current. 




We will now as before turn the circuit 90° around a 
vertical diameter, into a position where the circuit is in 
unstable equilibrium. It tends to turn through 180°. 
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We shall determine the work required to perform this 
operation. Let r represent the radius of the circuit and 
let ?■' represent the radius of a horizontal circle whose 
diameter is PQ. Draw a radius r to this parallel circle, 
and let d be the angle between this radius and the axis of 
revolution. 

Suppose the wire to have turned through an angle to. 
Let dl be an element of the wire at a point determined by 
r', to, or by r, 0. dp is an element of the parallel circle 
at the same point. 

By (221) the force of the field acting at right angles 
to its lines, upon the element d I in the position deter- 
mined by 6 is 

dF = Hdli sinff (222) 

since the vertical projection of d I only is effective. When 
the wire moves over an angle d to the element d I moves 
over a distance dp, and the force dF is exerted over a 
distance dh, which is a projection of dp, on a line at 
right angles to the lines of force, or 

dh = dp cos w. 

Therefore the work done on the element dl while the 
wire is being moved over an angle d to is 

d 2 w = d F d h 

= H dl dp i cos u> sin 0. 
But dl =rdO 
dp = r'd u> = r sin 6 da> 

Substituting these values in the last equation we have 

d? w =: Hi r 2 sin 2 Od 6 cos a> d w. 

If this expression be integrated in d between and 2 ir 
we shall have the work required to revolve the entire 
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wire through an angle d co when in a position determined 
by co. This work is zero when w = 90° since the forces 
then acting on the wire tend to collapse it or to shorten 
its radius, and not to rotate the circuit. The last equa- 

tion must then be integrated in to between and-~ or 



: H i r 1 I sin 2 Odd I cos to d a>. 
Jo Jo 



The values of these intergals are 



f 2 " re i 



sin 2 



f r 

Jo 



\ w ;= .t r 2 H i = Ni. 



.(223) 



which is the same result as before. 

If we start with the coil in stable equilibrium in the 
field, and revolve it through 180° into unstable equilibrium, 
the work is the same as that required to take the coil to 
an infinite distance, rotate it through 180° and bring it 
back to its original location. 

A circular wire having a radius of 30 centimetres, and 
carrying a current of 20 amperes or 2 O. G. 8. units, is 
revolved through 180° around a vertical axis from the 
position of stable equilibrium. The horizontal compo- 
nent of the earth's field is 0.2. The work is twice as 
great as that represented in (223) or 2 X 3.14 X 900 X 
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0.2 X 2 = 2261 ergs or 2.23 gramme-centimetres. The 
moment of the force d F of ( 222) is 

dT = r' dFcos w 

= r 2 H i cos to sin 2 Odd. 

Integrating in between and 2tt we have for the 
moment due to the entire circular circuit around the 
vertical diameter, 

T= -r 2 Hi cosoj (224). 

= Nicos to (225), 

where N is the maximum number of lines that will be 
enclosed, which will be when to = 90". 
When no lines are enclosed, or co = 

T =Ni (226). 

2 
The average cosine being — the average moment during 

the quarter revolution will be 

T a = — Ni (227). 

If the motion of the wire be restrained by two oppos- 
ing forces f acting as a couple at the ends of the hori- 
zontal diameter, when co = then 

2/r = ir> Hi. 

■rtrHi Ni 



f~ 



2r 



If r=\h; H=0.2; i=\, O. G. 8.; then each force 
of the couple must be 4.71 dynes. 

If a coil have 500 windings, equations (225) (226) and 
(227) will hold for each of them, ^"is then to be com- 
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puted for the average radius of circular wires, or for the 
average area of coils having a rectangular shape. If the 
average radius is 15 centimetres, then for the case just 
discussed each force of the couple would be 500 X 4.71 
= 2355 dynes = 2.38 grammes. A coil of this kind 
mounted as in a tangent galvanometer, and resting on a 
plate of glass resting on ball bearings, is capable of yield ■ 
ing very useful results. The steel balls used in bicycles 
are admirably adapted for this purpose. They should 
roll in a slight circular groove in a level plate of polished 
steel or glass. The bottom of the groove should be 
rounded so that the balls roll on their lowest points. A 
flexible mercury-cup connection below the coil, such as 
Ampere used above the coil, serves only to convey the 
currents to the coil, and need not involve frictional 
contact. 

The reader will readily see from the equations used in 
discussing rectangular coils, that equations ( 225-6 and 7 ) 
apply to such coils also. 

126. Horse-power of an armature. 

The horse-power of an armature may be determined 
from the equations for the turning-moment or torque of 
a current in a field due to an external source. 

Let the number of lines carried by the iron core of a 

drum armature be N. Let C be the number of wires 

counted all around the armature. Then the number of 

windings for each of which (227) would represent the 

O 
average turning moment, is — . The two opposite wires 

constituting a winding which at any instant have their 
plane coincident with the lines through the armature, 
have a turning moment of (226) 

T = m. 

The winding at right angles to this would have a turn- 
ing moment zero. In field magnet poles as usually con- 
structed, the electromotive force and turning moments 
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of different windings around the armature follow the 
law of sines or cosines. The average turning moment 
of the windings would then be given by (227) or 

T, = -A. m. 

The turning moment of the armature would then be 

= -^ Ni (228). 



The power of the armature would be, 

P = 2izn T, (229) 

if n is the number of revolutions per second, or 2 ir n 
the angular velocity. Inserting the value of T s from 
(228) 

P = 2n Cm (230). 

This gives the power in O. G. 8. units, or in.ergs per 
second. 

Example. The iron core of a drum armature has an 
effective diametral section of 900 square centimetres. 
Then as ordinarily designed, the field-magnets should 
deliver to it at half -saturation aboutl0,000 lines per square 
centimetre, or 9,000,000 C. G. 8. lines = If. 

If the armature is to deliver 400 amperes then each 
wire of the armature is to carry 200 amperes or 20 C. 
G. 8. units, = i. 

Suppose there are 120 conductors counted all 
around the armature, then C — 120. The number of 
revolutions which this armature must make in order that 
its field magnets may be able to deliver the required 
number of lines to the armature, depends on the design 
of the field magnets and the quality of iron in field 

13 



194 ELECTRICITY AND MAGNETISM. § J 26 

magnets and armature. If the armature makes 720 

720 
revolutions per minute, then n = -^r- = 12. The power 

of this armature in ergs per second would then be ( 230) 

P ±= 2 X 12 X 120 X 9 X 10 6 X 20 

= 5.184 X 10 n 

■ One horse-power = 76 kilogramme-metres per 
second = 7600000 gramme-centimetres = 7.6 X 
10 6 X 981 =7.46 X 10 9 ergs per second. Dividing this 
into the expression above we have for the number of 
horse-powers that the armature would develop as a motor, 
or which must be applied to it as a dynamo, 

„ 5.184 X 10 u g9 



7.46 X 10 9 



We may also compute the power of the armature by 

C 
finding the E. M. F. of the armature. Each of the -^ 

° 2 

windings of the armature cuts the 1ST lines four times 
during each revolution. The E. M. F. due to one 

winding is, therefore, 4 N n and to - windings the E. 

M. F. would be . But the two halves of the 

armature are connected in multiple with each other, and the 
E. M. F. of these halves are not added together. The 
E. M. F. of the armature is in fact due to only half of 
the windings. Hence 



-■a 1 - 



E= O Nn (231). 

The total current delivered by the armature is the sum 
of the currents in the two halves, or twice the current 
carried by any one winding. Hence calling i the current 
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in any armature wire the power would be by ( 206 ) or 
(211) 

W = E Xli=Ei a 

= 2nc Ni = n c Ni a 

Where i a =2i = the current delivered by the armature. 
This equation is identical with (230). 

127. Graphical representation of the operation of a 
generator and motor. 

Draw the line G, R, M to 
represent the resistance of a 
circuit containing a dynamo 
and a motor. The lengths of 
the lines G, R and M are 
respectively proportional to 
the resistances of generator, 
line and motor. 

Draw the lines E and E' at right angles to the former 
line, and of such length that they similarly represent the 
electromotive forces of the generator and motor respec- 
tively. Draw a straight line through the tops of the 
lines E and E'. The slope of this line is determined by 
the equation 



\ 


\ 


\ 
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Fig. 79. 



tan a 



E — E' 
G+B' + M 



E — E' 



B 



.(232) 



in which R represents the entire resistance. Equation 
(219) shows that tan a must represent the current flow- 
ing in the circuit. If the armature of the motor is 
loaded so heavily that it cannot rotate, then E' = and 
E = Jii. The current will then be represented by 



tan a = — = ■ 



(233). 



If during this operation of slowing down the motor the 
current is prevented from rising, by the continuous add- 
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ing of resistance, then when the motor has been brought 
to rest the resistance of the circuit will have been in- 
creased by some definite resistance R" such that 

E 
tan a = Rl , — i (234). 

Equations (232) and (234) may be written 

Ei — Ri?=E'i 

Ei — Ri? = R"&. 

In these equations, Ei represents the power developed 
in the generator and impressed upon the circuit. Ri 2 
represents the power equivalent to the heat generated each 
second in the wire of the machines and line,the resistance 
of which is R. In the latter equation R"i? represents 
similarly the heat which is generated each second in the 
resistance R" . The first of these equations represents a 
condition in which R" is absent and the motor is doing 
work. The second equation represents a condition in 
which the motor is doing no work, but the heat equiv- 
alent of R"i* replaces the work formerly done by the 
motor. It is evident that E'i = R"i 2 , and that E'i 
measures the work delivered by the motor each second. 

128. Power delivered by a motor. 

Calling E'i = w we have from (232) 

w=Ei — Ri 2 (235) 

in which if R represent the resistance of the motor only, 
E will represent the potential difference on its terminals. 
Ei will then be the power delivered to the motor, Ri 2 
will represent the power lost as heat generated in and 
radiated from the wires of the motor, and their differ- 
ence w will be the power delivered by the motor. 

If in this equation we place w = and solve for i we 
have this condition satisfied when 

i = or i = — ■ 
-ft 
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The condition i = — is realized when the motor- 
R 

pulley is loaded so heavily that the armature cannot 
rotate. The condition i = is realized when all load, 
even journal friction, is removed, and the back E. M. 
F. , E' of the motor increases to E. 

For a given motor R will be constant, and we may re- 
gard w as a function of i and E. Eq. ( 235 ) is then the 
equation of a surface. 

For any fixed value of 
E, w will be zero when 
the motor connot revolve, 
and when all load is re- 
moved and the armature 
revolves so rapidly that no 
current flows through the 
motor. For intermediate Fig 81 

loads, there must be a 

condition of maximum output. The condition for this 
is obtained by differentiating ( 235 ) and is 







1 E 



.(236). 



This shows that for maximum output, the load must be 
so adjusted that the current is one-half that which flows 
through it when the motor is at rest. 

When E is constant (235) is the equation of a para- 
bola, the vertex of which is the maximum just deter- 
mined. 

Solving ( 235 ) for i we have 



2 B \4 B* — B' 
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Introducing into this equation the condition of maxi- 
mum of ( 236 ) by the elimination of i, we have 



1 -?L 

4 B 



,(237). 



If we combine the same equations by eliminating E 
we have 

w = B i 2 (238). 

Equation (236) is the equation of the projection of 
the maximum points on the surface, on the plane of E i, 
while (237) and (238) are the equations of the pro- 
jections of the locus of maximum on tbe other two 
coordinate planes. Each of these three equations 
represents the output of a motor when the condition of 
maximum output is satisfied. 

Equation ( 236 ) asserts that the current corresponding 
to maximum, is one-half the current which would flow 
through the motor if it were stopped and the supply 
potential were the same. The value of this current is 
proportional to the value of E assumed. The projec- 
tion is a right line. 

Equation ( 237 ) shows that the maximum output of the 
motor for any value of E is one-fourth of the energy 
that would be delivered to the motor if it were stopped 
and the supply potential remained unchanged. The out- 
put itself is proportional to the square of the value of E 
assumed. The projection is a parabola. 

Equation ( 238 ) shows that the maximum output of 
the motor is equal to the power lost as heat in the motor. 
It is, therefore, equal to half the power then delivered to 
the motor from the mains. The efficiency is, therefore, 
only fifty per cent. This output is proportional to the 
square of the current then flowing. The projection is a 
parabola. It should be observed that an efficiency of 
fifty per cent is not the maximum efficiency of which a 
motor is capable, but it is the efficiency when it is working 
under conditions of maximum output. 
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The general conditions of maximum w if it be regarded 
as a function of i and E are 



di J B 



( 

(£).—? 

these conditions being made simultaneous. The first 
equation is a condition of maximum in any section of the 
surface determined by the condition E = constant. The 
second is a condition of maximum in the sections of the 
surface at right angles to the former. If both of these 
conditions yield a maximum, the maximum point on the 
surface will be determined by combining the two equa- 
tions. In this case the second condition does not yield 
a maximum, since when i = 0, w is zero for all values of 
E ( 235 ) . The first condition has been already discussed . 



129. Power delivered to a motor. 
The power delivered to the motor is 



W= Ei. 



.(239). 



This is also the equation of a surface. The first term 
of (235) represents the power W. That equation 
asserts that the power delivered by the motor is equal to 
the power delivered to it, less 
the power lost in the motor. 
The surface represented in 
(239) may be represented to Wf 
the eye by filling in the space 
between the surface and its co- 
ordinate planes with plaster of 
Paris or other solid material. 
This surface is represented 
in Fig. 82. If either i or 
E be constant, the section of 
the surface is a right line, the 




Fig. 82. 



equations of which are respectively 

W = iEor W=Ei. 



If W be constant the section is an equilateral hyper. 
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bola referred to its asymptotes, which are in the planes 
W, E, and, W, i. Constructed in plaster as described 
the model will terminate upon the axes of E and i in an 

edge, shaped like a square chisel, 

w/ and will overhang the surface w. 

w . w The difference between the ordi- 

nates W and w for any point 
determined by E and i will be 
R i 2 and this difference represents 
"lithe power lost in the motor 
Fi S- 83 - itself. 

Any section of these two surfaces w and W at con- 
stant E is represented in Fig. 83. 

The efficiency of the machine being represented by ij 
its value is 

__ w _ Ei — Bv* 
V ~~ W~~ El 

= 1-5 < 240 >- 

Since E is constant in the section of the surface we are 
considering, it is evident that we must here consider 17 
as a function of i. For any given motor ( which fixes R) 
supplied with electricity at any potential E, the efficiency 
will be perfect or unity when i = 0. This will occur 
when all of the load, including friction, is removed, and 
the motor is running at such a speed that its electro- 
motive force E' which opposes E becomes equal to E. 
The efficiency thus becomes perfect when the output 
becomes zero. The efficiency becomes fifty per cent 

1 V 

when « = -_ or when the output is a maximum, and it 

Z Li 

E 
reduces to zero when i = -5-. There is no condition of 



R 




maximum efficiency here. 17 
diminishes steadily from 1 to 
zero as i increases from to 

the rate of change being 



dy__ R 

Fig. 84. di~ W 
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This is shown in the upper line in Fig. 84. Counting 
in the work lost in brush and journal friction as useful 
work, commercial motors may, therefore, be very effi- 
cient, but they must be allowed to run at high speed. 
The load must be much less than that corresponding to 
maximum output. 

In Fig. 83, i„ may represent the current when the only 
load carried is that of brush and journal friction, or, in 
other words, when no useful work is being done. The 
commercial efficiency of the motor is zero under these 
conditions, while the electrical efficiency is very great, 
approaching unity. The commercial efficiency will, there- 
fore, have a maximum, the conditions of which depend 
on the lubrication and finish of bearings, and the manner 
of applying the power. The lower curve in Fig. 84 
shows in a general way how this efficiency is related to 
electrical efficiency. 

Equation (228) shows that a condition of constant 
current i, is a condition of constant torque, since even in a 
self -exciting motor iV" would be constant if i is constant. 

If i be made 
constant in d / 

(235) it be- 
comes the equa- 
tion of a straight 
line or 

w=— Bf+ %E. 

In Fig. 85 a b 
represents such 
a line. It is an 
element of the 
surface w and 
has a nega- 
tive inter - 
cept Hi?. Such 




85. 



Fig. 

lines on the surface are, therefore, 
characterized by constant current and constant torque . 
The axis i is, therefore, also a torque axis, the relation 
between current and torque being given by (228). 
For self-exciting series motors the value of 2T is 
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nearly proportional to * for low degrees of satura- 
tion, and, therefore, T would be nearly proportional 
to i 2 - In that case doubling the current would 
quadruple the torque, so that the torque scale is not a scale 
of equal divisions, when the lines of equal torque are 
drawn upon the surface w. It is evident that the line c d 
of Fig. 85, which is parallel to a b, is an element of the 
surface W. This is equivalent to the statement that for 
a given current, the heat loss is constant for all values of 
E. This statement is not quite exact, when we include 
losses which take place in the iron core of an armature. 
These losses will be discussed later. 

It may be stated before leaving this subject that the 
surface w and W are both hyperbolic paraboloids, but 
referred to different co-ordinate planes in space. There are 
two sets of rectilinear elements in each surface, by means 
of which the surfaces may be constructed with threads. 
In the surface W these lines are conditions of constant * 
and constant E, as is evident at once. In the surface w, 
we have just seen in Fig. 85 that constant * determines a 
linear section. The other linear section can be deter- 
mined as follows. 

Replacing w by its value E'i in (235) and cancelling i, 
we have 

E=E' + Ri (241). 

This for constant E' is 
the equation of a series 
of lines on the co-ordi- 
nate plane of E, i, 
beginning with E' = 
when the motor is at 
rest. The lines for E\ 
E\ etc. will be parallel 
lines whose intercepts 
on the E axis are E'. 
Fig. 86. These lines are pro- 

jections of the lines of 
constant E' on the surface w above. In order to find 
the equation of the projections on the plane w, E, 
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equation (241) must be combined with the equation 
of the surface (235) by the elimination of i. We thus 
obtain 

™ = -^ + l? E (242) - 

This is also the equation of a straight line, the neg- 

E" 1 
ative intercepts on the w axis being -j- — The slope of 

these lines being proportional to E', these projections 
are not parallel to each other. They, therefore, inter- 
sect each other. In order to determine the condition of 
this intersection, assume two equations (242) corre- 
sponding to E\ and E\. At the point of intersection 
they will have common values of E and w. Eliminat- 
ing w in these equations and solving for E we have 

E = E\ + E' 2 (243). 

When the two projections have sensibly the same 
intercept E' on the E axis 

E = 2E'. 

Substituting this value of E' in (242) and reducing, 
we have as the equation of the curve to which these pro- 
jections are tangent 

1 E 2 

This is identical with the equation of the projection of 
the line of maximum output (237). These considera- 
tions sufficiently determine the character of the surface 
w so that it may also be constructed by means of threads. 
Lines drawn on the surface w, representing constant 
current, and also those representing constant electromo- 
tive force of the motor, are straight lines in space. 

130. Determination of electromotive force in C. G. 8. 
units. The general method of determining potential 
difference in O. G. IS. units may be understood from 
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the discussion of the simple case of a revolving circular- 
current of one turn. 

Let Z N N' S be a circular closed wire of radius R' 
revolving around a vertical diameter, Z N", in a field of 
magnetic force of strength H. The value of H has 
already been determined in O. G. /S. units (see sec- 
tions 102-5). This field is the horizontal component of 




the earth's field, whose value in O. G. 8. units is about 
0.20. Such a field would be represented by 20 lines of 
force to 100 square centimetres of area in a plane at right 
angles to the magnetic meridian If, 8. 

If the coil revolves at a uniform speed of n revolu- 
tions per second, it will be cut 4 it R' 2 H lines during 
every revolution, and 4 ir n R' 2 H lines during each 
second, but the number of lines cut per second will vary 
in a periodic manner during a revolution. This is due to 
the fact that equal meridian sectors of the surface of 
revolution are not transversed by an equal number of 
lines. 
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The rate of cutting lines will be greatest when the 
plane of the coil is in the magnetic meridian, and zero 
when it is 90° therefrom. The projection of the wire on 
the plane Z WN 1 E, at right angles to the magnetic me- 
ridian, will always cut the same number of lines per 
second as the wire, for while the distribution of lines 
over this plane is uniform, the velocity of the projection 
is not uniform, but periodic. We shall determine the 
number of lines cut per second by the wire projection at 
any instant. At any instant let Z A N' represent the 
position of the coil the plane of which makes an angle 
co with the meridian plane. During a time dt, the coil 
will sweep through an angle d co, the new position being 
Z B N'. The area of an element of the generated sphere 
will be 

dPS = dmdp 

where dm is an element of one of the meridian circles, 
and dp is an element of the horizontal parallel at the 
same point, subtending the angle d co. 

Let be the angle between the vertical radius O N* 
and the radius R' drawn to the element d 2 8, r being the 
radius of the horizontal parallel cutting d 2 S. 
Then 

dp = rd w — R' sin Odai 

dm = R' dd 

.-. <PS = dmdp = R' 2 sinddddio. 

We are now to find the area of the projection of d 2 8 on 
the plane Z W N' E, the projection being along the 
lines of force. If we project dm along the radius r upon 
the axis Z N~' and dm along the lines of force, the rect- 
angle of thes wo proje tions will be equal in area to 
that of the projection of d 2 8, since it will have the same 
base and an equal altitude. 

Let d 2 S', dm' and dp' be the projections of d 2 /8, dm 
and dp, then 

dp' = dp cos ui 

dm' = dm sin 6 

d 2 S' = dm' dp' = dmdp sin 6 cos a> 

= J?' 2 sin 2 Odd cos u> d <u. 
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If we integrate this in d between and 2 7rwe shall have 
the area of the projection of the spherical sector inter- 
cepted between the two planes, upon the plane of 
ZWN'E. 

(*2* r. -, H2tt 

Since [sin 2 Odd = 



3 \sii 
Jo 



g — _ S i n 2 
2 4 



dS' = n B' 2 cos <odw. 



The electromotive force being the number of lines cut 
per second, we have 

E = H d -§'=*B'*Hcosa>^. 
dt dt 

If n be the number of rotations per second, the angular 
velocity of the wire is 2 tt n = jr' Also if A represents 

the area of the wire circle in square centimetres, = ir R' 2 
then 

E = 2 - nA H cos a, (244). 

This equation determines E in any position during a 
revolution. 

• • 2 , 
Since the value of the average cosine is — the average 

value of E during a revolution is 

E = inAH (245). 

We foresaw before beginning the discussion that this 
would be the average value of E. 

If the coil be broken at N' and connected with com- 
mutator bars and brushes, so that this E. M. F. gen- 
erated by the coil can be balanced against that of a 
Daniell cell, it would be found that when the current is 
reduced to zero, so that a magnetic needle is not deflected, 
the value of E computed from the last formula is 

E = 107,000,000. 

In addition to II, this value (245) contains A, an area, 
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and n which is — p . This equation, therefore, 

determines the E. M. F. of the cell in C. G. 8. units. 
In order to avoid writing, as cyphers, so many undeter- 
mined figures, a unit 10 8 times as large as the C. G. 8. 
unit has been adopted, and is known as the volt. The 
E. M. F. of this cell is, therefore, 1.07 volts. 

131. Electromagnetic Determination of resistance in 
O. G. 8. units. 

The revolving coil of the previous section is used. A 
small spherical magnet is suspended at the middle of the 
coil upon a silk fibre which passes up through the hollow 
axis at Z. The magnet is deflected by the current 
generated in the revolving coil, and comes to rest when 
the turning moment due to the earth's field is balanced 
by that of the coil. 

The force of the field on one pole of the magnet is 
Jim. The component of Hm resolved at right angles 
to the magnet is Hm sin a where a is the angle of deflec- 
tion from the magnetic meridian. The effect of the coil 
on this pole is by (178) 
2 it i m 
f= W 

The value of i is by Ohm's law and Eq. (244) 
E 2itnAM 



R B 



COS to 



•■• /= ■ ft-ft, cos co (246). 

This force is at right-angles to the coil, which makes 
an angle of a — to with the needle. Therefore the com- 
ponent of f at right angles to the needle is 

., i-^AHmn , . ,„._. 
/ = j=r™ cos to cos (a — at) (247). 

This force, therefore, fluctuates during a revolution. 
It is zero when a — co = 90°, or 270°. The axis of the 
magnet is then at right angles to the coil. It is zero 
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when w = 90° or 270°. The plane of the coil is then at 
right angles to the magnetic meridian so that no lines are 
being cut. The sign of the turning moment is always 
the same, since reversals of current and of position 
accompany each other. Although the current fluctuates, 
the needle is perfectly steady under telescopic ob- 
servation, when the speed is sufliciently great. The 
position of the needle is determined by the average value 
of f. We must, therefore, determine the average value 
of the periodic function in (247). Expanding this ex- 
pression 

/(<«) — COS u> COS (a — m) 

= cos a cos 2 (o + sin a sin u> cos m. 
To obtain the average of this expression it must be 
multiplied by dto, and integrated between and -5-, divid- 
er 
mg the integral by the corresponding arc-,-. In this 

way we have 

7T 7T 



2 r rr n 

average/ (w) = — cos a Icos 2 w dw -f- sin a \sin 



sin u> cos 10 d a> 



1 , sin a 

= 2 C0Sa+ ~ 



., At: 2 A Hm n 
.-.average/ = ^^- 



1 , sin a 
— COS a -\- 



For equilibrium of the needle this must equal Hm 
sin a. Equating these values, and remembering that 
A = Trli' 2 we have by solving for B, 

.R = 2- 2 ni2'(2 + -cofa). 

The average distance of the elements of the wire from 

2 2 

the axis of rotation is — W, where — is the average 
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sine. The average ch-cumference described by these 
elements is, therefore, 4 R'. Hence the average velo- 
city of the wire in space is 

i> = 4n R'. 

Substituting this value of R' in the last equation we 
have 

B = ~i2 + 7T cot a) v (248). 

Electrical resistance, therefore, has the dimensions of 
a velocity, since all other quantities in (248) are 
numerals. If a wire having a resistance of one ohm 
were to be thus experimented with, its resistance com- 
puted from the last equation would be 1,000,000,000 = 
10 9 , if v were expressed in centimetres per second. The 
ohm is, therefore, 10 9 C. G. 8. units. A potential of 
V volts is HPV, in C. G. 8. units, and a resistance of R 
ohms is 10 9 R in C. G. 8. units. To avoid introducing 
a numeral factor into the equation for Ohm's law, the 
practical unit of current must be so chosen that i amperes 
must equal 10 _1 i in C. G. 8. units. Then 

10 l ~ 109 R 

In a current of one ampere, the quantity of electricity 
flowing per second is called the culomb. The culomb is 
10 -1 C. G. 8. units of quantity. 

132. Heating effects of currents measured electrically 
in practical tmits. 

It is required to determine the heat generated per 
second in a wire of resistance R carrying a current i. 

The rate of work in ergs per second required to force 
a current i (U. G. 8.) through a resistance R (0. 
G. 8.), the potential on the ends of the resistance, to 
which the flow is due being F(C. G. 8.) is by (209) 

— =VR = Vi=^= -j- (249). 

H 
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J represents the mechanical equivalent of heat, and H 
the number of heat units equivalent to W. H and W 
represent the work done upon or the heat developed in 
the resistance R in a time t. 

One water-gramme-degree C of heat is by the best 
measurements found to be the equivalent of 426.4 
gramme-metres (Rowland). This is equal to 42640 
gramme-centimetres and 42640 X 981 = 4.18 X 10 7 
ergs. The latter quantity is, therefore, the value of J in 
ergs. 

If i, R and V are to be expressed in amperes, ohms and 
volts, instead of in (J. G. 8. units, these symbols must 
be replaced by 10 _1 i 10 9 R and 10 8 V respectively. 
Therefore, 



H _ i*R X 10~ 2 X 10 9 
T ~~ 4.18 X 10 7 

Vi X 10 8 X IP' 1 
— 4.18 X 10 7 



PR X 0.24 



Vi X 0.24 



t» x io- = y* x _ 24- 



R X10 9 X 10 7 X4.18 R 



An arc lamp having a potential difference of 30 volts on 
its terminals, and requiring a current of 10 amperes, the 
heat radiated per second from the arc would be 0.24 
Vi = 300 X 0.24 = 72 calories. This would heat 72 
grammes of water through 1° C each second. 

133. Rise in temperature of a wire carrying a current. 

A wire carries a current of i amperes. The resistance 
between two points on the wire is R ohms. The heat lib- 
erated in the wire between the two points will be 0.24 i 2 R 
calories. The resistance expressed in terms of the 
length, and radius of the wire, and the specific resist- 
ance K of the material of which the wire is conposed is 
I 

R= K — -s. iT is the resistance in ohms of a conductor 
irr 

of the same material, one centimetre long and one square 
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centimetre in cross-section. For pure copper at 0°G, 

K= 1.642 X 10~ 6 , and this value increases about 0.38 

per cent, for each degree C. For the softest and purest 

wrought iron K = 9.638 X 10"* at 0°C., and for grey 

cast iron K = 1.056 X 10 -4 . These coefficients increase 

about 0.365 and 0.083 per cent, respectively for one 

degree C. The heat generated in the wire each second 

is, therefore, 

Tf ifl 

- = 0.24 K-, (250). 

The specific heat of the metal composing the wire being 
s, the density in grammes to the cubic centimetre being D, 
and the rise in temperature per second being T, the heat 
which the wire receives per second must also be 

j =-k^IBsT (251). 

Equating these equal values and solving for T we have 
0.24 K& 0.24 K 



T = 



i» 



t?Dsi a ~ Ds ° 
where 

i 



(252) 



or the current-density in amperes to the square centi- 
metre of section. 

A wire of pure copper being at a temperature of 20°C, 
or that of the surrounding air, the value of K would be 
1.725 X10- 6 - D = 8.9 and s = 0.0939. If this wire 
were carrying 1000 amperes to the square inch, or 155 
amperes to the square centimetre, the rise per second in 
the temperature would be 

0.24 X 1.725 X IP" 6 (155)2 
~" 8.9 X'0.0939 

= 0.011 degree C. 

As the temperature of the wire rises, the heat will be 
radiated, the heat radiated per second being by Newton's 
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law, proportional to the excess of the temperature of the 
hot body over the surrounding air. Calling h the radia- 
tion coefficient, or the heat radiated per second per square 
centimetre per degree excess in the temperature 

?- = h 2 vrl (T— r ) (253) 

where T is the air temperature, T is the final temper- 
ature, when the rise of temperature has ceased. . The 
value of /* for tarnished copper is about 0.0003. For a 
polished surface it is 0.0002. 

What current-density in a copper wire will result in a 
limiting temperature of 80°C. if the temperature of the 
surrounding air be 20°C? For 80"C. the value of K of 
(250) is 2.141 X 10^. By (250, 252 and 253) 

0.24 X 2.141 XlO-tg =00003X2X60 

r 

■ 264 - 7 /«<« 

.-. i = —=r (254). 

V r 

It is not probable that this formula will give accurate 

results for very small wires since the radiation constant 

for surfaces of great curvature may be expected to differ 

from that for flat surfaces. This equation shows that 

small wires will permit a greater current-density than 

large wires, because the surface per unit volume is great- 

rru _c m i . dS 2irrl 2 

er. The surface per unit volume is ^— = — 5- = -, 

dv it r 2 1 r 

i 2 R 
while the heat per unit volume is — *-, X 0.24, or in- 

7r r' I ' 

sertingthe value of R = K — ^ we have -3 — = 0.24 K X 

i 2 „ dH 0.24 .fi^ 0.24^ 

ir 2 r * ' HenCe d~8 ~ 2ir 2 r* = 2 r where '• 

is current-density. Hence with the same current- 
density, the heat per unit of radiating surface increases 
directly with the radius of the wire. 
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An insulated wire wound into a coil has a diminished 
surface of radiation, which is that of the coil instead of 
that of the wire. 

Newton's law of cooling should not be used for very 
large differences of temperature. 

The hot-wire volt-meter is an application of the heat- 
ing effects of a current. The elongation of a fine wire 
carrying a current may be utilized for measuring feeble 
currents, or potentials between 30 and 120 volts. 

Let I = the length of the wire, r its radius and K 
the specific resistance of the material. Then the heat 
developed per second in the wire is by (250) 

-=0.24 JT Li 
The heat radiated per second is by (253) 

— =2nhrl(T— T ). 

z 

The elongation of the wire will cease when H = IT or 

1 — 0.24 iT U o) ' 

The elongation of the wire in being heated from T to 
Tis 

l—l =al (T—T ) 

where a is the coefficient of expansion of the metal. 

"•* _ 0.24 2TaZ {l lo) - 

We may also express r and K in terms of their values 
at 0° C. We have by section 18 

r3 = ^ (1.+ a T)* = r\ (1 + 3 a T). 

where ft is the coefficient of increase in specific resist- 
ance. 

0.24«.K" (1 +/3 T) K °' J 
= n 2 * hr ° [1 + (» « -P) r] ii—V). 

0.24 a K 
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The term involving T is very small and may be 
neglected. The value of i then becomes 

The elongation I — 1 is converted into rotary motion 
and is indicated by a hand playing over a dial. 1 ne cali- 
bration is effected by passing known continuous currents 
through the wire. If alternating currents having a 
period T so short that the needle cannot follow the 
fluctuation, be passed through the wire, the heat added 
per second will be 0.24 i 2 B. But i is a periodic func- 
tion of the form 

t 
i = I sin 2 w •=• 

where t is the time measured from the instant when i = 

and I is the maximum current, when t = — • The 



heat per second will then be 
t 



~ = 0.24 R P sin* 2 * -^- 



The average value of sin 2 is -j. Therefore the heat 
H 0.24 RP 



2 
per second is 



In alternating currents, therefore, -j must take the 
place of i 2 for continuous currents and we then have 

V 2 \0.24aiP v 0J 

The current here measured is called the virtual cur- 
rent. It is the square root of the average i 2 and not the 

2 2 

average current, which is — I, where — is the average 

sine. A continuous steady current of one ampere and a 
virtual alternating current of one ampere will produce 
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the same heating effects. In the latter case the maximum 
current would be 7= 1 X i/2~ = 1.42 ampere, and the 

2 
average current would be — 1.42 = 0.904. The aver- 
to 7T 

age current is of little importance since the heating 
effects depend on the virtual current. 

If the hot wire be connected in multiple with a much 
smaller resistance, the resistance, and, therefore, the 
potential-difference, V, between the points of contact 
will not be materially changed. The current through 
the wire will then be determined by that potential differ- 
ence. The wire may then be used as a volt-meter. The 

. . V 

current through the wire will be i = — 

.-. V 2 = i 2 i? 2 = i 2 K 2 l l . • 

7Z T 

Substituting for K, I and r their values 

v — * r* (1 + a T)* 

Since Ii = R a -\- 

V 2 = &R * )1+2j8T) (1 — 2 a T) 

= «V [l + (2 3-2«) T}. 

(See section 18.) 

Replacing t 2 by its value previously found and reducing, 

F2 = 2^^ [1 + (J3 + a) T] (I - l ) 
If we again neglect the small term containing T we have 



._ I 2*hr 
~ \ 0.24 a 



B {I — l a ) 



Here as in the case of current measurements, if the scale 
is graduated to read volts with continuous currents, it will 
read virtual volts with alternating currents. If we multi- 
ply the reading by Vl we shall have the maximum poten- 
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tial during the period. The voltage varies according to 

the equation 

„ t 
E=E sin2it -?jf 

.'. E = VTX virtual voltage. 

134. Horse-power measured electrically. 

A resistance R ohms having a current i amperes will 
receive and radiate 0.24 i?« 3 heat units per second. 
The equivalent number of ergs per second is R i 2 X 10 7 
(section 132). For convenience in practical measure- 
ments 10 7 ergs per second is taken as a practical power 
unit, and is called a watt. The power applied to the 
above conductor is, therefore, R i 2 watts, where R and i 
are in ohms and amperes respectively. 

One horse-power is a rate of work of 76 kilogramme- 
metres per second. This is equal to 7.6 X 10 6 gramme- 
centimetres or 7.6 X 10 6 X 981 dyne-centimetres, or ergs, 
per second, or 748 X 10 7 . Therefore one horse-power is 
equal to 746 watts. It follows that the horse-power 
applied to a conductor having a resistance R in ohms, 
carrying a current of i amperes is 

H.P.=?H^n = J^ (255). 

746 746 . 746 iJ v ' 

The arc lamp referred to at the close of section 132, 
which radiates 72 calories per second would, therefore, 

+ +1 , , »30 X10 n in , 

consume energy at the rate of — = 0.40 horse- 
power. 

135. Heat developed in a net-work of conductors. 

In any divided circuit whose branches have resistances 
T - ! and r 2 carrying currents i x and i 2 , we know experi- 
mentally that the current in the undivided circuit is 

i = h + h • (256). 

-i r ' -^ The power in 

watts, radiated as 

heat from the two 

Fig. 88. branches, is 
w = i?r! -f- i£ r 2 (257). 
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Suppose the current i to divide arbitrarily between the 
branches, but still satisfying ( 256 ), so that any increment 
added to i t must be taken from * 2 . This might come 
about from a design to relieve one overburdened and 
overheated wire of part of its current and shift part of 
the load to the cooler wire, in the interests of a more 
equitable arrangement. The condition imposed is then 
obtained by differentiating (256) or 

=d*! + di 2 (258). 

It is then evident that such arbitrary redistribution of 
current between the branches would affect the total heat 
w, generated in the whole system r x and r r The condi- 
tion that this total heat shall be a minimum is found by 
differentiating (257), and replacing di 2 by its value — di±. 
In this way we have 

-j- =2i 1 r 1 —2i a r t = 

The currents must divide between the two branches, 
inversely as the resistances in those branches. Experi- 
ment shows that these currents do actually divide in this 
manner. This is expressed in Ohm's law. The above 
discussion shows that if the distribution were different, 
the total heat of the system would be greater than it 
now is. 

In order to apply this discussion to a more general case 
we must determine the single resistance equivalent to the 
two resistances r x and r 2 in multiple. 

Let V 2 — V 1 be the difference in potential between 
the two points where the current divides. Then by 
Ohm's law 

Vi — V 1 = i x n = i 2 »2 
i\ h h + h i 



L i I 1 I i 
i\ r 2 n + r 2 j-j. + r 2 



.(259). 



A single resistance R' replacing the two resistances 
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without affecting the external current i must satisfy the 
equation 



F 2 — V^iR' =-j- 

From (259) and (260) it is evident that 

J__-L , J_ 
R' — -- + 



.(260). 



ori?' = 



n + r 2 
r 
2' 



.(261). 



If r x = r 2 = j- then R'= 

li r 1 — 10 how will R' vary if ?\ vary from zero to an 
infinite value? We have 

(262). 



It is evident that if 
becomes 



B ~ 10 + r 2 

becomes very small, the, equation 



R' = 



10r 2 
10 



or the equivalent resistance is equal to the smaller resist- 
ance, and approaches zero as it approaches zero. 
If r 2 becomes very large the equation becomes 

or the equivalent resistance 
is again equal to the smaller. 
Equation (262) is the 
equation of an equilateral 
hyperbola shown in Fig. 89. 
For instance a volt-meter 
having a resistance of 15,- 
000 ohms is connected on 
the terminals of an incan- 
descent lamp having a ter- 
minal potential difference 
of 55 volts, and requiring a 
current of one ampere. 
rig. 89. This would be a 55 watt 
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lamp. Its resistance would be 55 ohms. By connect- 
ing the voltmeter in multiple with the lamp, the resistance 
between the points of connection becomes 

55 X 15,000 



55 + 15,000 



54.79 instead of 55. 



Let a third branch having a resistance r s and a current i s 
be connected in multiple with the two former branches, 
which also have resistances a and b in series with 

them, as shown in u_ 

Fig. 90. We have 
already deter- 
mined the law for 
the distribution of 
current i' in a or ^*l. 



v, i, 



V 8 a I 1 b V, 



6 between >•, and Fi S- 90 - 



r 2 . The resistance of the compound circuit between the 
points where circuit r 3 is connected is 

n + r s 

We may, therefore, consider this branch replaced by a 
single branch »■' which can be determined if a, b, r l and 
r 2 , are known. The resistance of the entire system will 
then be 

E =■ 



r 3 -\-r"' 

and the division of current between r s and / in order 
that the heat in the entire system may be a minimum is 



In this manner the discussion may be extended, to in- 
clude any number of branches connected in any specified 
manner. 

Example: Suppose in a divided circuit Fig. 88 that 
r y = 3 ohms, r 2 = 9 ohms, and let the current in the 
undivided branch be i — 50 amperes. 

Then by (257) 

w = 3 V s -f 9 if. 
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.(263). 



By (256) 

50 = \ + v 

Let us assume that * x = n X 50 where n may be any 
fraction between zero and unity. Then 
i x = 50 n 
4 = 50(1— ri) 
.-. w = 2500(3w 2 + 9 (1— ra) 2 ).. 

When n = 0, \ = and £ 2 = 50 

w — 2500 X 9 = 22,500 watts. 

When n = 1, \ = and i 2 = 50. 

w = 2500 X 3 = 7500 watts. 

The condition that will make w a minimum is n — f , 

in which case to = 5625. 

k.w. The manner in which 

w varies with variations 
in n is shown in Fig. 91 
where w is given in kilo- 
watts. This curve, of 
which ( 263 ) is theequa- 
tion , is a parabola. The 
curve extends beyond 
the limits computed for 
it here, but outside of 
thoselimits the imposed 
physical conditions are 
not satisfied by the 
equation, or its curve. 
It will be observed that 
be shifted to the wire 
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if all of the current were to 
which carries the greater current when Ohm's law is 
satisfied, the resulting heat in the system would be less 
than if it were to be all thrown into the wire which 
carries the smaller current. 

If we solve (263) for n we have 



-4 



30,000 



_3 
16 
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This equation shows that the line of symmetry of the 
curve is 

3 

»= I 

which corresponds to the condition of minimum. When 
the ± term becomes zero, w = 5625, which also corre- 
sponds to the condition of minimum. All values of w 
less than this give imaginary results. 



CHAPTER VIII. 



VARIABLE CURRENTS, WITH E. M. 

SOURCE. 



FROM CONSTANT 



130. Current on closing a circuit with fixed E. M. F. 
Equation (213) may be written: 

L di . 



dt = 



BE 



(264). 



Integrating this equation between the limits I = 0, i = 
and t, i, we can determine what the current will be t 
seconds after the circuit has been closed. We thus have 



L 
B 



di 


E 
R- 1 



-~R l0ff e 



E 
B 



E 
B 



Jo 



Bt 



and 



E_ 
B 



B 



= log s 



Bt 
L 



E 
B 



E_ 
B 



.(265). 



where e is the Naperian base. 
This equation shows that when I 



0, i =0. As t in- 
E 



creases, % increases, and after an infinite time i = . 

JR 

Practically, however, the exponent — is, or may be, 
(222) 
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very large when t is a small fraction of a second, and, 
therefore, the second term of the final member may 
vanish very quickly. This is due to the fact that when 
measured in their appropriate units, the resistance of any 
ordinary circuit is very large compared with its coeffi- 
cient of self-induction L. 

The larger L is the more slowly will the current rise 

to a value which is practically — -. A circuit containing 

an enormous electro-magnet or a great number of mag- 
nets, or a circuit having the primaries of a great number 
of transformers, would have a large self-induction co- 
efficient L, and the current would rise much more 
slowly, than in one having only a battery and a connect- 

i. 

10 





y^ 






____—— 


/ = 








• /p' 








' r 










R=0., 






E=1. 

i i 



O.i O.j O.a t 

Fig. 92. 

ing wire. At the surface of the wire in any part of the 

2i 

circuit the magnetic force is , where r is the wire 

r 

radius. (Section 1 16.) As i increases, the force at the 

wire surface increases, and a line of force which at one 

instant has a radius r, at the next instant will have a 

much larger radius. The lines of force due to each of 

the windings of a magnet coil thus crowd outwards from 

the wires in which they originate, and cutting across the 

neighboring wires find their way into the iron core which 

serves as a conductor for such lines. 
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This results in at once establishing an opposing E. M. 
F. which has been already discussed in section 123. If 
L = Eq. (265 ) represents simply Ohm's law. Fig. 92 
shows two curves which illustrate the rise of a current in 
a circuit where the constant E. M. F. is one volt, the 
resistance 0.1 ohm and where the final current, after an 
infinite time is, therefore, 10 amperes. In the lower 
curve the coefficient L is 0.01 and in the upper it is 
0.001 henry. 

These curves are computed from the equation 

%io(|— *) = log 10 ^—M^-t 

where M is 0.4343, the modulus of common logarithms. 
For the lower curve 

log (10 — i) = 1 — 4.343* 

and for the upper 

log (10 — = 1 — 43.43 t. 

In the circuit having the greater self-induction, the cur- 
rent will rise to one ampere less than the final value in a 

time t = second = 0.230. The current will be- 

4.343 

come 9 amperes in a little less than a quarter of a second. 
The origin of this logarithmic curve is, therefore, at a 
point whose co-ordinates are I = 0. 23, i= 10. The verti- 
cal line through this point is the axis of numbers, and 
the horizontal line is the axis of logarithms. In the 
other circuit the current will rise to 9 amperes in a time 

t = -J— = 0.0230 second. If t = £ in (265) that 
43.43 B K J 

equation becomes 

• — JL_ JiJl 

1 ~ It e B 

or the current is less than its final value by th part of 

e 
that value. This value of t is called the time constant 
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of the circuit. In the lower curve the time constant is 
0.1 and in the upper curve it is 0.01 second. 

137. Energy required in exciting a magnet. 

The energy applied to the circuit by the battery 
during the time the current is increasing, is by (213) 



i 



JE i dt where i is given by (265 ). The heat measured 
in watt-seconds, generated in the circuit during the same 

■»co 

time is by (213) \R ■Pdt and the' energy stored up in 

•>oo 



the field is 



/•»co 

\L i d i. 
Jo 



We shall examine each of these 



terms. We have first 








.(266). 



The value of the first term of ( 266 ) is evidently infinite. 
If it takes an infinite time for the current to rise to its 

W 
limiting value-— , and if in a few hundredths of a sec- 

R 
ond it practically reaches its limiting strength, the heat 
delivered by the battery during the total rise must nec- 
essarily be infinite, 

)5 
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For the energy in watt-seconds received by the circuit 
in the form of heat, we have ( 265 ) 



Jo Jo Jo Jo 



2m 

L dt 




B B + B 2B 



.(267). 



For the energy stored in the field of the circuit during 
the operation, we have since 

_m 
E L , 

cm = -=- e dt 



dt 




j^^z^ j_ , 268) 

2 B B 2 ^'° v ' 

where i = -=-• 

This result is the difference between the second members 
of (266) and (267) the infinite terms of those members 
disappearing 

The last equation shows that the energy stored in the 
field of the circuit is the same as if the energy were 
being stored at a uniformly increasing rate, beginning 
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m T 

with zero, and ending with — during a time interval — 

R R 

which is the time constant of the circuit. 

In the two circuits represented in Fig. 92, the energy 

stored in the field is 

7^2 1 

1. L=0.01; _ =100; energy = -watt-second. 

JGJ2 1 

2. L = 0.001; -7^=100; energy = -^ watt-second. 

The watt-second is called a joule, and is 10 7 ergs. 

We may determine what must be the coefficient of 
self-induction in an electromagnet or motionless dynamo 
in order that it may require n horse-power-seconds or 
n X 746 watt-seconds or n X 746 X 10 7 ergs to bring its 
field up to any given condition. Suppose the dynamo or 
magnet to be put in circuit with a battery having 
E = 100 volts. Let the final current be 50 amperes. 
The resistance of the entire circuit is then 2 ohms. 
Then by (268) 

1492 

L = w. 

2500 

If n = 10, L = 5.97 henrys. 

An electro-magnet having this coefficient of self-induc- 
tion, and traversed by a current of 50 amperes,- has 
stored up in its field an amount of energy equal, to 
7.46 X 10 10 ergs. This energy would lift a metric ton, 
or 1,000 kilogrammes (2200 lbs.) through a height of 
about 76 centimetres. The entire expression in equation 

E 2 . 
(268) represents energy. Since .— is an expression for 

R 

power, and represents the power finally applied after the 

current becomes constant, it is clear that — must have the 

x? 

dimensions of a time-interval the unit of which is the 
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second. We have already found that R has the dimen- 
sions of a velocity. It follows that L must have the 
dimensions of a length. The practical unit in which L, 
the coefficient of self-induction is measured, is the henry. 
It corresponds to the volt and the ohm. As we shall see 
subsequently, the henry is 10 9 C. G. S. units. It follows 
that the change from C. G. S. units to practical units 
may be considered as involving a change in the unit of 
length from the centimetre to 10 9 centimetres or a 
quadrant of the earth. 

That the coefficient of self-induction in any coil is 
small as compared with its resistance may be seen from 
the following considerations. Suppose the radius of a 
circular coil of one turn to be 100 centimetres and the 
radius of the wire to be one centimetre. The length of 
the wire would then be 628 centimetres, = 2 tr 100 and 
its cross section would be it square centimetres. If 
the resistance of one centimetre of the wire be taken as 
0.000,002 ohm, the resistance of the entire circle will be 

2*-100 

X 0.000,002 = 0.0004 ohm = 400000 O. G. S. 

IT 

units. By reference to sections 115-6 it will be seen 
that the number of lines due to a O. G. S. unit current 
in the wire, which link with the wire is, Eq. ( 197) 2 w 2 
X 100 X (0.99 )» X 2.985 = 5775 external and 628 
internal. The total number will be 6403. This is the 

value of L for this wire. The value of y- is, therefore 

62.4. If the coil be composed of two windings it will 
double this resistance, it will double the number of lines 
due to the coil and it would double the number of times 
each line links with the circuit. This would quadruple 

the value of L and the ratio -r would be half as great. 

This would not hold for widely separated windings of a 
coil, since the lines due to one winding would not all link 
with the other. 

138. Power required at any instant to excite a magnet. 
We have already determined in (266 ) the time integral 
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of the power E i during this operation. Calling Eidt 
— d w we have for the power (265) 

Bt 

*_*_»_». t („,. 

We may apply this equation to the data represented in 
the lower curve in Fig. 92, where R = 0.1 ohm, E = 1 
volt, and L = 0.01 henry. Inserting these values equa- 
tion (269) becomes, 

— = 10 — 10 « l ,...(270). 

Taking Naperian logarithms 

log e (lO — d ~j = log e 10 — lOt. 
In common logarithms 

log ( 10 — ^) = 1 — 4 - 3429 *• 

From which —rr can be computed for any value of t. 

dw' 
When t = it is evident that ~rr =0. If t = 0.5 

dt 



log [lO — ^-\ = 1 — 2.1724 = 8.8276 



... io_5 = .067 
dt 

^ = 9.93 watts. 
dt 

In this way are computed the various points on the 
logarithmic curve, whose equation is (270). This curve 
is shown in Fig. 93. It is the uppermost curve. 

The power applied approaches a limit of ten watts, 
which becomes the power when t is infinite. 

We proceed to determine, how this power is distributed 
between heat lost in the copper, and energy stored in the 
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magnetic field during the operation. Calling d i/the 
lost heat or d H = B & dt we have from ( 265 ) 

Rt 2Rt 

L (271). 



dt ~~ R R £ 



' r R 



This gives the lost power in watts when E and li are in 
volts and ohms, and L and t are in henrys and seconds. 




o.i 



0.3 



0.4 t 



dw 
~dt 
a magnet, 



0.2 
Fig. P3. 

represents the rate at which energy is being used in exciting 

dB 



dt 



shows the rate at which this energy is being con- 



verted into heat. 



dw' 
~dt 



shows the rate at which this energy is 



being stored in the magnetic field. 



Inserting the numerical values used in the previous 
computation the last equation becomes 



dt 



= 10— 20e' 



10< 



+ 10. 



20< 



.(272). 



The first term, 10, is constant for all values of t , and is, 
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therefore represented in Fig. 93 by the horizontal line at 
the top of the figure. The second term is represented 
by a logarithmic curve like that previously computed, as 

representing _ - • It may be computed and plotted as 

(XL 

before described. Its ordinates are all negative, the 

initial ordinate when t = being — 20. The third term 

is represented by a similar logarithmic curve whose 

ordinates are positive. The initial ordinate when t = 

is 10. The algebraic sum of the ordinates of these lines 

dH 
is represented by the curve marked in Fig. 93. 

Civ 

The area of this curve is the total energy dissipated as 
heat during the infinite time required to excite the 
magnet. It is the integral determined in Eq. (267). 
Its value is also evidently infinite. 

For the power stored in the magnetic field we have 
calling dw' = Lidi ( 265) and (268) 



Bt 


2Bt 


dw' E* t £ & t 


L 


dt B B 





(273). 

Inserting the same numerical values used in computing 
the other two curves of Fig. 93. 

** 10 — 10i_ 10£ — 20f. (274). 

dt 

The terms of this equation can be computed as above 
explained. The ordinates of the resulting curve are 
represented by the lower curve in Fig. 93. Its ordinates 
are evidently equal to the difference between the ordinates 
of the other two curves. 

The rate at which energy is being used to create a 
magnetic field, whose constantly increasing lines link 
with the constantly increasing current to which the lines 
are due, is shown by the ordinates of this curve. After a 
fraction of a second, the condition which will be reached 
in an infinite time has been practically reached, and the 
rate at which energy is being used in producing the 
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magnetic field becomes very small. What Faraday 
called the electrotonic state has been practically reached. 
From equation (273) we may determine the time when 
the power used in creating the system is a maximum. 
We have 

Rt 2Rt 



<Pv/ W R ~~L,J5P 2R — 
dP ~ R L + R L £ 


L = 


01 




t = ^r-log 2=0.693^ •• 
m R y e R 


(275). 


log x 2 
where 0.693 = M ' Mbeing the modulus of common 


logarithms. At this time the power stored and wasted 



are equal. In the particular case represented in Fig. 93 
the time of maximum is t = 0.069. The area of this 
curve is the energy stored during the operation, the 
"alue of which is represented in Eq. (268). 

139. Discharge of a Magnet. 

If when the current shall have become practically con- 
stant, the source of E. M. F. be stricken from the cir- 
cuit, R remaining constant, the condition of magnetic 
stress in the field cannot be maintained. The energy 

-— - L i 2 flows back upon the wire. The lines of mag- 

netic force which link with the windings of the circuit 
diminish in area, and disappear in the windings of the 
magnet, in which they originated. The equation of 
energy (213) then becomes 

— L i di = i?* 2 dt 

since the sign of di becomes negative. From this 
equation 

m 

U 




§ 139 



VARIABLE CURRENTS. 



233 



_E 
B 



L 



(276). 



This is the equation of the same logarithmic curve as 
that represented by equation (265) but referred to a 
different origin. The time rate of increase in the one 
case, is the same as the time rate of decrease in the 
other, being without regard to sign 

_m 

di E * L .,(277). 




0.04 0.08 0.10 t 

Fig. 94. 
Currents during charge and discharge of a magnet. 

Fig. 94 shows one of the curves of Fig. 92 and the 
current of discharge obtained on opening the circuit 
0.1 second after it was closed. 

It will be seen that the direction of the current of 
discharge is the same as that of the current during 
charging or exciting the magnet, although the E. M. F. 
of self-induction is oppositely directed. The current in 
exciting the magnet is due to the external source, and 
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the E. M. F. of self-induction opposes it. If L were 

rp 

zero, the current would rise abruptly to -^-. The current 

Jrt 

of discharge is due to self-induction. If i.were zero, 

i would then be zero for all values of t greater than 

t = 0. The current would sink abruptly to zero on 

opening the circuit. 

140. Energy and power during the discharge of a 
magnet. 

Remembering that the sign of di is negative during 
discharge, the energy impressed upon the circuit during 
discharge is 

•°° 2Rt 

Lidi = -rr le L dt. 




P 

V. 



where the value of i and d i are obtained from (276). 
By integration, calling w the energy of discharge 

2Bt' 

E* L 



B 2B 

1 ]PL__ 1 

2 B B~~2 



. L 

-Xo 
L* . (278), 



which is the same as the energy stored in the magnet 
during charging ( 268 ). 

The energy is, however, restored at a very different 
rate from that at which it was stored during the opera- 
tion of charging. 

Calling dw the energy restored to the circuit in a time 
dt, we have 

2Bt 

dw — L idi E 2 L (279). 

dT — di ~ ~B~ 
Substituting the values previously used in Fig. 93, 

dw — 20 t 

^g=10 £ - (280). 
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From this equation the ordinates for the curve in Fig. 95 
have been computed. This curve shows the power re 
stored to the circuit by the discharging magnet, at each 

instant during the discharge. The curve — - in the 

same figure is reproduced from Fig. 93, and shows the 
power stored in the same magnet during the operation of 
charging. The areas of these two curves represent the 




dw 



0.2 0.3 

Fig. 95. 
shows the rate at which energy is restored from the mag- 



netic field and appears as heat during the discharge of a magnet. 

^L shows the rate at which energy is stored in the magnetic field 
dt 
during charging. 



total energy determined in equations (278) and (268) 
and are equal. The curves cross at the point of maxi- 
mum in the curve — as is easily shown by equating 

(279) and (273) which will give (275). 

The energy of this discharge is expended in heating 
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the wires, under the conditions supposed. This energy 
will be (276) 

- 00 

2Bt 
BPdt = B~ \ t ~ L dt 





1 E 2 L __ 1 _ . 
= 1B -R~2 L% ° 

which is identical with ( 278) . The power applied to the 
heating of the wire at any instant is by ( 276 ) 

_2Bt 

Bi?dt _ dm _ E* g L 
dt ~ dt~ B* £ 

which is identical with (279). The curve marked -j- in 

Fig. 95, therefore, represents the rate at which energy 
is restored to the circuit during discharge of a magnet, 
and also the rate at which power is lost in heating the 
circuit during the same operation. 

141. Current on closing a circuit having a non-induc- 
tive resistance and a condenser. 

Let O be the capacity of the condenser. The poten- 
tial difference of the condenser terminals at any instant 

will be X-. The current flowing into the condenser will 
be— y . During a time dt, the energy stored in the con- 

denser will, therefore, be jL. -^dt. The energy equa- 
ls dt 

tion (213) therefore becomes 

E i dt = B i 2 dt + % ^ dt (281), 

C dt 

where R is the entire resistance of the circuit. If we 
suppose that the condenser is connected to constant 
potential mains, having a difference of potential E r then 
R will be the resistance through which current is fed 
from such mains to the condenser. 
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The potential difference of the plates of the condenser 

Q 

being -p-, this potential will oppose E. Eeplacing i by 

dQ . , 

—jTin (281) and cancelling the common factors, we 

have, 

E = R lt + i < 282 >- 

dQ 



dt=RG 



EG—Q 



Counting I from the instant of closing the circuit when 
Q = we have by integration, 

Q 
, dQ _„. EG—Q 

t=R C \-—^-= — RGlog e - 



i 



EG—Q~~ — »e EG 
o 

The total charge in the condenser at any time t is found 
by solving this expression for Q, or 

t 

Q=GE—GEe BC (283). 

But E O is the final charge of the condenser, after 
the difference of potential on its plates becomes E, or 
that of the source. The unit of capacity corresponding 
to the ohm, volt, and ampere, is the farad and is 10 9 C. 
G. 8. electromagnetic units. - A condenser of one farad 
capacity would require a charge of one culomb to raise 
the potential of one terminal to one volt, if the other be 
grounded. As we shall see further along, the capacity of 
the entire earth is only 0007 farad, so that capacities 
ordinarily existing in wire systems are very small. It f ol- 
ows that when the resistance of a circuit is a few ohms 

only, the exponent -=« of equation (283) is very large. 

According to that equation t must be infinite before 
the condenser will be charged to its final potential so that 
Q = (J E. But since C, and also R C, is very small, 
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when a battery is connected with condensers of ordinary 
capacity by metal wires, the charge practically reaches 
its limiting value in a very small fraction of a second. 

A condenser of 5 micro-farads or 5 X 10 -6 farads has 
a potential of 2,000 volts suddenly applied to it through 
a non-inductive resistance of 200 ohms. 

Then C E = 10,000 X 10" 6 = 01 culomb. This 
will be the final charge, after an infinite time. 

B O = 200 X 5 X 10- 6 = 0.001. 

Writing (283) in different form we have 

t 

~ RG 
CE~ Q = CEe 

log 10 (CE—Q) = log w C E — -g- 

where M = 0.4343, the modulus of common logs. The 
equation then becomes 

log w (0.01 — Q) = — 2 — 434.3 t. 

If t = 0.001 second 

log (0.01 — Q) =— 2 — 1 + 0.5657 
0.01 — Q = 0.00368 ' 
Q =0.0063 culomb. 

Fig. 97 shows how the quantity in the condenser in- 
creases. Practically the limiting charge is reached in about 
6 or 7 thousandths of a second. The current at any in- 
stant being * = ~, it may easily be found by differen- 
tiating (283). In this way we have, 

i=l~*° (284). 

By reference to these two equations it will be observed 
that when t = and Q is, therefore, zero, the current is 
wholly independent of the capacity C of the condenser. 
With electricity fed from a constant-potential source, the 
current is then determined by the potential difference of 
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the source, and the resistance R, interposed between the 

condenser and the feeding points having the fixed poten- 

W 
tial difference. In short the current is i = — - . After an 

Jtt 

infinite time, which may be practically a second or two, i 

will become zero, and the final charge in the condenser 

will be C JS, a quantity independent of the resistance 




2 3 4 0.005 t 
Fig. 97. 
Quantity and current during the charging of a condenser, when 
L = 6. 

through which the electricity has been conveyed to the 
condenser. 

Fig. 97 shows how the current varies under the condi- 
tions of charging represented in the curve Q for the same 
figure. The current starts at 10 amperes. The currents 
for various values of t are for this case computed from 
the equation 

logm i = 1 — 434.3 t. 
In (284) if 

t=RC (285) 

then 

1 E 
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The current has dropped to — th of its initial value. 
(283), Q at the same time becomes 

Q = G E — - C E. 



In 



The charge in the condenser is within - th of its final 

value. This value of t is called the time-constant of the 

circuit. 

If the capacity of the condenser were infinite, Qhm's 

E 
law would hold and * = "5" for all time. 

142. Energy in the circuit during the charging of a 
condenser. 

Eeferring to the energy equation as applied to this 
case, (281) we must assume that at any instant, t, 
counted from the time the circuit was closed, the elec- 
tricity Q then in the condenser, has flowed into the con- 
denser in such a way as to satisfy equation (284). We 
may, therefore, in (282) replace Q by its value in terms 
of i, which is 



Q 



-fr-^i: 



t 
RC 



dt 



■EG 



t 
BC 



= — EO 



(. B0 -l). 



Substituting this value in (282) and replacing — V by 

i, that equation becomes 

t 
Eidt = Ri?dt + Ei(\ — e RG\dt... (286). 

The first member of this equation represents the 
energy delivered by the source at any instant, deter- 
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mined by simultaneous values of t and i, during an inter- 
val dt. In the second member, Ri 2 dt represents the 
energy converted into heat in the resistance, and the 
final term represents the energy stored in the condenser 
during the same interval. We proceed to examine the 
terms of this equation. By (284) we havs 

R*>dt=^*~ BO dt. 
K 

The total energy in watt-seconds lost in the resistance 
during the charging of the condenser is 

J2f r _ 2f 

, , BO ,, RC E* RC 

11 f = ; | dt= -^ 



= \e? C (287). 



: \# dt = ~ ie 

Jo Jo 



The heat loss in the resistance during the whole oper- 
ation is, therefore, wholly independent of the resistance. 
It depends only on the potential difference E, of the 
source, and the capacity G of the condenser. In the 
case represented in Fig. 97 the loss in the conducting 
wires is 10 watt-seconds, or joules. 

The only effect of varying the resistance R is to 

change the initial current tt , and the time, R C, re- 
quired for the current to drop to the — th part of the 
initial value. Equation (287) may be written, 



IS 2 



E 2 
It is clear that —55 is the initial time-rate at which 

energy was delivered to the system R and C t before any 

16 
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charge Q was stored in the condenser. The energy lost 

in the resistance R is, therefore, the same as if the 

energy per second converted into heat had decreased unj- 

E 2 
f ormly from -5 to zero during a time-interval R C 

Eq. (285). 

The integral of the final term of (286) is the energy 
stored in the condenser. By Eq. (284) that term be- 
comes 

E I uU -E \ic (li, ^ -r I RG dt 



? lidt — E lie BU dt = j£ U 



2t 



firs 
= CW—^-=i CE* (288), 

which is identical with (287). The integral of E i dt 
which represents the energy delivered by the source has 
been determined in the operation just finished, and its 
value is found to be G E 2 . Hence whatever may be the 
resistance of a non-inductive conductor, connecting a 
condenser with a source of electricity having a fixed 
potential, half of the energy received by the conductor 
will be wasted in the conductor, and the other half will 
be stored in the condenser. 

143. Power during Ike charging of a condenser. 

Although the lost energy and the stored energy in- 
volved in the whole operation of charging a condenser 
are equal, and independent of the resistance, the rates 
at which energy is being lost and stored at any given 
instant are in general not equal. 

Let H represent heat loss in watts and w the stored 
energy, then by (287) and (288), calling 

_t_ 

Jff 

dH = RPdt and dw = Eidt — Ei e dt 
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2* 




an w s - ifc 

dt ~ B 


-'•" 


t 


2t 


dw Bi EG E 2 


BG 


dt B k B 





(290). 

The total power is represented by the first term of the 
last equation. 

The " copper loss " determined in (289 ) is represented 
by a logarithmic curve, the ordinate of which when t = 

is _. The curve for the case represented in Fig. 97 

is shown in Fig. 98. The resultant curve for (290) is 
the algrebraic sum of the ordinates of two logarithmic 
curves, as was explained in a similar equation in section 

138. The maximum in the curve for w may be deter- 

dt J 

mined by differentiating (290) and placing the differ- 
ential coefficient equal to zero. We thus have, 

t_ _2t_ 

&w _ ffl 1 RG E> 2 ^C7 

~W~ B^W ~*"B~BC e ■ = ° 

_£_ __ 2t_ 
.:e BG =2e B0 (291). 

This condition is satisfied by 

dH dw 

~dt ~~dt' 

By taking the logarithm (291) we readily have 

t 



BG 



= log e 2 



Mt 7 O 
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The maximum power delivered to the condenser is, 
therefore, 

m_W —2log e 2 
dt ~~ B e 

and the time after closing the circuit when the maximum 
occurs is 



t = ^00^=0.693 RG- 



„(292). 



At this instant energy is being lost and stored at the 
same rate. The areas of the two curves from t = to 




0.005 t 



Fig. 98. 



Power during charging of a condenser, from constant potential 
mains. 

dS 

-j- = rate at which heat is lost in the conductors. 
at 

— = rate at which energy is stored. 
at 

t = (x> are equal and represent the lost and stored energy. 
The sum of the ordinates of the two curves would rep. 
resent the power delivered by the mains at any instant- 
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The ordinates for the curve representing energy lost, 

as shown in Fig. 98, are computed from (289) as follows : 

EP 
E = 2,000. B = 200. Hence -^ = 20,000. 

= 5X10-6, :BC = 0.001. 
Hence (289) becomes 

** = 20,000 S - 2 °° 0t 
at 

or 

= 4.301030 — 2000 Mt 



^ (w) 



where M is the modulus of common logarithms = 0.43429. 
Hence 

log 10 ( < ^\ =4.301030 — 868.58 t. 
If t = 0.001 second 

logio (—^j = 3.43245 

^= =2707 watts. 
at 

In>this way the various points of the curve can be com- 

J XT 

puted. It is evident that when t = 0, — — = 20,000. 

etc 

144. Current during the discharge of a condenser. 

If we suddenly cut the charging battery out of circuit, 
and close the condenser circuit through a total external 
resistance R, we must impose the condition E = in 
(282). We have then 

B ^ + Q =0 (293). 



Solving for t and integrating we have 

J q 

_t_ 

.-.Q = Q'* BG (294). 
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Here the time is zero at the instant when the circuit was 
closed through B, at which time the charge in the con- 
denser was Q'. If O be the capacity of the condenser, 
and E the difference of potential on its terminals when 
l = o, then Q' = U E, and 

t 

Q = CEe KG (295). 

By comparing this equation and (283) with equations 

(276) and (265) it will be seen that the quantity equa- 

+i 
io 
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Fig. 99. 
Current during charge and discharge of a condenser. 

tions for charge and discharge of a condenser, are pre- 
cisely like the current equations for excitation and dis- 
charge of a magnet, or a self-induction circuit. The 
curves representing both cases are like those shown in 
Fig. 94. 

The current at any instant during the charging of the 
condenser, may be obtained by differentiating the last 
equation. We have 

S-'—J-"" <«.). 
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By reference to Eq. (284) it will be seen that the current 
of discharge is identical with the current during charging, 
but Opposite in sign. They are related to each other as 
shown in Fig. 99. In a circuit having both capacity and 
self-induction, the E. M. F. of capacity and self-induc- 
tion cooperate in opposing the rising current. During 
discharge, these two E. M. Fs. oppose each other. 

145. Energy of Discharge of a Condenser. 

The energy appearing as heat in the resistance R dur- 
ing the discharge of the condenser will be by (296) 

It 



B-fedt^B^. I, R0 at 



BP BC 
B 2 




= kE* C (297), 



which is identical with the energy stored in the condenser 
during charging. Eq. (288). The rate at which the en- 
ergy is discharged is, however, very different from that at 
which the energy was stored in the condenser (290), and 

dw 
represented by curve -jr in Fig. 98. Calling dIl=R i 2 dt 

we have by (297) 

It 
dH_E_ ~BG 
dt~ B e 

which is identical with (289) and is represented by the 

dH 
curve marked tt in Fig. 98. The two curves of this 

figure are, therefore, related to each other, exactly as are 
the two curves of Fig. 95 representing charge and dis- 
charge of a self-induction circuit. 

The general discussion of a circuit containing both 
capacity and self-induction properly belongs to a more 
advanced course, and is, therefore, omitted. 



CHAPTER IX. 

ALTERNATING CDKBENTS. 

.146. Current in an Inductive Circuit. 

The electromotive force from alternators may usually 
be treated as a simple periodic time function. We shall 
assume that 

E=E Q sin2n -jr (298), 

where t is counted from the instant when E is zero and 

increasing, E is the maximum value of E during a 

period, and T is the time of a complete period. It is 

the time required for a point on the armature of the 

alternator to travel from any pole of the field to the next 

pole of like name. On a two-pole machine it is the time 

of one revolution. The arc a corresponding to any value 

t 1 

E as in Fig. 104 is 2 -rr -^ . When t = -^T, E = E , 

IT 

or the arc becomes -=-• 

This value of E, of (298) must then be substituted for 
the constant E that we have thus far treated. Instead of 

E = i R + L — 
dt 

we shall have, therefore, 

*L + JL i - Is sin 2 * J- (299). 

dt ^ L l L T K ' 

It has been discovered by mathematicians that if the last 

equation be multiplied through by e L , the left hand 
member becomes a perfect differential. In this way we 
have 

m 

sin 2 iz -— 



m 




m 


dt B +l 


R 
L 


L 


(248) 
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or 

Rt_ Itt Rt 

** +l lu e =t s sm2 *-r 

Integrating we have 

m r m 

L JP I £ L 4 

is = nr I sin 2 * -^ dt + c' 

where c' represents a constant of integration, and no 

other must be added when the integration represented 

in the second number is effected. The equation then 

becomes 

_Rt_ r ife _Rt 

E L I L * L 

i = —?e I e sin 2 tz-~ dt+ c' e ...(299)a. 



This integral may be determined by the formula for 
integration by parts, viz : — 

I udv = uv — ( vdu. 

Make 

Rt 



U = e ' dv 


= sin 2 it —= dt 


Then will 




Rt 


R 


du = e L ~ dt; 
Li 


T Y~ t 

« = -— . * cos2* Y 


r Rt 


Rt 


I 7 

1 e sin 2 n 


t f L f 
— dt = — —-* COs2n-y 


r 


• Rt 


+ m \ 

T 2 ~ L 1 


cos2x-L dt. 
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Using the same process, but parting the integral 
differently, let 

Bt 

■ « t . L , 

u = smlit—= dv = e dt. 

Then will 

B£ 

du = ~ cos 2 7c ~ dt v—~^ s 

Substituting these values and integrating as before, 
Bt Bt 



f 



sin 2 it— dt = -p- e sin.2 n — 



2_*L I 



m 

L cos2tz -Ldt. 



Comparing this equation with the former, it appears 
that the final integrals are the same in both. We may, 

therefore, multiply the first equation by and the 

7? 7' 

second by _ and eliminate this integral by adding the 

2 it L 

equations. The remaining integral is the one we are 

seeking to determine. Solving for this integral we have, 



/ 



sin 2 n -=, dt = 



BLsin.2*:-—- 7p— cos " w~ 

i2 2 + ' 






Inserting this value in ( 299 )a we have 

. a t 2n L t Bt 

sin 2 it fio , 9 it — 

T TUT 1 

=E ° R -i-rrr^ - + <* L ...< 8 <x». 
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This is a complete solution of the differential equation 
(299). The final term in (300) is already familiar. 
It vanishes in a very short interval of time after the 
periodic E. M. F. has been imposed upon the resistance 
R. For a condition of continued operation, the effect 
of this term in determining the computed value of i may 
be neglected. 

An inspection of ( 300 ) indicates that some definite 
condition in t will give a maximum in i. To determine 
this maximum we have 

# = o- 

dt 
Performing this operation we have, calling t' the special 
value of t coi'responding to maximum i, 

B a t' 2* . a t' 
-j- cos 2 * — = — sin 2 a -y 

ortan2^=-^ z (301). 

The maximum E, or E , occurs when the arc 2 it -~ 

7T 1 1 

is -a- or t = j T. It is, therefore, clear since the tan- 
gent in (301) is negative, that the maximum in current 
lags behind the maximum in E. Calling t the time lag, 

and 2 tj*— the angle of lag, we may write 

2 a -1. = tan f^- + 2 x -I- j 
= — cot 2 n -=- 
tan <f> = tan2n -1 = ^__ (302). 

J. JX J. 

Introducing this value in the numerator of ( 300 ) and 
reducing, 



tan : 



(•*i-»-*) 



%& *L- (303). 



cos2iz — B? + 



rp ' rp2 
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Since by (302) 

T 2 JT L _ T 

sin 2?r -= = ^ y cos Z Tz-fj, 

sin?2«~=l — cos 2 2tz -^-= ^rp~ cos2 2 *-7jr 



*_ = I *+*!£ -(304). 



cos 2 w — 



Inserting this value in (303) we have 



sin 



( a 4-» ) 






2>2 

where (302) 

# a 2kL 



I 4tt 2 Z, 2 
The quantity -vj i2 2 H y^ - is often called imped- 
ance. It is an ohmic resistance without self-induction 
that will yield the same current as that passing through 
the real circuit. The maximum current will be from 
(305) 

S « :(306) 



V 



4^ 2 L? 

m + 



rp2 

which by ( 304 ) may be written 



B 



1= -^ cos <f>..... (307). 



This equation shows that for a fixed resistance R and a 
fixed maximum voltage J2 , if the angle of lag </>, increases 
to 90°, the maximum current will sink to zero, and that 
it will be a maximum when <\> = 0, or when the current 
and potential are in unison, or in the same phase. 
Equation ( 302 ) shows that if the angle of lag is zero 
for a given value of R, the self-induction coefficient L 
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must be zero, or mathematically Tmust be infinite. The 
condition that T should be infinite would mean that the 
alternator was at rest, when the current would be zero. 
The same equation shows that if <fi is to be 90° for fixed 
B, either T must be zero, which requires an infinite 
alternator speed, or L must be infinite, in which case 
according to (305) there would be no current. It is, 
however, possible to make speed and self-induction so 
large that # is very nearly 90°. 

If there were no self-induction, or L = 0, then when 
<f> = 0, we have by (305) and (298) 

'= — 8-^=5 (3 ° 8) - 

The current would then follow Ohm*s law. The periodic 
current would rise and fall in unison with the electro- 

E 

motive force. The maximum current would be / = — 2 

R 

at which time the maximum electromotive force would 

be E . 

147. Suppose the maximum E. M. F. on the mains of 
an alternator to be E = 1200 volts. Let the time of one 
complete period be T= 0.008 sec. which corresponds to 
125 periods per second. Then Eq. (298) would become 
for this case 

E = 1200 sin 2 *<xW 

The angle 2ir corresponds to 360°. Hence if I = _ T 

36 

= 0.00022 second, then 

E = 1200 sin 10° = 1200 X 0.1736 
= 208.3 volts. 

If t = ~ T,E= 1200 X sin 20° etc. 
ob 

In this way the voltage for each ten degrees may be 

computed. When these computations are made from 

0° to 360° the values are plotted on a horizontal line 2 ir 



254 ELECTRICITY AND MAGNETISM. § 147 

units in length, the units of length being any convenient 
units. This line is then divided into 36 equal parts, 
which correspond to 10 degrees, and the computed volt- 
ages are then laid off on their proper arc. In this way 
the curve E in Fig. 100 is obtained. 

Suppose a coil having a resistance of 4 ohms and a 
self-induction coefficient L = 0.019 henry, to be con- 
nected to the mains, in which current and potential 
changes are in unison. Then by (302) 
2* 0.019 „ „„ 
tan * = 4 X 0.008 = 3 - 73 
.-. = 75°. 

The maximum of current will then come 75° later than 
the maximum of E. M. F. in this coil. 

By ( 305 ) the current corresponding to any angle a 
would be in amperes 

i = 1200 Sl ' w(a ~ 75) (309), 

T/16 + 223 

4tt 2 Z 2 2 ir L 

where 223 = — ™ — , the value of — jp — being, there- 
fore, 14.92. 

The maximum current would be 300 amperes if L were 
zero. The effect of self-induction is virtually to increase 
the resistance, so that the maximum current is 

1200 
I = - = 77. 7 amperes. 

■y/W + 223 

The current is, therefoi-e, the same as it would be if 
the resistance were 15.4 ohms with no self-induction, 
although the lag of the current, amounting to 75°, would 
not then be present. 

The current for one period is represented by the curve 
i of Fig. 100, the ordinates of which are computed from 
(309) as follows: — 

i = 77.7 sin (a — 75). 

If a = 10°, 

i= 77.7*m ( —65°) = 77.7 (—0.9063) 
= — 7u.4 amp. 
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In this way the current for each ten degrees may be 
computed and plotted: It will be seen in Fig. 100 that 
between a = and a = <f> and also between a = 180 and 
a = 180 + <$> the signs of i and E are opposite. This 
means that during those intervals the current is surging 
in a direction opposite to that which E then tends to 
give it. This is brought about by the charge and dis- 
charge of the magnetic field, as will be shown in the 
sections which follow. 

By reference to equation (305) it will be seen thati? 2 
jji . . - . 
and ypz must be quantities which are measured in a com- 
mon unit. Since H has the same unit as a velocity it 
follows that — must be a velocity and that the self-in- 
duction co-efficient is, therefore, measured in centime- 
tres. The denominator of (305), -vlj? 2 -^ is a 

resistance, and this quantity, divided into E has the 
dimensions of a current, as Ohm's law teaches. The 

L 

value nm of (302) is, therefore, a numeral value, as 

that equation demands. 

148. Power applied to a circuit having ohmic and 
self-inductive resistance. 

At any given instant when the electromotive force and 
current are determined by E and i (298) and (305), 
the power delivered to the circuit will be E i, and will 
be expressed in watts if E and i are in volts and amperes. 
We have then 

E i = ■ — ° sin 2* —sin (2 * -£ - <£)... (310). 

-J* + Z£- 

It is evident that this quantity is the rectangle of the 
ordinates of curves .2? and i of Fig. 100. When those 
ordinates have unlike signs, the power delivered to the 
self-inductive resistance will be negative. This means 
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that this resistance is restoring power to the source of 
supply. When the signs of E and i are alike, whether 
positive or negative, the magnet-system is. receiving 
power from the source. We shall first determine the 
average value of the power during one cycle, and then 
proceed to determine how the power varies during a 
period. To simplify the equations we will write « for 

2 ir-fp- We are then to determine the average value of 

the sine function in ( 310), this being the only variable. 
Calling itf(a) we have 

f (a) = sin a (sin a cos <f> — cos a sin <£) 
= cos <f> sin 3 a. — sin <p sin a cos a. 

As explained in section 131 : 
Average sin 2 a = - 



Average sin 



i c 

-I 2 

Jo 

a cos a = - I sin a cos adaz=0 

V. 



.-. average/(a) = — ^~ 

and mrnrnm Rt- u i- (^11) 

4-2 L* 2 



or by (306) 



rp2 



= I JS I cos $ (312). 

149. Power dissipated as heat during a cycle. 

The portion of the power E i which is converted into 
hent and dissipated by radiation during the cycle is rep- 
resented by the average value of B, i 2 . The remainder 

L i -=. is involved in changes in the magnetic field 
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around the wire. We shall proceed to examine the first 
of these quantities. We have by (305) 

Since the average sin 2 = 5 we have at once by (304) 

.. E n 2 cos d> 

Average B v = — — ^ x 

4- 2 i 3 2 



J 



i2 2 + 



= \l E a cosj> (314), 

which is identical with (312). It must, therefore, be 
inferred that the power used in the formation of the 
magnetic field during part of the cycle is restored to the 
source during the remainder. 

150. Power used in producing the magnetic field 
during a cycle. 
By (305) 

Eg 



di E 2 * ( t \ 

,0 I2tz — — (j>j. 



di ' \ B2+ 4*»i» * 



i 



cos 



'£% 



The power used in producing the magnetic field at any 
instant is therefore 

r .di 2nL E 2 ,.,„,,. 

'dT = ~r wl*~ sm ( a ~ ^ cos ( a ~ $ )( 31 °)- 

We have seen in section 148 that the average of sin X cos 
between zero and 180° is zero. It, therefore, at once 
follows that whatever may be the energy stored in the 
magnetic field during this interval, it is restored by a 
discharge of the magnet during that interval. 

.17 
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151. Total power at any instant in a circuit having 
resistance and self-induction. 

The power applied to the circuit at any instant is 

Ei = -— , and is given by (310). 
at 




1200 



Fig. 100. 

Periodic E. M. F. and current with lag of 75°. 
E B = 1,200, T= 0.008, B = 4, L = 0.019. 
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Fig. 101. 
Power applied, stored in the magnetic field, and radiated as heat, 
daring one cycle, in an inductive resistance having the constants of 
Fig. 100. 
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If we assume for the constants of this equation the 
values used in section 147, viz., E = 1200 volts, 
T = 0.008 second, B = 4 ohms, L = 0.019 henry, 
then </> = 75°, and I = 77.7 amperes, and the average 

Ei = — X 1200 X 77.7 cos 75 watts or 12060 watts. 
2 

Then (310) becomes 

dw 

-jt = E i= E Isin asin(a — 75) 

= 93240 sin a sin (a — 75) 

If a = 10°, then a — 75° = — 65°, sin a = 0.1736, sin 
(a — 75) = — 0.9063 and Fi = — 93240 X 0.1736 X 
0.9063 = — 14670 watts or 14.7 kilowatts. This value 
being negative, indicates that the magnet is discharging 
into the mains. The curve showing how Ei changes dur- 
ing the cycle is given in Fig. 101. A comparison with 
Fig. 100 will show that Ei is negative whenever the signs 
of E and i are unlike, and it is zero whenever either E or 
i zero. The maximum values of- Ei occur when a 

= _r. + n — where n is any odd number. For the first 

maximum n = 1 and a = — 4- X_. 

2^2 

The power applied at this time is 
' («)-. = 93240«n (-£- + £-) sin (JL_ ±} 

= 93240 cos* -£- = 58690 watts. 

The minimum value of Ei occurs when a = 2n — _i f 

where n is any whole number. The first minimum occurs 

when n = or a =_!l. . The value of Ei at this time is 
2 



= * . ^ 

r o««, I _T_ 



(Si) . = 93240 sfe S-sinlx. A 

\ 'mm 2 ^2 r / 

= — 93240 sin 2 -f- = — 34550 watts. 
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The power in watts appearing as heat in this resistance 
ft at any time is by (313) 

~ = R#=.RI 2 sin 2 (a — 0) 
= 4 X (77.7) 2 sin 2 (a — 75) 
or iZi 2 = 24130 sin 2 (a —75). 
If«=:10% sin 2 (a — 75) =0.8214 

It i 2 = 19800 watts. 

The maximum ft i 2 will occur when the current is great- 
est, whatever its sign may be, or when a = <j)+(2n + l)X 

- where n is any whole number. The maximum will 

evidently be 24130 watts. 

The power stored in thelnagnetic field at any instant 
is represented by ( 315 ) or 

dw' . di 2*L 

~dt = L ' l d T = ~T~ m( - a ~'^ C0S ^ a ~^ 
= 14.92 X (77.7) 2 sin (a — 75) cos (a — 75). 

It is evident that will be zero whenever i=0 or when- 

dt 

di 
ever— = 0, that is to say, when i is either a maximum 
dt 

or a minimum. 

When a = 10°, sin (a — 75) = — 0.9063 and cos 

(a— 75) = 0.4226. 

dv/ 

-jj- = — 14.92 X (7T-.7) 2 x 0.9063 X 0.4226 

= — 34470 watts. 

Summing up the results for a = 10° we have, 
Power received from source =JEi= — 14670. 

iti 

Power stored in the field = Li _ = — 34470. 

dt 
Power. lost as heat = M? = + 19800. 

The lost power at this instant is obtained from the 
negative power stored in the field and which represents 
a discharge. 
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152. Remarks on the preceding results. 

An inspection of the curves of Figs. 100 and 101 leads 
to very instructive conclusions. The power curves all 
intersect on the axis when * is zero. 

They all go through a complete cycle of change in a 

T 

time-n- which corresponds to 180°. Each curve is merely 

a repetition of that part between two consecutive points 

on the arc where their ordinates are simultaneously zero. 

dw 
When the sign of -37 = Ei is negative, the ordinates of 

i p , dw' .di 

this curve are less than those of the curve —57- = x^-y. 

dt at 

which are then also negative. During this interval the 

power discharged from the magnet is in part restored to 

the source and the rest is used in heating the wire. 

dw' 
When the ordinates of — ji~ are positive the conditions 

are reversed. Between the points on the arc where a = 

5 + <j> and a = ir (where i is a maximum and E = 0), 

, dw dw' . 

the signs of -37 and — rr are unlike. Power is then 

being received from the source in the mains, and the 
power stored in the magnet being negative, it is also 
furnishing power by its discharge. The sum of these 
two is required to account for the heat waste. 

Areas of any of these curves between any limiting 
ordinates on the time axis represent energy. Areas above 
the axis of the curve Ei, represent amounts of energy 
that must be credited to the source of power, while 
those below the axis must be debited. 

The total area of any two consecutive loops of the 

curve — — taken" with the proper sign is zero. For a 

QjIi 

cycle, the difference between the areas of the loops of the 
curve Ei is equal to the area of the heat curve between 
the same limits. The area of the strip between the two 
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curves ^L and _ is equal to the area of the curve _^_ 
dt dt H dt 

between the same limits. 

If L were to diminish to zero, the angle of lag would 

diminish to zero, the current would increase to — , the 

xi 

negative loops of the curve Ei would grow smaller and 
vanish, and the curves Ei and Mi 2 would become coin- 
cident. The curve would vanish. As L increases 

dt 

the positive and negative loops of the curve Ei become 
more nearly equal, and this curve approaches coincidence 

with the curve while the area of curve lit 2 becomes 

dt 

less. 

As will be seen later, it is very easy to secure a lag of 

89° 50' or even 89° 59 , but it would require an infinite 

self-induction to make a lag of 90°. When the coil is 

supplied with an iron core its self-induction is greatly 

increased, and there will then be losses due to hysteresis 

and eddy currents in the iron which will be considered 

hereafter. 

153. Alternating currents in a circuit having capacity 
and resistance. 

Assume E to be a periodic sine function as before, 
and removing all self-induction, let us place in circuit a 
non-inductive resistance R, with a condenser of capacity 
U. At any given instant the potential difference of the 

terminals of the condenser is — . The current flowing 

into the condenser being i = — ^-, the energy added to 

the condenser in a time dt will be 

Q_dQ 
C dt au 
The energy equation then becomes (281) 

Eidt=RVdt + %^§dt. 
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We shall determine the quantity in the condenser at any 
given instant as well as the current flowing. The last 
equation may be written 

T + A = f •"■-!■ ' M5 >- 

This is the equation for quantity, obtained by substitut- 
ing for E its value E. sin 2 ir __ and for i, the value — ? . 
5 ° T dt 

By dividing out i dt the energy equation becomes 



C ' G 

or replacing E by the periodic function 

_ . „ * _ . , J i dt 

E Q sin 2 v — = Ri + J 

Differentiating this equation, to get rid of the integra- 
tion sign in the final term, we have 

-^r-° cos 2 - i dt = Rdi + ^ idt 

hence 

di i 2xE t /qicx 

it + Rc= -Rr C0S ^T (316) - 

These equations (315) and (316) are in the same form 
as equation (299) and can be integrated in the manner 
explained in section 146. 

The integration factor by which the equation must be 
multiplied in order to make the first member of (315) a 

I 

RG 

perfect differential is e . Hence as in section 146, 



t _t_ _t_ 

dQ RU , „d RC E . „ t Ri 
-dt s +Q dt £ = -£ sm *"T s 
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By integration 

Qe BO = S I BO s(n 2 t dt + '... (317). 



<f 



- . c .« - T 



Using the formula for integration by parts, 
| udv = uv — J vdu. 



First make 


t 












U : 


JIG 

= e 




dv 


= SMI 


2 7T =,<« 




then 


t 












du = . 

BO 


e RG dt 






F=- 


— cos 2 ff 

2 31 


t 
T' 


Substituting 


these values 








J* 


sin 2 7t - 


t 

T 
f 


dt — 


— 2 - 


t 

- S BG cos 2 


t 


+ 2 


T 
n BO 


■ 


,^, 


30S 2 7T 


-y df i 


:3i8> 



Divide the expression to be integrated differently and 
make 

t 



u = sin 2 •=- Tp- dv = e dt. 



Then will 



2 n t T>p 

du = -y- cos 2 tz -y dt v — BO e 

t J_ 

BG sinZ-x-ydt = BO € RG sin 2 *■ -|r 



i 
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dt (319). 



c t 

■K bo I jta „ t 



Multiplying (318) by— ^y — and (319) by the recipro- 
cal of that. quantity, and adding the two equations, we 
eliminate the final integrals. We may then solve the 
remaining equation for the integral to be determined. 
We thus have 

f- 

h BG sin27z~dt 

B | sin 2 jt — — — . cos2r 



T T T } RQ 



4) 



w 



{* + 4^) 



Substituting this value in (317) we have 

. „ t 2-kBQ . t t 

V = T^~n 7*2 +Cs (320). 

U + 4 7r20 2 

This is the complete solution of (315). Equation (316) 
may be solved in a precisely similar manner. 

The final term in ( 320 ) vanishes quickly after closing 
the circuit and we may disregard it for continuous opera- 
tion. ,Q 

It is evident that Q will be a maximum when — ± — o 

dt 

The only variables in t being the circular function we 
may at once differentiate it and divide by dt and the con- 
dition of maximum becomes, 

— cos 2 7z — H ^— sm2 7T — = 

t' T 

.'. tan2n 



T 2itBQ 



= tan(l.+ 2 * -^-j = — co<2* T -. 
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Hence 

irt.n. A\ r t.n/n. 9. -rr _ 

T 



T 2^B0 ..... 

tan <p '= tan 2 -n •= = — = — K ii/!1 )- 



This determines the angle of lag of the phase for Q 
on the similar phases in E. The maximum E take? 

t 7T 1 

place when the arc 2 ir -jp- is 5- or when t = -r T. The 

T 

maximum in Q is later by an arc 2 ir -jr , where t is the 

2ttR0 
time interval of lag. Substituting the value of — m — 

of (321) in the numerator of (320) and reducing 

P rm sin ( 2 tt -= ■ — 2 *— ^ ) 
Q = *oJ! _J T L/...(322). 

Equation (321) may be written 



V 



I -cos* 2*-^ ^^ 



cos 2r — 



-^1 — , from which 



t T 
cos $ = cos 2*^r = 2vC == ( 323 >- 

Inserting this value in (322) we have finally 

T sin I 2 tt — — cj)'\ 
Q = *o^ V 2 ' (324), 

AT + i^ 

where <£' is determined in (321). Instead of solving 
(316) in the same manner as we have solved (315) we 
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may determine i by simply differentiating (324). Since 

dQ . 

-fr = «, we nave 



;=e 9 



"OS ( 2 1Z -L _ <£' j 

^ + 



4tt 2 02 
This equation may be written 



i = E, 



'4 



i2 2 + 



4* 2 C 2 
The phase difference between E and i is, therefore, 



Since 



ton ^_^) =cof ^ = _^_ 



77 



if we write $ = — <£' we may write as the equation 

for current 

< = | *' y2 ^( 2 *^ + 4>) (325). 

where v 

to *=*§7r; (826) - 

These two equations which determine the current in a 
circuit having resistance . and capacity, should be com- 
pared with the equations for current in a circuit having 
resistance and self-induction (302) and (305), which are 
here reproduced. 



"^ 



sin (2*4 4> )-(305) 



4tT 2 £ 2 T 

S? + 



IJT2 

where 

tan 4> = ^ (302). 
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Hummary of Results. 

An inspection of these equations reveals the following 
results : — 

In a circuit having an E. M. F. represented by ( 298), 
in circuits having 



Resistance and Self-Induc- 
tion. 



The current phase lags behind 
the phase of the impressed E. 
M.F. 

The angle of lag is increased by 
increasing the resistance. 

Increasing the speed of the alter- 
nator which diminishes T, in- 
creases the angle of lag. 

Increasing the coefficient of self- 
induction, L, increases the angle 
of lag. 

If L = • the angle of lag = 90° 
but i = 0. 



If L — the angle of lag = 

. . E 
and i = — .. 
B 

If JJ = the angle of lag = 90°. 



Resistance and Capacity. 



The current phase is advanced on 
the phase of the impressed E. 
M. F. 

The angle of advance is increased 
by increasing the resistance. 

Increasing the speed of the alter- 
nator decreases the angle of 
advance. 

Increasing the capacity decreases 
the angle of advance. 



If G = oo the angle of advance 

E 

= and i = -— - 
B 

If = 0, the angle of advance 
= 90° but i = 0. 



If B = the angle of advance = 
90°. 



The angle of lag in one case is equal to the angle of 
advance in the other if 

2 *L T 



RT 2 TtB C 



or 



LG = 



.(327). 



154. In section 147, we found that a self-induction 
coefficient of L = 0.019 henry in a circuit of 4 ohms 
resistance, and with a period of 0.008 second, would 
produce a lag of 75°. By either (327) or (326) we may 
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compute the capacity which would give an equal angle of 
advance. By the latter equation we have 



G = . 



T 



0.008 



1200 



600 



600 



1200 



2 it R tan $ 2 X f X 4 X 3.732 
= 0.000,085,3 farads 
= 85.3 micro-farads. 




Periodic E. M. F. with current advanced 75°. E = 1200, r= 0.008 
B = i, O = 0.000,085. 




Fig. 103. 
Power applied, stored in a condenser and radiated as heat from 
a non-inductive resistance, the constants being as in Fig. 102. 



270 ELECTRICITY AND MAGNETISM. jj 154 

We may now determine the current that would flow in 
such a circuit. By the conditions of the problem we 
have from (326) 

5-^= = tan <j> B = 4 X 3.73 = 14.92 

2 7T G 

7*2 

223. 



4*2 (p 

With a maximum E. M. F. of .#„ = 1200 volts, as was 
assumed in section 147, we have by (325) [see (309)] 

i = 1200 sin (a + 75) . 



■y/ 16 + 223 

= 77.7 sm (a+ 75) 

The maximum current is, therefore, exactly the same as 
when a circuit with no condenser and a self-induction 
coefficient 0.019 henry was used, or 77.7 amperes. The 
values of E of Fig. 100 and of i computed from the last 
equation, are shown in Fig. 102. 

The general value for the maximum current is by 
(325) 



By (326) 



V 



E* 



rm 

B? + 



(328). 



4* 2 C 2 



■j/ 1 — cos* <f> 



cos (j> 2x B C 
.*. cos <£ = ===== (329). 

Substituting the radical in (328) and that equation may 
be written 

T- E ° * 

■!■= 5- cos 9 
which is identical with (307). 
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155. Average Power in a circuit having a condenser 
but no self-induction, where E is a sine function. 

By (325) and (298) the power applied at any instant 
is 

£=2W= *«'■ v 

dt I w~ 

sin 2 ,l — sin ( 2 *■ — -f <£ J (330). 

By a method identical with that used in section 148, the 
average value of the power applied is 

„ -Zj?„ 2 cos 6 
Average Ex = t» '~ 2 < 331 >- 

■yj& + 4^02 

= E t I^ : (332). 

where / = ° and cos (f> = — = == ^ == 

\ ^ + IJK? \ * + 4^C 2 

(Compare (311) and (3<J4)) 

The power lost by heating the resistance i? is by 
(325), 

?5= BP = E * oB ^ *»■ (a + <£) (333). 

where a = 2 w — . 
T 

As in section 131, the average sin 2 is — . By (329) this 
equation therefore reduces to 



4i ! C a 



= i?i 2 



c££ / /tt2 2 



— — y — cos <p 

2 r 
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which is the same as (332 ). For the average power put 
into the condenser we have from the energy equation 
(281) 

^£ = A d® = 3. i 

dt, O dt G 
hence by (324) and (325) remembering that <j>' in (324) 

77" 

is equal to ^ — <j> in ( 325 ) 



and sin 



(2 » -L + $-*-} = -cos (2* ~+4>) 



dw' _ . Q _ 

~dt ~ % G~ 
T E 2 

— 5— n " rp2 Sin ( a + <£) C0S ( a +■ <£) 

"" + 4 ^ C 2 

where a = 2 jt 

r 

This result should be compared with (315). Here as 
in that case from the consideration of section 148, the 
average sin X cos between zero and 180° is zero. It, 

therefore, follows that on the average, _2?L = 0. The 

C&t 

condenser consumes no power, but continually receives 
and restores it in a periodic manner, which we shall 
proceed to investigate. 

The average power represented in (331) with an angle 
of advance of 75° is the same as that represented in 
(311 ) with an angle of lag of 75°, if the values of E and 
of / are made equal in the two cases. The capacity 
equivalent to a given self-induction yielding the same 
average power at a given speed is, therefore, given in 
(327). 

156. Power at any instant in a circuit having resist- 
ance and capacity where E is periodic. 

From equations (298) and (325) we have for the 
impressed power at any instant 

—=Ei = E Isinasin(a ■+- <f>~) (334). 
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Assuming the data heretofore used iu discussing self- 
induction, with an angle of 75°, we have 

^ = 1200 X 77.7 sin asin (a + 75) 

(XV 

= 93240 sin a sin (<z + 75). 

(See section 151.) The capacity yielding this result 
is by section 154,8.53 X 10- 5 farads. The value of Hi 
for all values of a is shown in Fig. 103. 

If a — 10°, then a + 75 = 85° 

|^ = Ei = 93240 X 0. 1736 X 0.9962 

= 16120 watts. 

The power consumed in heating the circuit at any 
instant is (333) 

^M = Bv 1 = RP sin 2 (a + <£) (335). 

Ct/t 

= 4 X(77.7) 2 swi 3 (a+ 75) 
= 24130 sot 2 (a + 75) watts. 
For a = 10°, a + 75 = 85° 
or Ri 2 — 23940 watts. 

The value of Iii 2 for all values of a is represented in 
Fig. 103. 

The power stored in the condenser at any instant is 
given in ( 334) . 

We have 



i-^7 = — y^q J2 sin ( a + "£) cos ( a + <£)..(336). 



dw'_, Q _ T 

dt 

By section 154 

~ = -^ i = — 14.92 X (77.7) 2 sin (a + <£) cos (a + <£) 
dt 

= — 90,000 sin (a + 75) cos (« + 75). 
If a = 10° a + 75 = 85° 

^ = —7820 watts. 
dt 

18 
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When a = 10°, therefore the system is receiving 16120 
watts from the supply, the condenser is discharging 7820 
watts, and all of this power, or 23940 watts is being 
consumed in heating the resistance, R. 

157. Quantity of electricity in the condenser during a 
cycle. 

The quantity in the condenser at any instant during a 
cycle is given by Eq. (324). In order that this equation 
may be compared with those of E. M. F. and current, 

IT 

we must place for tj>' its value -~* — $. The equation 
then becomes 

Q = -E JL COs(a + 4>) (337) 

2 - / J>2 

V -^ + 4^0* 



T 
Y^-Icos (a + 0) (338). 



where 



tan(j>-- 



2*22(7 



Substituting in ( 338 ) the values corresponding to an 
angle <j> of 75° (see sections 154, 147) 

0.008 
Q YT 77 - 7 cos (a + 75 ) 

= —0.0989 cos (a + 75) (339). 

The maximum charge will occur when cos(« + 75) = ± 1 
or when a = — <f> or 1 80 — $>. In the particular case 
being discussed the value of « will be — 75 or 180 — 75. 
The charge in the condenser will then be ± 0.0989 
culombs. 

The maximum potential of the condenser will be 

y = Q- — _l_ E o T 1 (340V 

^ 4,- 3 G' 2 
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By (323) we have 

T 

cos <f>' = 



2 * c y '& + T * 



i^C 2 



Since <f>' = -=- — $ we have 

T 
cos d>' =sind> = . (341). 

2 , G / iP + — j^ 

Hence (340) becomes 

F = ±-E **'»<£ ( 342 )- 

If the maximum potential of the supply mains were 
1200 therefore, the maximum potential of the conden- 
ser when the angle of advance <f> is 75° would be 1200 X 
0.9659, or 1159 volts. Equation (340) shows that if 
the period T were very small, as in the alternations which 
constitute light, the condenser potential would be unaf- 
fected by connection with such supply mains. The 
frequency of the lowest red which is, visible, is, accord- 
ing to Langley, 3.92 X 10 u per second. If, therefore, 
in (340) we make B = 4 ohms, E = 1200 volts, G = 
8.53 X 10 -5 farad as in the particular case discussed at 
length in the preceding sections, the maximum poten- 
tial V of the condenser becomes for this value of 



3.92 X 10" 

1200 



V 



4* X 8.53 X 10- 5 X 3.92 X 10 " 
= 0.0000000028 volts. 

The equation also shows that if the capacity C be 
made correspondingly small, it will counteract the effect 
of making T small. The pupil should investigate the 
effect of such enormous frequencies on the angles of lag 
and advance, and the possibilities of transmitting power 
electrically with such frequencies. The pupil should also 
construct the curve for $from (339) and plot the curves 
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for i and E, as they are given in Fig. 102, upon the 
same sheet. 

If R were zero in a condenser circuit the angle of ad- 
vance would be 90° and the values of Q, i, maximum V, 
from (337) (325) and (342) become 

Q — — E G cos a 

2*0 -n, ■ 
i = —=- E sin a 

Vmax = ± E Q 

158. Graphical Representation of 'a periodic E '. M. F. 
following the law of sines. 

Well designed alternators usually yield an E. M. F. 
which follows the law of sines, given in Eq. (298), or 

t 
T 



E 



E a sin 2 n- 



E sin to t. 



p/ 
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Tig. 104. 
Sine Curve. 

The variation in E during a cycle may be represented 
by means of Fig. 104. Draw a circle having a radius 
E r Suppose a point P to travel around the circle with 

a constant angular velocity — m- - The vector E , will. 

sweep over the angle 2 ir in a time T. Estimating angles 
from the horizontal radius at x, the angle swept over in a 

time t will be ~ t = w t. The length of the projection 

of E on the vertical diameter is 

E = E sin u> t. 

Let x 2tt be the rectified circumference 2 -ir E along which 
we may suppose a particle P' to travel with the same linear 
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velocity that P has on the arc of the circle. Let the 
two points start out from x at the same instant. While 
P is travelling around the circle to x again, P' will 
travel uniformly over the equal distance x 2ir, when we 
may suppose it to return instantaneously to x in order to 
start with P again. For each position of P' erect an 
ordinate equal in length to the projection of E on a ver- 
tical radius. The summits of these ordinates will lie in 
the curve of sines, if E is unity. When E g is greater 
than unity, the circle and curve are drawn on a larger 
scale, the linear distances being multiplied by E r 

The area of the curve during half a period or from 
to 2 7T in arc is easily obtained. The element of the area 
d A is 

E dx = E X E <o dt or 
dA = E% sin <vt X <" dt 

Integrating between and it 



— cos tut 




The average i? will, therefore, be the average ordinate 
of the curve and will be 

Average E=±^-= 2 - Eft (34 3). 

2 
When 1U = 1 the average ordinate is - which is, there- 
fore, the average sine. The average E. M. F. when E 

2 
varies according to the law of sines is, therefore, — E if 

E is the maximum value. 

If the ordinates of this curve were all squared, and 
the squares laid off as ordinates of a new curve, the 
element of area would be E 2 X E mdt. 

dA' = El sin 2 wt X a>dt. 
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Integrating between zero and ir we have the area of this 
curve, and by dividing by the corresponding arc we have 
the mean value of E 2 . ' We thus have 



T 



A—I? a Ism 2 o>t X <»dt 



= # 3 o 



wt 1 • o , 

— -r sin 2 iot 

2 4 



*E% 



Dividing by ir E we have for the mean of the squared 
values of E 



Ev 



2tt E n 



E% 



l/2 

or E = i/2~E v . 



(344). 



As in section 133, a hot wire voltmeter standard- 
ized for continuous currents gives directly the reading 
E v with alternating currents, since the heating effects 
depend on the average values of Hi 1 . Heading the 
voltage on such an instrument we obtain E at once by 
multiplying the reading by |/2 = 1.41. In the special 
case discussed at length in the preceding sections, where 
E was taken as 1200 volts, the Cardew Voltmeter read- 

„ , 1200 
mg would be —==. = 851 volts. The voltmeter reading 

is called the virtual potential. It differs materially from 
the average potential (343) which is 763 when E„ is 
1200. 
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159. Graphical representation of a periodic current 
in a circuit having resistance and self-induction. 

The preceding discussion has given for the current in 
a circuit having resistance and self-induction, 
i = I sin (wt — $) 
_ n 



tan <f> = r^-- 



triangle are related 



J B 2 = i? s 



on electro-motive 



R T' 
It is evident that in the equation for / the quantities 
are related as the sides and hypotenuse of a right-angled 
We may write 

p + „2 JJl J2 

2 IT 

where co = _ which is the angular velocity. If <j> be 

the angle between _* and RI in this triangle, then the 

tangent of this angle is 

, w L 2 r. L 
tan4) ______ 

which is the angle of lag of current 
force. 

It is, therefore, 
evident that if we 
prolong the line R 
I to /in Fig 105 
the entire length of 
the line as pro- 
longed will repre- 
sent the maximum 
current if the length 
of the prolongation is such that the whole length is to the 
side R /as / is to R I. The construction shown in 
Fig. 105 assumes that R is less than unity. If it be 
greater, the vector /would be less than that representing 
R I. 

We have shown that i is a periodic sine function, and 
this is represented in the first equation at the head of this 
section. It is, therefore, evident that if the whole tri- 
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Fig. 105. 
Triangle of electro -motive force. 
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angle Fig. 105 be revolved about the point at the vertex 
of the angle </>, as the vector E Q is revolved in Fig. 104, 
the projection of / on the vertical line Fig. 106 will give 
the current at any time. 

If we complete a similar 
right-angled triangle hav- 
ing the side / as a base, 
its hypotenuse will evi- 
dently be the hypotenuse 
of the former triangle 

i divided by R, or -« and 
R 
its remaining side will be 

^ . (See Fig. 106.) If 
R 

$ become smaller and 

finally become zero the 

wLIr 




Triangles 



Fig. 106. 
of electromotive 
and current. 



force 



sides w L I and "'■"•*• be- 
R 
Then the side 



come zero. This may be because L = 

R I will equal the hypotenuse E and the side / will 

equal the hypotenuse — Q, which conditions satisfy Ohm's 

J-Xi 

law. 

Referring to the smaller tri- 
angle which is reproduced in Fig. 
107, it is evident that the sides 
R I and to L I are components 
of E . The sum of their pro- 
jections on the axis ?/ is equal 
toE. 

From the energy equation we 
have as the yalue of E, 

E = Ri-\-L^L 

Fig. 107. ; dt 

Resolved components of or putting in the values of E, i 
E.M.F.,E„. di . 

and — , since i = Iain (w t — $) 

E = E sino,t = BIsin(iot—^)-{-La,Icos(wt—(f>)..(U5) 
= El sin (wt — <£) -i-Lmlsin \wt — </> -f 90°). 
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In Fig. 107 the angle a represents co t, and it is evident 
that the two terms of the last equation are the projections 
of the sides R 1 and L a> I on the axis y. The com- 
ponent co L lis shown by the last equation to be ad- 
vanced in phase 90° ahead of the component R I and 
this is also shown in the figure. The effective E . M. F. 
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Fig. 108. 

Components of E. M. F. which balance self-induction and maintain 
the current through the resistance. 



due to one component will be zero when that due to the 
other is at its maximum. 

The component to E lis that part of the impressed 
E. M. F. which balances the back E. M. F. due to the 
self-induction of the coil, and the component HI is the 
part which maintains the current through the ohmic 
resistance. The E. M. F. which maintains the current 
is represented by a vector whose direction is the same as 
that of the vector representing /. The E. M. F. which 
balances the self-induction of the coil is represented by 
a vector at right angles to the former and is equal and 
opposite to the vector which represents the back E. M. F. 
due to the self-induction of the coil. 

W e shall apply Eq. ( 345 ) to the conditions represented 
in Figures 100 and 101, in which R = 4 ohms, 1 = 77.7 
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amperes, L = 0.019 henry, to = ^ = 785 - 4 radians 

per second, cf> = 75° 

E = 311 sin {tut — 75) + 1159 cos {tut — 75) (346). 

The first term of this equation represents the part of 
the impressed E. M. F. which maintains the current 
through the ohmic resistance R. It rises and falls in 
unison with the current. It is plotted in Fig. 108 where 
it is marked E. II. The second term is the part of the 
impressed E. M. F., E, which balances the back 
E. M. F. due to self-induction of the coil having a co- 
efficient L = 0.019 henry. It is 90° ahead of the other 
component. It is plotted in Fig. 108, the curve being 
marked E L. The algebraic sum of the ordinates of 
these curves, gives the ordinates of curve E in Figs. 100 
and 102. 

The maximum value of E in (346 ) is obtained from the 
condition 

dE 
, . jX = from which 
d {tut) 

311 cos {tut — lb) — 1159 sin {tut — 75) = 

.-.tan {u>t— 75) =0.268 

wt — 75 = 15° or tut = 90°. 

It is evident that the power applied in heating the wire is 
represented by the rectangle of the simultaneous values 
of the ordinates of curve, i of Fig. 100 and the curve 
E, R of Fig. 108. This follows from a consideration of 
the way in which equation ( 345 ) was formed. This pro- 
duct represents Ri 2 , and is represented by the power 
curve Ri? in Fig. 101. 

Similarly the rectangle of the simultaneous ordinates 
of curve i of Fig. 100, and curve E, L of Fig. 108 is 
represented by the corresponding ordinates of the curve 

marked — or L i— of Fig. 101. 

dt dt & 

Equation (345) shows that if there is no self-induction 
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in the circuit, or L = 0, the second terra of the last 
member of the equation becomes zero. Since </> = 

_ . E a sin w t 

i = l sin w t = _ — 
M 

E 
or 1= -^ (347)a 

or maximum current is equal to the maximum E. M. F. 
divided by the ohmic resistance, which satisfies Ohm'3 
law. 

If the ohmic resistance in the circuit be zero, then 
(302) <f> = 90° and 

L w I sin to t =E sin m t 

orJ= -^2- (347)6. 

±1 w 

Both equations follow at once from (306). If we 
impose the conditions demanded by (347)a and make 
H = 1200 volts, and Ii = 4 ohms, then 7= 300 am- 
peres. The virtual current measured by a Thomson 
ampere balance, or a Siemens electro-dynamometer 

would then be — __ = 212 amperes. If we impose the 

conditions demanded by Eq. ( 347 )b and make 1U = 
1200, L = 0.019 henry and T = 0.008 second or 

2 "" 
to = — 7p = 785.4 radians, then 

1200 
I= 0.019X785.4 =80.4 M nperea. 

The virtual current shown by the amperemeter would 

then be 56.4 amperes. The heat generated in the circuit 

would be zero. The power being stored in the magnetic 

field during part of a cycle would be wholly recovered 

during the cycle. The positive and negative loops in the 

curve Ei of Fig. 101 would be equal to each other, and 

di 
the curve Li — ■ would be identical with it. 

dt 

160. Effect of varying resistance. 

The effect of varying resistance may be determined by 
means of triangles of electromotive force and current of 
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Fig. 106, which are reproduced in Fig. 109. The vector 
O E representing the maximum impressed E. M. F. is 
placed vertically. The current vector makes an angle <f> 

with vector E v The current vectors —5 and / are in 

the same directions respectively as E and R I, and' their 
length is determined by dividing the latter quantities by 

R. As we have seen, _2 is the value that I would have 

if <f> were zero. If (f> were to be increased while R were 

constant, the values E and — ? being constant, it is evi- 

J-ii 

dent that 11 1 and / would be represented by chords of 

E 
two circles having diameters E a and -^these chords be- 
ing drawn through and making an angle <f> with vector E. 
In the E. M. F. circle the lower chord R /represents 
the maximum of that part of the impressed E. M. F. 
concerned in heating the wire, and a> L /is the part which 
opposes the E. M. F. of self-induction. As <f> increases, 
the upper chord lengthens and the lower one shortens. 
<j> may be increased by increasing either w or L, or by 
diminishing R, as is shown by the equation for <£, viz. 
(302) 

, u>L 
tan <f> = — „ — 

JX 

Multiplying the last equation by E it may be put in 
the form 

~- = — fr~ tan <p 

E 
By the last section — 2- is the value of I when R = 
coL 

and <f> = 90°. Therefore, if we draw a horizontal line 

E 
through O, making the length represent -^-A, and draw 

Leo 

E 
the hypotenuse to the upper end of line -^, this line will 

pass through the end of the line representing /. 
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W 

If we now decrease R keeping L constant, — ^ will in- 

R 

E 
crease, <f> will increase, but the side—- will be unchanged. 

Leo 

Therefore / will always be represented by a chord of 

E 
the semi-circle having a diameter y^ and when R = 0, 

E 
<j> will equal 90° and 1 will equal j-^-. If R increases 

indefinitely, /will become zero. The variation of 1 with 




Kg. 109. 
Limiting cases of inductive resistances. 

values of R from to 0.8 in a special case, is shown in 

Fig. 110, which is drawn to scale, where E. = 6 volts, 

E 
Leo = 0.6, and, therefore, -f^- = 10. Values of R 

greater than unity are not represented in order to avoid 

complicating the figure. It is evident from (305) that 

E 
when R = 0, * = — -^ cos cot. The entire E. M. F. 
Lea 

of the source will be balanced against the back E. M. F. 

of self-induction. In Fig. 10 L the area of the negative 

loops of the power curve Ei will then be equal in area to 

that of the positive loops. 

The conditions represented in Fig. 110 are reproduced 
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in Fig. Ill, where, however, the resistance R and, there- 

E 
fore, -ry~ is kept constant at one of the values repre- 
sented in Fig. 110, and the value of Lm is varied fromO 
to unity. Since 1 is a common chord in two circles, one 
of which is determined by Lto and the other by R, it is 
evident that a similar variation of I will exist here as in 
the other case. The change in Lto may be due either to 



E„=6 
La=0.6 




Fig. 110. 
Current through inductive resistance. 



Resistance varied. 



a change in L or in to. If the speed of an alternator be 
uniformily increased, any transformer connected to its 
mains would be traversed by currents represented by the 
diminishing chords of the outer circle in Fig. 111. If 
the value of Lto could be made infinite <f> would become 
90° and the current would be zero. 

Increasing the resistance, diminishes the angle of 
lag, and diminishes the current. Increasing the self- 
induction co-efficient L increases the angle of lag and 
diminishes the current. Increasing the angular velocity 
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2tt 



w = — rrr, increases the angle of lag and diminishes the 

current. These relations are shown in equations (302) 
and (306) and also by Figs. 110 and 111. 




E„=6 
K„=0.6 



Fig. 111. 
Current through inductive resistance. 



Inductance varied. 



161. Inductive resistances in series. 

Let E be the maximum potential 
between two mains upon which we 
will assume current and E. M. F to 
be in unison. A circuit connected 
with these mains has inductive resist- 



ances 



A n lt l 2 



Ii 2 , etc. 



in series. 



Let it be required to find E in order 
that a given current may be forced 
through these resistances, and we are 
to determine the angle of lag due 
to the system. Draw 1 to represent 




Fig. 112. 

Inductive resistances 

in series. 



the 
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current I. 



(Fig. 113.) 

B 




Inductive 



Fig. 113. 
resistances 



in series. 



Lay off R x 1 from O represent- 
ing the E. M. F. required 
to maintain the current I 
through this resistance if 
there were no self-induction, 
and draw a perpendicular at 
the end of this line whose 
length shall represent L 1 to I. 
This will represent the E. 
M. F. required to balance the 
self-induction of this coil. 
The hypotenuse of the tri- 
* angle of which these two 
lines are the sides will re- 
present the impressed E\ 
required to maintain the current through this part of the 
resistance. This vector E' must be in advance of / by an 

angle determined by the condition tan $' = -— -yL= -^-*- 

R 1 l M 1 

From the upper end of the perpendicular lay off i? 2 I 

parallel to O I, and at its end erect the perpendicular L 2 

to I. Thiswill determine the triangle of E.M.F.'s for the 

second coil. Continue in this manner until the chain of 

triangles terminating in B includes all the resistances of 

the circuit. The line O B will then represent the E. 

M. F. that must be impressed on the system. The angle 

of lag of the current / on this impressed E will be 

B O A= $, determined by 

tancf)= -^ . 

The single coil which would replace the system and yield 
the same results, must have a self-induction coefficient 
L = 2 L and a resistance 2 R. In this coil the E. M. 
F. maintaining the current / will be O A = i"2 R and 
the E. M. F. required to balance self-induction will be 
AB = / col L. Any one of these resistances having no 
self-induction, the triangle of E . M. F. for this resist- 
ance would have its hypotenuse coincident with its base. 
If it had no resistance its base would be zero. 



§ 161 ALTERNATING CURRENTS. 289 

Suppose i? x = 0.1, R s = 0.2, Ii a = 0.4 ohms and the cur- 
rent maximum = 20 amperes. Then R 1 I= 2; R 2 I = 4 
and R a l = 8. Then the resistance of the equivalent coil 
would be 0.7 ohm, and the E. M. F. maintaining the 
current through the resistances would be/ 2 R = 14 
volts. The power delivered to the system as heat per 

second would be g- P 2 R = 140 watts. The E. M. F. 

required to balance the self-induction E. M. F. would be 

2tt 
m II, L. If <b= -jjT = 800, L x = 0.002, L 2 = 0.001, 

L s = 0.004 henrys, then this E. M. F. is 800 X 20 X 
0.007 = 112 volts. The angle of lag of current on im- 
pressed E. M. F. E Q would be determined by 

, , 800 X 0.007 

tan <p = p-= = 8.0 

.-. = 82°53'. 

The maximum impressed E. M. F. would be 

112 112 

E o = -r-x= n qq.,o = 118-8 ™Its. 
" sin <p 0.9923 

The virtual current which determines the heating 
effect and which would be read directly on a Siemens 
electro-dynamometer standardized for continuous cur- 

20 
rents would be (section 158) z== amperes. The vir- 
tual impressed E. M. F. read on a hot wire voltmeter 

112 8 
similarly graduated would be * — volts, (section 

|/2 
158). The power delivered to the system would, there- 
fore, be (Equations 331-2) 

112.8 w 20 , 
Average Ei = — = X — — cos 9 
1/2 i/2 

= l - E rcos<f> = l- X U2.8 X -0 X 0.1239, = 140 watts, 

A — 

as was before obtained, 

19 
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be 



with a> and the various 



o — g lven > 
and it is desired to compute the re- 
be assumed as the 



If the impressed E, 
values of 7? and L 
suiting current, any current may 
resulting current, and a value of E which would yield 
that current may be computed as just explained. This 
chain of triangles will be similar to the one desired, and 
the latter can, therefore, be computed from the former 
by simple proportion. 

The manner of computing the power consumed by each 
of the resistances of the system is evident from the 
explanations given. 



162. Inductive Resistances in multiple. 
If 




ances R x , L i ; 



Fig. 114. 

Inductive resistances in 
multiple. 




series of inductive resist- 
Jl 2 , Xi 2 ; etc., be con- 
nected in multiple between mains 
having a given maximum voltage 
E , we are required to find the cur- 
rent in each, and to find the single 
inductive resistance which will re- 
place the system and give the same 
current and lag. First let two 
resistances RJj^; and R 2 L 2 be dis- 
cussed. Draw a 
semi-circle on E as 
a diameter. The 
angles of lag (f> 1 and 
<j> 3 being known 



from the 



tan 



*>■ = x 1 



equation 

eoL, 

etc. 



Fig. 115. 
Inductive resistances as in multiple. 



the chords 7^ 7 : and 
R 2 7„ are known, 
since 7?j 7, = E Q 
cos <f> v and 7? 3 7, = 
7?„ cos 



<f> r These 
chords represent the E. M. F.s which would be required 
to maintain the currents I x and I 2 in the two resistances 
R 1 and R 2 if there were no self-induction. Dividing 
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these E. 
(307)), 



M. F.'sby R 1 and i? 2 we have (compare Eq. 



-En 



r — -^o 



cos <£ 2 



.(348). 



As has been already shown, these currents are to be 
laid off along the vectors M x J x and R 2 J 2 , since these 
currents lag behind Eva. phase by the angles $> x and <f> 2 . 

In the equivalent inductive resistance these two com- 
ponent currents will be superposed exactly as the two 
component E. M. F.'s of the triangle of E. M. F. are 
superposed in the discussion leading to equation ( 345 ) . 
As the vectors E I 2 and I t revolve, in unison with the 
periodic changes in the armature 
of the alternator, the vectors E , 
I 2 and I x revolve with an angular 
velocity to. They preserve fixed 
relations to each other. The pro- 
jections of I 2 and I x on the ver- 
tical axis o y, determine the 
currents in the two branches. I 2 
will be a maximum when cot — <j> 2 
= 90 and it will be zero when cot 




— <£ 2 = 0. In Fig. 116 the pro- 
jection of I x on o y is 

i x = I x sin (o>{ — <f> ). 
The projection of I 2 



Tig. 116. 
Currents as directed quan- 
tities. 



IS 



i 2 = Ij sin (<«£ — <\>z)- 

The current in the equivalent inductive resistance will, 
therefore, be 

i = % + i 2 = Ji sin (tot — ^>j) -f- 1 2 sin (a>t — <£ 2 ). 

The sum of these two projections is evidently equal to 
the projection of the diagonal of the parallelogram of 
which I t and I 2 are the sides. The angle of lag of this 
diagonal being indicated by <£, the projection of the 
diagonal is 



i = I sin {jot — <£). 



.(349). 



This equation has the same form as ( 305) if the value 
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of 1 of (306) be substituted therein. It remains to 
determine the values of 1 and <j>. 
By trigonometry, from the figure 

P = I\ + 1\ — 27, 7 2 cos [l80 — (& — <£ 2 ) ] • 

.-. 1= t/1\ + I\ + 27 x J 2 cos (*,— <£ 2 ) (350) 

which determines 7, since i, and / 2 are known by (348) 
and since 

tan <k = -^i- tan fa — — -?- (3ol) 

which are given quantities. 
We have also from Fig. 116, 

1% + P — I\ 



COS ((£ <£ 2 ) = 



2LI 



in which we may place the value of /from (350). We 
have then 

cos (<f> - fc) = * + A«»(0i-6) -(352) _ 

l/Il+I* + 2LJ 1 cos(<f> 1 — <t> 2 ) K ' 

Knowing <f> we may determine the resistance of the 
equivalent circuit. We have 

B I = E cos <j> 

.: B= y° cos <£ (353). 

For the self-induction coeflicient of the equivalent resist- 
ance, by trigonometry from Fig. 115, 

o> L I = E sin <f> 

.-. L = E°sin<j> (354). 

ID I 

Example. A hot wire voltmeter on the mains of an 
alternator reads 85.1 volts. Two inductive resistances 
connected in multiple between these mains have char- 
acterizing constants 7?, = 0.1 ohm, E 2 = 0.5 ohm, L x = 
0.002 henry, i 2 = 0.003 henry. 

The angular velocity a = 800 = — , radians per sec- 
ond. 
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The maximum E a on the mains is then \/2 X 85.1 =? 
120 volts. 

The currents in the two wires will, therefore, lag on the 
impressed Jb' , Eq. (351), as determined by the equations 

t 800X0.002 

tan <p 1 = — : = 16.0 

.-. <£i = 86°26' 

, , 800 X 0.003 

tan <£ 2 = Qg = 4.8 

.-. <£s = 78° 14' 

The maximum currents in each branch will be by 
(348) 

120 
I x = ~z— cos 86° 26' = 74.65 amperes. 

120 
J 2 = ■— r cos 78° 14' = 48.94 amperes. 

The maximum current in the equivalent resistance, or 
in the undivided branch leading from the mains to the 
divided circuit, is not the algebraic sum of I x and I 2 but 
the trigonometric sum, determined by (350). The cur- 
rent in the undivided part of the circuit is always equal 
to the algebraic sum of the currents in the branches at 
any instant, but since the maximum currents I x I 2 and / 
occur at different times this relation does not hold for 
them. We have for the maximum current delivered to 
the branches, 

1= j/ (74.6S) 2 + (48.94)* +2 (74.65) (48.94) cos 8° 12' 
= 123.29 amperes. 

The angle of lag of the current in the undivided 
circuit or in the equivalent resistance is obtained from 
(352) 



cos 
Hence 



_ ^ = 48.94 + 74.65 cos 8° 12' _ 
KY ^ ' 123.29 

$ — <f> s = 5° 0' and <f> = 83° 14'. 
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By (353) the resistance of the equivalent circuit is 

190 

= 0.1147 ohm. 

By (354) the coefficient of self-induction of the equiv- 
alent circuit is 

sin 83° 14' 



800 X 123.29 
= 0.00120 henry. 

Hence the current in the equivalent circuit would be 
at any instant 

i = 123.29 sin (wt— 83° 14') 
where 

I= 123 29 = 120 

l/(0.1147) 2 + 800 2 (0.0012) 2 

The currents in the two branches will be 

i x = 74.65 sin («tf — 86° 26') 
f 2 = 48.94 sin (a>t— 78° 14'). 

These values of *, i x afld i 2 may be computed and plotted 
for every 10° from to 360° with the corresponding value 
of E which is 

E = 120 sin u>t. 

If m t = 83° 14' then i = 0. At this instant we shall 
have 

i % = — i\ = 4.165 amperes. 

At this instant the current in the main line will be zero, 
and the current will be flowing around the two branches, 
current i\ being then negative with respect to E, a 
condition of flow which will be reversed 180° later. 

The pupil should compute and plot the power curves 
for each branch and for the equivalent circuit as is done 
in Fig. 101. 

Having determined the circuit equivalent to two par- 
allel branches, this may be combined with a third by the 
same method. By the method of the previous section 
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it may be combined with a circuit in series with the two 
parallel branches. 

It is evident that if in case of two circuits in multiple 
we have Ii 1 = 0, and L 3 = the angles of lag will be 

tan fa = oo and fa = 90 
tan fa = " fa =0 

The currents will differ in phase by 90°, the circuit hav- 
ing no self-induction being in unison with the impressed 
E. M. F. The currents will then be at any instant 

E, 
ii — — • /, cos »( = — • ■ — =M— cos ui t 
w±, 1 

i\ = J 2 sin <ut = — ^ — sin cut. 

These currents will have the same average value and 
the same virtual value if li 2 = a>L v 

The maximum current in the equivalent circuit would 
then be by (350) 

E n 



1= 



.-ifc v*\ + *i* 



and the angle of lag in the undivided circuit or in the • 
equivalent inductive resistance would be by (352) 

cos, <j> = ■ or sin <f> = 



. • . tan = — 4- " 

The condition which makes the two branch currents 
equal, makes <f> = 45°. 

The current in the branch having no self-induction 
would be in unison with the E. M. F. of the undivided 
circuit, and 45 degrees in advance of the current in the 
undivided circuit. The resistance of the equivalent cir- 
cuit would be by (353) 

B 2 afiL\ 
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and the coefficient of self-induction would be by (354) 

When the currents in the two branches are equal, the 
maximum of the current delivered to the two branches 
will be 

Also tan <j> = 1 

B = % andi = ^ 

163. Graphical representation of a periodic current in 
a circuit having resistance and capacity. 

Equations (325) and (326) determine the current in 
a circuit having resistance and capacity where the E. M. 
F. is represented by Eq. (298). These three equations 
may be written 

E=E a sinwt (298) 

i=l8in(wt+ $) (325) 

where 

1= E ° 

/ i 1 
V& + -ICT 

tan + = zm (326) 

The equation for I may also be written 
El = E? 1 2 + P 

This equation like the cor- 
responding one for a circuit 
having resistance and capac- 
\cV \_iej, ity, may be represented by 
^/ x^-^"* * ne sides of a right-angled 
triangle, of which E is the 
'e, hypotenuse, and It I and 

>^ I 

"y>t — - are the sides. The term 

Fig. 117. R I represents the part of 
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the impressed E. M. F. which maintains the current 
in the resistance H and —^represents the part which is 

required to balance the back E. M. F. of the condenser. 
If <£ represent the angle of advance of I on E then in 
Fig. 117 we have 

tan + = Ao 
which satisfies (326). 

Dividing the side It I by H we obtain a vector 1 which 
will be greater or less than It I as It is less or greater 
than unity. As the triangle revolves about the point of 
the angle <f> with an angular velocity ©, the projections of 
E and I on the vertical axis are continually represented 
by equations (298) and (325). The difference between 
this case and the one representing a circuit having 
resistance and self-induction as shown in Figs. (105) and 
( 106), is that the vector I is in advance of E in this 
case, while there it was behind E . 

The general equation for E. M. F. in a circuit having 
resistance and capacity is given in (282) which is 

Substituting for E, i and Q the values which characterize 
a periodic current, we have from (298), (325) and (338), 

E=- E sin wt = R Isin (a>{ + <j> ) jr cos ( cu * "1" $) (355). 

This equation shows that the two terms of the final 
member differ in phase by 90°, since they involve sin and 
cos of the same angle. E sin cot is the projection of E 
on the vertical axis of Fig. 117. This projection is 
evidently equal to the difference between the projections 
of the other two sides, which is what the last equation 
asserts when mt is less than 90°. 

If cot be made 90° the last equation will become, 

E a = R I cos d> + —r, sin 4> 
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which equation also satisfies the conditions of Fig. 117 

when the triangle is revolved into this assumed position. 

Equation (355) is, therefore, precisely analogous to 

Eq. (345) in which self-induction was discussed, and' 

- (T = — — jy cos {cot — $ ) represents the part of E re- 
quired to balance the potential difference of the con- 
denser, at any time determined by I. 

In a circuit having a resistance of 4 ohms, an angular 

2 7T 

velocity of a> = ^_ = 735.4 ra dians per second, if 
there is to be an advance of 75°, the capacity must be 

C= * x 



w B tan <£> 4 X 785.4 X 3.732 
= 0.000,085,3 farads. 

These are the conditions assumed in section 154. The 
periodic E. M. F. of Fig. 102 would then be obtained by 
substituting the values of section 154 in Eq. (355) which 
becomes 

E = 4 X 77.7 sin {„,t + 75) - 77 ' 7 cos <>* + 75) . 

785.4 X 8.53 X 10~ 5 

= 311 sin (wt + 75) — 1159 cos (wt + 75). 

This equation should be compared with Eq. (346) which 
represents the similar case in self-induction, and from 
which the curves of Fig. 108 were computed. When the 
last equation is multiplied by 

i= 77.7 sin (<ot + 75) 

the first term of the resulting equation for Ei will repre- 
sent the power which is being applied to heat the circuit 

JTJ 

at any given instant. This is represented by. curve — 

(Fig. 103 ) . The second term represents the power that is 
being stored in the condenser at any instant, and is repre- 
sented by the curve marked -~ in the same figure. 
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164. Effect of Varying Resistance. 

If . the resistance of the conductor leading to the con- 
denser be decreased to zero the angle of advance becomes 
(by 326) 90° and the vector representing maximum cur- 
rent becomes 

I=E mC. 

When R = oo 
the angle <£ is zero 
and 7=0. The 
equation for max- 
imum current may 
be written 

P + IZRWC 2 
= EluflC 2 

It, therefore, 
follows that E Q co 
O of Fig. 118 is 
the hypotenuse of 
a right-angled tri- 
angle of which / andi Ra> C are the sides. The cosine 
of the angle between E Q co C and I R a> G is 

IB 




Fig. 118. 



COS <f> 



E n 



This triangle is, therefore; similar to the current triangle 

of Fig. 117, in which the hypotenuse and the side bound- 

E 
ing the angle <j> are respectively -5 and I and where, 

RI 
therefore, cos <j> = -p- . It follows -that if the current, 

triangle be placed with the vector E vertical and if 

E a>Cbe drawn 90° in advance, then /will be a common 

side in these similar triangles (Fig. 118), and that it 

will be a common chord of two semicircles drawn on 

E a 

w and on E eaCas diameters. 

■pi 
If R decreases, the vertical diameter —1! increases and 

R 
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the horizontal diameter E a> C remains constant. The 
current 1 will increase to J2 a> (J when R = and the 
angle of advance of / will increase to 90°. In the cor- 
responding case in self-induction the current and angle 
of lag were affected in this way by a decrease of R. 
(See Figs. 109 and 110.) 

On the other hand if a> or O be increased in the case 
represented by Fig. 118, the effect on / and on the angle 
of advance is the same as would result by decreasing a> 
or L in Figs. 109 or 111. In theformer case increasing 
a> or O decreases the angle of advance and increases the 
current. In the latter case increasing R or L increases 
the angle of lag and decreases the current. In both 
cases decreasing R increases the current, but in Fig. 118 
this will increase the angle of advance while in Fig. 109 
it will increase the angle of lag. 

By (326) it is evident that if the angle of advance is 
to remain constant while R and O vary, the product R C 
must remain constant. By equation (302) if the angle 
of lag is to remain constant while R and L vary, the 



ratio _ must be kept constant. 



Similar relations in* 



volving to and any of the other quantities will be appar- 
ent on inspection of these two equations. 

165. Conductors having resistances and capacity in 
series. 

Suppose the maximum current 
be given, and we are required to 
find what must be the maximum 
E. M. F., J2 , which will main- 
tain the current through resist- 
ances and capacities R x C\ ; R 2 C t , 
etc., in series with each -other. 
In Fig. 120 draw the line ~6~I 
to represent the maximum cur- 
rent flowing. From OlayofiRJ 
and at its end erect a perpendic- 
ular _ — Close this triangle by 




Fig. 119. 
Resistances and Capacities . ^ l * 

in Series. a diagonal. 



It will represent 
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the value E\ required to maintain the current through 
the first resistance i?j with a capacity C r Lay off on 01 
an aditional length representing RJ. and at its end 

erect a perpendicular - P — -| . Then R„I is the 

E. M. F. required to maintain the current in the wire or 

resistance R a and — — is the part of the impressed E. M. 
G 2 (» 

F. E' , required to balance the condenser potential. The 




Fig. 120. Resistances and capacities in series. 
E. M. F. E'\, is represented by the diagonal of the tri- 
angle of R 2 1, and -p— is the impressed E. M. F. re- 
quired for the second resistance and capacity. Proceed 
in this manner until all the capacities and resistances 
have been included. The diagonal E which closes O 
with the remote end of the last diagonal, will, be the 
value of E required. 

The circuit having one resistance and a single con- 
denser which will be equivalent must have an E. M. F. 

I 1 _ I 



triangle whose sides are R I ■■ 



II R and —?y = — 2 7 
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The resistance must be the sum of the separate resist- 
ances, and the reciprocal of the equivalent capacity must 
be the sum of the reciprocals of the separate capacities. 
The angle of advance would be determined by the 
equation 

tan * = ^ZRIG 

If the triangle Fig. 120 be revolved about O as has 
been explained, the simultaneous projections of I and E 
will give the values of i and E at any instant, in accord- 
ance with equations (325) and (298). 

If the impressed E. M. F. be given, and we wish to 
find the current through a series of condensers and 
resistances, we may proceed as follows. Assume any 
current /, and find as has been just explained, the im- 
pressed E which would produce this current in the given 
system. Then will 

Assumed I required I 

Computed E g ~~ given E 
Suppose we have resistances -Bj = 0.1, i? 2 = 0.2 and 
i? g =0. 4 and the current maximum is / =20 amperes. 

20 
The amperemeter reading would be — == amperes, this 

being the virtual current. The resistance of the equiva- 
lent coil would be 0.7 ohm, and the E. M. F. E' 
required to maintain this current through the resistance 
of the circuit is E' = / 2 i? = 14 volts. The power de- 
livered to the system and used in heating the resistances is 

- I 2 2 R = 140 watts. 
2 

The E. M. F. required to balance the potential of the 
equivalent condenser would be E " = — 2 -jt . Sup- 

2 7T 

pose a> = — rp— = 800 radians per second, C 1 = 0.00005, 

C 2 =0.00007, C 3 = 0.0001 farad. Then the tangent 
of the angle of advance of ion E will be 

tan d> = =8.11 

v 800X0.7X0.00022 

4> = 82°58' 
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The E. M. F. required to balance the condenser 
would be 

20 / 100,000 



E" n 



80U 



/ 100,000 \ 
{ 22 ) ~ 



113.6 volts. 



The angle at O (Fig. 120) being cf> we have for E the 
value 



E n 



113.6 



113.6 



= 114.4 volts. 



sin <j> 0.9925 

These results are substantially the same as those com- 
puted for a similar case in self-induction in section 160. 
Additional power computations there made should be 
consulted. 

166. Resistance with capacities in multiple circuit. 
Let a series of known resistances -R lt R 2 , etc., having 
condensers with known capacities C lt C 2 , etc., be con- 
ic, 




Fig. 121. 
Resistances with capacities in multiple. 

nected in multiple, as in Fig. 121, and let the maximum 
voltage at the points of division of the circuit be E Q . 
We ai-e required to find the equivalent circuit. 

We will first take two resistances. Draw the vector 
E and describe a semi-circle upon it as diameter. The 
angles of advance in the two circuits are 

lanfc= n p , tan<ft 2 = „ D (356). 



C& 



■O.B, 
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The vectors 7 2 and 7 2 can be then drawn, since their 
direction is known. The chords H y J lt R^ of the semi- 
circle are determined by the equations, 

E' = Ri 7 X = E cos <k 
E" =RzIz = E cos <£ 2 (357). 

These values E\ and E" represent the part of the E. 




Fig. 122. 
Resistances with capacities in multiple. 

M. F. required to balance the condensers. We have, 
therefore, in known terms 
•pi 

Il== R ± C ° S *'* 



I 2 = -£cos<t> 2 - 



.(358). 



The projections of i", I 3 and E on the vertical axis Fig. 
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123 represent at any instant the currents in the branches, 
and the periodic E. M. F. We have for these currents 

?'i = I x sin {u,t + fa) 

in = Is sin {cut + fa) 




Fig. 123. 
Resultant of component currents. 

The sum of these currents will represent the current 
in the undivided part of the circuit, or 

* = »i + * 2 = h sin {cut + fa) + h sin {cut + fa). 
Since the sum of these projections, is equal to the 
projection of 7, which is the trigonometric sum of I t and 
I 2 we have 

i = Isin {wt + <j>) (359) 

where <f> is the angle of advance of the vector I. This 
equation has the same form as (349). In order to deter- 
mine / and <p from Fig. 123, 



I=V Jl+ll +2 III, cos (fa 
which gives 1 in known terms. 



<h)- 



.(360). 



Also 



cos (<£ — fa) 



_I\ +P — If 



2I 2 I 



which by (360) becomes 

COS (* - fa) = l2+I l CQ S {fa-fa) 



.(361) 



Vl\ + ZJ + 2/, I 2 cos (^ — fr)' 
which determines fa. 

Knowing <£ we may determine the resistance of the 



20 
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equivalent circuit. From the E. M. F. triangle (Fig. 
122) we have 

B I = E cos 4> 

.-. B = ^a cos <j> (362) 

and for the capacity of the same circuit we have 
-L=E,sin<$> 

-•• C = J . , (363). 

w JiiQ sm <p 

Example. Suppose the maximum potential on the ends 
of the divided circuits to be E Q = 1 20 volts. Let a> = 800 
radians per second, and for two branches let i?j = 0. 1 ohm, 
i? 2 = 0.5ohm, 1 = 0.00078 farad, C\ = 0.00052 farad. 

Then by (356) 

tan & = 800X0.1X7.8X10-« = 16 -° 2 

.■.<j) i = 36°2V 

tan *» = 800 X 0.5 X 5.2 X 1(H = ^ 

fa = 78°14' 

This determines the direction of vectors I x and I r 
The chords Ji^ and 1>J 2 are then by Eq. (357) 
E' = B\h = 120 cos 86°26' 
E" = Bth — 120 cos 78° 14' 



By (358) 



or A' = 7.465 volts. 
.£„" = 24.471 volts. 



7.465 „, „_ 
ii = — - — = /4.65 amperes. 

24.471 
h = -jr-= — = 48.94 amperes. 



By ( 361) we have as in the similar case in section 162 

1=123.29 amperes. 
Similarly by (360) and (362) we have as in section 
162 

$ =- 83° 14' B = 0.1147 ohm. 

By Eq. (363) ' 

123.29 



C 



800 X 120 sin 83°14' 
0.00129 farads. 
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The current in the undivided branch is then at any 
instant 

i = 123.29 sin (cot + 83°14') 
and the currents in the two branches will be 

*, = 74.65 sin (wt + 86*26') 
•k = 48.94 sin (cot + 78° 14'). 

The equivalent circuit being thus determined, it may 
be combined with a third, and this resultant may be com- 
bined with a fourth, until all the multiple circuits are in- 
volved. Thefinal equivalent may then becombined with any 
number of sections or parts of a circuit in series with 
the divided circuits any of which may be equivalents of 
more complex systems. The method of doing this has 
been fully explained. 

167. Special Cases. 

If as in section 162 we have a divided circuit, the cur- 
rents in the two branches will be 

i\ = — ° — . sin (cot — <&,) 



where tan tf> 1 — ■ „ ' 



- sin {cot — <£ 2 ) 



a 



where tan <f> 2 = — 5- 

If the resistance in the first circuit be H x = and the 
self-induction in the second circuit be £ 2 = 0, these equa- 
tions become 

i, = ^2 sin (cot — 90°) 

tan </>! = 00 

• %o ■ 

i 2 = -~ sin cot 

-«2 

tan cp 2 = 0. 

The second circuit will then be in unison with the im- 
pressed E. M. F. and the first circuit would lag 90 c . 
The average and likewise the virtual values of these 
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currents would be equal if R 2 = a> L v a relation which 
would, therefore, hold for a definite value of a>, or for a 
definite speed of the alternator. No heat would be 
generated and lost in the circuit having only self-induc- 
tion, no iron core being present, but energy stored in this 
circuit would be wholly reclaimed, during each period. 
The total maximum current supplied to the two 
branches would be (350) 

which when R 2 = a> L l becomes 

The angle of lag in the equivalent circuit would be 
determined by the equation (352) 

iuL, 
cos A == , 

Vli% + w 2 L\ 

which when R 2 = a L x becomes 

cos = — =r or <j> = 45°. 
V * 
The resistance of the equivalent circuit becomes (353) 

When R 2 = to L l we have R — -£ 

The coefficient of self-induction becomes (354) 

R 2 
L — 2 T 

Rl+ vfiL\ djl 

which when R 2 = a> L 1 becomes L = _i. The pupil may 

discuss the similar case for circuits having resistance and 
capacity. 

168. Circuits having resistance self-induction and 
capacity. 

The solution of the general equation for this case is 
deemed too difficult for the grade of instruction for which 
this treatise is written, but the results of such a discussion 



§ 168 



ALTERNATING CURRENTS. 



309 



may be reached from a discussion of the triangle of 
E. M. F.'s in circuits having resistance and capacity, 
and in circuits having resistance and self-induction. 

The E. M. F. which maintains the current in the resis- 
tance Ji is represented by a vector H J. The direction of 
this vector changes through 360° in a time T. The pro- 
jection of this vector on a fixed line with which it coin- 
cides twice at equal intervals in the time T, represents the 
periodic changes in the value of that part of E which 
maintains the current. The E. M. F. which balances 




Fig. 124. 
Phase in the equivalent circuit. 

the self-induction E. M. F. of a coil is L to I. This 
E. M. F. is advanced 90° ahead of the vector El. The 

E. M. F. required to balance the reaction of the con- 
* r 

denser is , and this E. M. F. is also directed atright- 

angles to R 1, but in a direction opposite to L a> I. The 

difference between L<*> 1 and — ^ represents the result- 

o) U 

ant E. M. F. which must be balanced by the impressed 

E. M. F. in maintaining the current / through the 
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resistance R. Whether the impressed E. M. F. , F will, 
therefore, be in advance of or behind/ will depend upon 

whether _— is greater or less than L a> I. Calling the 

tangent of the angle of advance positive we shall have 

— — L to I , T 
tan a, _ Cw = _J J^L (364). 

From the resultant triangle we shall have 



or 



1= , E " 2 (365). 

When O = oo which is the same as when there is np 
condenser in the circuit, this equation becomes identical 
with (306). When L = it becomes identical with 
(328). 

The current at any time t is, therefore, 



/ 



v * + {h- L ~ m ) 



^— sin (wt + <!>') (366) 



where <f> is determined by (364) and becomes positive or 
negative, according to the relative value of the two terms 
in the left member of that equation. If 

-tJ- =Lo (327) 

C to 

there is neither lag nor advance. The current will be 
in unison with the M. M. F. and 

i = — i sin wt. 

JX 

This condition of unison is identical with equation 
(327). 

If we have a circuit of fixed resistance It, connected 
with mains having a fixed potential F and supplied from 
an alternator running at constant speed, then / may be 
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considered as a function of C and L. The way in which 
1 depends upon these quantities is represented in Fig. 
125, which represents a surface of which (365) is the 
equation. The vertical ordinate of the surface represents 
the value of /for co-ordinate values of L and (J. The 
axis L lies in the surface, since when (7 = in (365) 
1 = 0. A condenser of zero capacity in a circuit, simply 
means an open circuit. The Axis O does not lie in the 




Fig. 125. 
Surface of which vertical ordlnates are maximum current, and the 
other co-ordinates are capacity and self-induction coefficient. The 
. maximum line of the surface is a condition of unison of current and 
E. M. F. 



surface, but the surface intersects the plane of / O, in 
a curve the equation of which is obtained from (365) by 
making L = 0, which is Eq. (328). This curve is shown 
dotted in Fig. 125. The maximum points on the sur- 
face are determined by (327) which may be written 

L0 = i (327). 

This is the equation of an equilateral hyperbola shown 
on the plane L. C. of Fig. 125. The ordinates of the 
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surface which originate in this line are all equal to the 
fixed value —2. 

Mil 

The front section of the model shown in the figure 
corresponds to values of / which may be computed from 
(365 ) if U = 1200 volts, B = 4 ohms, w = 800 radians 
per second, and L = 0.005 henry, if the computed values 
of / for various values of . (J be plotted to a scale in 
which the maximum vertical ordinate represents 300 
amperes while the corresponding value of G y = 0.0003 
farad. When C = oo the ordinate of this curve is rep- 
resented by 

1 _ 1200 

~~ i/(4) 2 + 800 2 (0.005) 2 

as is easily seen by making the substitutions indicated, 

in Eq. (365). This locates the asymptote drawn on the 

front face of the model. The asymptotes for sections 

parallel to this, intersect the plane L, I in a curve the 

equation of which is obtained from (305) by making 

C = co. This curve is drawn on the plane of I L m 

the figure, and its equation is (306). The section on the 

right of the model corresponds to a value of O = 0.005 

farad drawn to the same scale. 

It is evident that a given surface such as is shown in 

Fig. 125, is completely characterized by the values of 

-Z? , Ii and o). The height of the maximum ordinate is 

E 

jr The locus of the maximum ordinates is determined 

by the condition — - = = L U. The slower the 

o) 1 47H 

speed of the alternator, the further the hyperbola L C 

will be from its asymptotes, and the less critical will 

be the character of the sections at the maximum 1. 

By means of Eq. (364), we may write (365) 

i=4° 



2i V 1 + twn? <f> 

This equation shows that a condition of constant #, 
whether representing lag or advance, is a condition of 
constant current. Lines on the surface joining points 
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of equal current will be lines of equal 0. This equa- 
tion may also be written, 

, , , -y/El — ltW ,„ r7 » 

<an0 = ± „ T {obt). 

Jii 1 

The equation then shows that if a plane parallel to the 
plane L, C, and on which I is constant be passed 
through the surface, the intersections of this plane with 
the surface will determine two equal values of having 
opposite signs. One corresponds to a lag arid the other 
to an advance, of current on E. M. F. When E Q = 
li I the plane is tangent to the surface in the hyperbola 
whose equation is (327), which determines the maximum 
/. There is then neither lag nor advance. 

We may examine the intersection for smaller values of 
/ by writing Eq. ( 365 ) in the following form 

i Vei — &i» 

—= L w z = J^ w -- 



G ~^~ I 

For I constant, this is the equation of two hyperbolae, 
which have the axis L as a common asymptote, since 
when O = 0, L must be infinite, We may locate the 
other asymptote by making U = <x> and we have for the 
position of the other asymptotes, 



V El — JPP 



.(368) 



which by (367) becomes 

L a = — — tan (369). 

CO 

We have assumed that a positive value of (an <j> cor- 
responds to an advance. If the angle of advance is to 
be 45° the asymptote of the hyperbola will be determined 

by 

A,--— • 

(0 

If the angle of lag is to be 45°, the asymptote to this 
curve will be 

w 

When = the axis C is the asymptote as we have 
already seen. 
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In order to determine the value for the rectangle of 
the co-ordinates of any one of these hyperbolae, referred 
to its asymptotes, we may in general make this value 
equal to K. We have then 

C (L — — tan <£) = K. 




Fig. 126. 
Lines of equal current and lag. They are contour lines on the sur- 
face shown in Fig. 125'. ' 

Substituting for tan $ its value from Eq. (367) this 
equation may then be put into the form, 



This equation will satisfy the equation of the surface if 



K = 



These hyperbolae are, therefore, all exactly 
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alike, and like the one corresponding to maximum /, Eq. 
(327) the rectangle of the co-ordinates referred to the 

asymptotes is. — - . 

In Fig. 126 the hyperbola marked j> = 0, has for its 

asymptotes the axes of C and L. The one marked <£ = 

— 45° is drawn to represent a lag of 45°, in a circuit where 

u) = 800 radians per second, and It — i ohms. Its 

R 4 

asymptote is determined by L a = + — == -tjttt, = 

0.005. The asymptote for the curve representing an 

angle of advance of 45° is determined by L a = = 

= — 0.005. These three lines are contour lines 



800 

on the surface represented in Fig. 125. The line </> =0, 
lies on the summit of the ridge, and the other two cor- 
respond to an altitude above the plane of L, C of. 

7 = ^o _/L_ __^o_L 



R V 1 + tan* (f> •# Vi 

The part of the surface corresponding to negative values 
of L has no physical meaning, but is mathematically 
useful in locating the asymptotes corresponding to an 
advance. 

The pupil will observe that on the opposite side of the 
axis .£, corresponding to negative capacity, the surface 
continues in a symmetrically inverted form so that in- 
tersecting planes parallel to the L, O axes, cut from it 
the companion branches of the hyperbolae which enter 
the solid angle corresponding to positive values of 1, L 
and U. 

It will be observed from what has preceded that if the 
speed of the alternator becomes less, the hyperbolae will 
all recede from their asymptotes , and the asymptotes for all 
values of <£ greater or less than 0, will recede from the 
axis C. The value of the maximum current, will, how- 

13 

ever, remain —5- . The summit of the ridge represented 

it 

in Fig. 125 will then be less sharp. This condition, 
however, involves larger machines for a given output. 
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Fig. 126 also shows that large capacities are desirable. 
The contour lines are then far apart, and the conditions 
of operation are far less critical than when it is attempted 
to get maximum currents with large self-induction and 
small capacities. 

169. Equivalent Circuits. 

From the last section it appears that in an alternating 
system having resistance, self-induction and capacity, we 
may substitute an equivalent circuit which will give the 
same current and angle of lag, or advance. If the cur- 
rent is in advance of the E. M. F. we may substitute a 
circuit having the same resistance, no self-induction and 
some definite capacity, which we shall proceed to deter- 
mine. The equation which determines this capacity (J is 

1 1 T 

from which 

° = i-% L y < 370 >" 

This condition will reduce Eq. (365) to the form of 
(328); Equation (370) really determines where any 
hyperbola corresponding to an advance, or to a positive 
value of </>, crosses the axis U, in Fig. 126, when the 
co-ordinates of any point on the curve are given. 

In a circuit where C, = 0.00016 farad; L 1 = 0.005 
henry; and co = 800 radians per second, the capacity re- 
quired if there were no self-induction, to give the same 
current and advance would be (370) 

c 0.00016 

~~ 1 — 0.00016 X 0.005 X 640000 
= 0.00032 farad. 

Eq. 370 shows that if G x L x a? — lthe capacity of the 
equivalent circuit must be infinite. The given circuit 
satisfies the condition <f> — 0, and this result is, there- 
fore, in harmony with the previous equations. 

If (370) should yield a negative value of C, it would 
indicate that there is a lag in the current, instead of an 
advance, as the equation assumes. The equivalent circuit 
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Instead of (370) we 



must be one having self-induction, 
must write 

L id = L x w — -= — 

0lL = L i-ic 1 < 371 >- 

This condition reduces Eq. (3G5) to the form (306). 
This equation determines the asymptote of the curve 
which is parallel to the axis C. It determines what self- 
induction would be required to give the same current and 
lag if the capacity in the circuit were infinite, or if there 
were no condenser in the circuit. Under the conditions 
in which (370) applies, the equivalent capacity G will be 
greater than O v Under the conditions assumed in ( 371 ) 
the equivalent self-induction L, will be less than L v In 
either case the equivalent circuit for a given speed will not 
be equivalent at any other speed. 

In a circuit in which L x = 0.00532 henry, O = 0,005 
farad and w = 800 radians per second, 

L = 0.00532 . 

0.005 X (800)2 

= 0.005 henry. 

If to = 400 the equivalent inductance in the same circuit 

would be 0.0041 henry. 

170. Determination of L for a coil. 

A coil having 221 turns of wire 
which have an average diameter of 
27 centimetres, the wire being wound 
in 13 layers of 17 windings each, was 
connected to supply mains, the cur- 
rent being measured by a Siemens 
dynamometer. A Cardew volt-meter 
connected across the mains gave a 
virtual voltage of 51.7 volts. The 
maximum voltage was then \/2 E v = 
U = y 2 X 5 1 . 7 . The current in the 
Siemens dynamometer was 2.85 which 
gives a maximum current of ]/2 
X 2.85 amperes. The resistance of the coil was 1.81 
ohm. The alternator was a 16 pole machine, the anna- 
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ture making 16.6 revolutions per second. Since there 
are then eight periods in each revolution, the number of 
periods per second is 133. The angular velocity a> is then 
2ttX133=£o. We have by Eq. (306) 

51. 7 -f/2 

2.85 j/ 2 = j/( 1#81 )ii + (2 * X 133 X -L) 2 
It is evident that the readings of the voltmeter and 
ammeter may be substituted for the maximum values of 
Eq. (306) since j/ 2 cancels from the equation. Solving 
the equation for L we have 

L = 0.021 henry. 
In the determination, the resistance of the Siemens 
instrument was negligable. The value L includes the 
value of L for this instrument, but it is also very small. 

171. Attraction and repulsion between alternating cur- 
rents. 

In Eq. (181) we have determined that the magnetic 

force at a distance r from a straight current i, is — . The 

line of direction of this force is tangent to the circle 
whose centre is at the centre of the wire and whose 
radius is r. The direction of the force itself is depend- 
ent upon the direction of the current. 

In equation (221) we learn that a current i in a field 
of strength H tends to move across the lines of force 

P 

being urged by a pull of — = Hi dynes per centimetre 

of its length, where II and / are in C. G. S. units. If 
two parallel wires, carrying currents i x and i 2 have cur- 
rents in the same direction they are urged towards each 
other. Each tends to move across the lines of force due 
to each other. If the currents are in opposite directions, 
they are urged apart. The attraction of each wire on a 
running centimetre of the other is evidently 

^=V' 2 < 372 )- 

This attraction has a negative sign when the currents are 

in opposite directions. If the currents are equal the 

2 f* 
attraction or repulsion becomes 
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If the currents are alternating and vary according to 
the law of sines we may make 

ii = 7, sin (<«, t — (j}i) 

i-2 = h sin (<«2 1 — ■ <fc). 
The case of practical importance is where a> 1 and <u 2 are 
equal. This would cover any case where the currents 
are directly or indirectly obtained from the same alter- 
nator, or from different machines having rigidly coupled 
shafts. These values of i^ and ? 2 being substituted in 
(372) we have 

2 
A = — - Iil 2 sin(<ut — fa) sin (wt — <£ 2 ) (373). 

It is clear that this force will in general be repulsive 
during part of a period and attractive during the remain- 
ing part. On account of the fact that the wires have a 
considerable mass they do not ordinarily vibrate as a 
whole. They tremble and emit a musical sound, the 
pitch of which is determined by the frequency of alter- 
nation. The resultant attraction can be found by the 
method explained and used in sections 131 and 148. 
The average value of A during a semi-period while the 
arc varies from o to n is 



2 1 
Av. A = — 1-2 h — | sin (wt — cf>{) sin (<«( — <£ 2 ) todt. 



Calling/" (wl) the quantity under the integration sign? 
and developing the circular functions 




— s <f>i sin <f>2 I sin o>t cos u>t wdt 
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The two final terras of this equation are zero (section 
148 ) . The other terms have the value 

I f (a>0 uidt = -~ (cos 0i cos 02 + sin 0i sin 02) 

I\ h 

.-. Av. A = —^- cos (0i — 2 ) (373). 

When X = 2 the average A becomes ' 2 , and when 

r 

the two currents differ in phase by 90° it becomes zero. 
The currents attract each other during half of the time 
of a period and they exert an equal repulsion during the 
other half. A shunt motor in which the current in the 
field lags greatly on that of the armature, approaches 
this condition. 

The power curve Ei of Fig. 101, each ordinate of 
which is the rectangle of simultaneous ordinates of curves 
E and i of Fig. 100 illustrates the manner in which the 
attraction between two wires will vary during a cycle, 
when they are traversed by currents of the same fre- 
quency of alternation but in different phase. 

172. Electrodynamometers. 

The attraction and repulsion between currents is utilized 
in electrodynamometers. In the Siemens instrument a 
fixed coil has its plane parallel to the magnetic meridian. 
A movable coil whose centre coincides with that of the 
fixed coil has its plane at right angles to the former. Its 
terminals dip into mercury cups, and the force tending to 
turn the movable coil into the plane of the fixed coil is 
balanced by the torsion of a helical spring. The number 
of degrees of twist required to hold the movable coil in 
its zero position is read. The currents in the two coils 
are equal, and they are in the same phase when they are 
coupled in series and used as an ammeter. 

Let H represent the average strength of the field 
occupied by the movable wire, and I the length of 
movable wire acted upon. 

Then B=Ki 

where K depends on the number, shape, and position, of 

the windings of the fixed coil. Then by (221) 
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Let r be the arm on which the force acts, then the 
moment of the force will be 

A r = Kr I i 2 . 
If the torsion head has been turned through an angle d, 
the moment of the force of torsion is a d, where a is a 
constant for the spring. Then for continuous currents 

or t =j/ c' ■y/'E = c -j/5. 

For alternating currents the readings 3 are, therefore, 
determined by the average values of i 2 or 

r* 

<j — -p- Isin 2 (a>t ± $) wdt 



■—— Ism 
Jo 



where c' is a constant. 

As we have just determined in the last section, this 
value is 

d=z 2G' 





I 2 

... v= c ' 3 


and 






I 




1/2" - lv ~ 


It must be 


remembered that i, 



-c |/« )374). 

is not the average current, 

2 2 

which would be _ I where - is the average sine. The 

7T 7T 

value i v is proportional to the square root of the average 
(sine) 2 , which is —7=-. We have already learned that 

the heating effects of a current or, R i 2 , are also propor- 
tional to the average (sine) 2 (see section 149). This in- 
strument, therefore, determines directly the particular 
function of an alternating sine current, upon which its 
heating and dynamic action depends. 

If the instrument has been calibrated to read amperes 
with continuous currents, it will read virtual amperes 

21 
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with an alternating current. Multiplying this reading by 
l/2~and we have the maximum current, 1, upon which 
so much of our previous discussion has been based. In 
Lord Kelvin's ampere balances, the attractions and repul- 
sions between fixed coils and movable coils, are balanced 
by the moment of a sliding weight. There are two scales 
which may be read. One is a scale of equal divisions, 
and determines moments. The other scale reading is the 
doubled square root of the former, and its indications are 
proportional to current. 

173. Determination of Phase-difference. 

Blakesley has used the Siemens dynamometer for 
determining phase-difference in branching currents, or 
between the primary and secondary circuit of a trans- 
former. 

Let the maximum currents in the two circuits be i", and 
I 2 and let d 1 and d 2 be the readings of the dynamometer 
when placed in these circuits. Then from (374) 



I 2 

-i — c 2 <5 
2 l 



I 2 

-4 — <?5 

2 2 



.(375). 



Now loop one of the coils of the dynamometer into cir- 
cuit 1 and the other into circuit 2. As will be seen from 
Eq. (373) we shall then have 

~ cos (ft — <j») = # <S 3 (376). 

By Eq. (375) 

1\ I\ = 4c 4 ^ 2 
.-.by (376) 

cos (0! — <fe) = S l_ (377). 

V Si S 2 

If three instruments are used, they may be read simul- 
taneously. Their constants c will not then in general 
cancel from the equation. 

A dynamometer having no appreciable resistance or 
self-induction in circuit indicated 30° or 10 amperes vir- 
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tual. Then I t = 10 j/2. The constant for this instru- 
ment was then c 2 = 3 -. 

Placed in circuit 2 the scale reading was <? 2 = 18°. 
Then 

T2 J2 

=£- = 100 and =g- = 60. 

When the connections demanded by Eq. (376) were 
made the reading was 8 a = 12°. .-. -J — *. cos (# x — <£ 2 ) 

= 40 

40 
-•. cos (<f>i— fa) =■ , ' = 0.517 

V 6000 

fa — fa = 58°54' 
174. Power required to drive an alternator. 

We shall discuss the case of the revolution of the cir- 
cular wire of Fig. 87. This may be considered as one 
of the wires of an alternating armature. We have made 
a similar discussion of the continuous current dynamo in 
section 126. 

We shall take the zero of angle when the plane of the 
coil is at right angles to the magnetic meridian instead of 
in the magnetic meridian as was done in discussing Fig. 
87. The E. M. F. is then zero. The angle determin- 
ing the position of the coil which we then called co we 
shall in harmony with our equations for alternating cur- 
rents, call at. The equation for current at any instant 
will then be, the same as is given immediately before Eq. 
(246), except that we shall assume a lag in the current, 
an d. increase the angle a of (246) by 90°. We have 
then for the current 

ZnnAH 

1 = V.JP+.W sin (a *- *> (378) 

= 1 sin (<«£ — <£). 

The element dm of the wire Fig. 87 projected on a ver- 
tical line through its lowest point will have ar length dm 
sin 6. This projection is at right angles to the lines of 
the field. The force that would urge such a vertical 
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element at right angles to the lines of force is the same 
as that urging dm, for it is cut by the same number of 
lines during a small motion in arc. The force thus 
urging this projection carrying the current i is by Eq. 
( 221 ) H i d m sin 6. 

The tangential component of this force is H i d m X 
sin cos (cut — 90°) = H i dm sin 6 sin cot. Since dm 
= R'd this may be written Hi R' sin cot sin Odd. Sub- 
stituting the value of i from ( 378 ) we have for this tan- 
gential force 

dt = HM' I sin (tut — <f>) sin cot sin Odd. 

It is evident that this force will be zero four times dur- 
ing a revolution, viz. : when mt = or 180 in which 
cases E = 0, and when wt = cj>, or $ + 180 in which 
cases i will be zero. This is due to the fact that we 
have assumed that the current lags on the E. M. F. 
During the interval when the signs of E and i are unlike 
this force will be negative. The wire will be urged as a 
motor in the direction it is going. 

The work done in moving the wire through an angle 
codt, in which case the force dT is exerted over an arc 
r a> d t = li'w sin 6 d t is 

cPw = H B' 2 I sin (a»£ — c£) sin tut todt sin 2 do. 

If we integrate this in between and 2 ir we shall 
have the work done in turning the wire through the angle 
(odt. We shall then integrate in tut between and it. 
This work of turning the wire through 180° is, therefore, 

f r 

w=H B' 2 I I sin (wt — <j>) sin tut wdt Ism 2 dB. 



C: r 

I sin (cut — 0) sin mt wdt Isin 2 . 
Jo Jo 



The integral in is equal to -it (see section 130). 
Expanding the other function it becomes 

f: r 

cos <fr Isin 2 wt wdt — sin <j> isin cat cos cot codt. 
Jo Jo 

Of these integrals the first is ~ and the second is zero. 
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The value of w becomes, therefore, 

W = 5 COS (p. 

The work required to revolve the wire through 360° 
is, therefore, twice as great, since the sweeping of the 
wire in an opposite direction across the total lines out is 
attended with a reversal of the current. The area of 
the wire circuit being vr R' 2 the work during one second 
with n revolutions will be 

P = it n A H I cos (f>. 

By reference to Eq. (244) we find that the maximum 
E. M. F.is 

H =27tnAH. 

Inserting this value in the last equation we have 

This equation is identical with (312) and (314). The 
pupil should carefully consider the physical conditions in 
these two cases, yielding the same result. If E repre- 
sent the maximum E. M. F. due to all the windings of 
an alternator, and I the maximum of the current deliv- 
ered, it is evident that the last equation represents the 
power required to drive an alternator. E g being in 
volts, and i" in amperes, the power will be given in watts. 

175. Fluctuation of power in alternators. 

Eeturning to the equation for power in the last section, 
and integrating only in 6 we have 

— = 2 -rz n A Hlsin (u>t — <£) sin wt. 

where &>has been replaced by 2-irn, n being the number of 
revolutions per second. By Eq. (244) this becomes 

— = E I sin (a>J — </>) sin tot (310). 

This equation is identical with Eq. (310), so that the 
curve marked Ei in Fig. 101 represents the way in 
which the power required to drive the armature of an 
alternator varies during a cycle. 
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It is clear that the various inductive resistances of a 
more or less composite character, which are in series 
with the alternator, form a chain of triangles similar to 
that of Fig. 113. The E. M. F. of the machine, is 
represented by the diagonal which closes the chain rep- 
resenting the entire circuit. The coefficient of self-in- 
duction L which we have discussed in connection with 
the power applied to a circuit fed from constant poten- 
tial mains, is that of a particular part of a circuit, and 
the lag is that due to this part. Any alternator circuit 
may, therefore, be represented entire, by a chain of tri- 
angles like those of Fig. 113. Where the circuit contains 
resistances in multiple, their equivalent is to be found 
either by carrying through computations like those of 
Section 161, or by an equivalent graphical solution such 
as is represented in Fig. 115. 

176. Tri-phased Systems. 

Let the wire on a Gramme ring be opened at three 
symmetrically placed points and similar ends of the 




tig. 128. 
Tri-phased generator with ring armature. 

three sections thus made be connected together as shown 
in Fig. 128. The other ends of the three sections are 
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carried to insulated metal rings on the shaft, from 
which by sliding 
contacts, currents 
may be led to 
three line wires 
connected to- 
gether at their far 
ends as in Fig. 
129. The latter 
figure represents 
a similar arrange- 
ment with a drum 
armature, in which 
three bars screwed 
to an end plate 
and thus electri- 
cally connected at 
one end have their 
other ends con- 
nected to three insulated contact rings 




Fig. 129. 
Triphased generator with drum armature. 



These bars 
represent three coils, each wound around the drum at 
angles of 120° from adjoining coils, the manner of wind- 
ing being like that of the Thomson-Houston arc-light 
dynamos.* 

In the Gramme ring shown in Fig. 128 the wire need 
not be broken. The three wires may be simply con- 
nected in at three equidistant points and carried to the 
rings. The three cross-connections are not then needed. 
The ordinary Gramme commutator may then also be 
used, from which continuous currents may be taken, and 
used, for example to excite the field, while alternating 
currents may be taken from the three wires. 

Each wire will be traversed by a precisely similar cur- 
rent if the resistances and self-inductions, are alike, 
but adjacent currents will differ in phase 120°. The 
currents 1, 2 and 3 for the positions shown in Figs 128 
and 129, are shown on the extreme right of the curves 
in Fig. 130. At the instant represented at the right 
of Fig. 130 the current in coil 1 is zero. That of coil 



* Dynamo-Electric Machinery. S. P. Thompson, 4th ed., p. 466. 
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3 is negative while that of coil 2 is equal to it and posi- 
tive. Calling cot = a the equations for these three 
currents may be written 

ti = I sin (a — <£) "J 

ii =Isin (a — <£ — 120) >.. 
is = I sin (a—(j> —240) J 



(379) 




Fig. 130. 
Representing currents of a triphased gen- 
erator, during a semi-period. 

where </> is the angle of lag of current on E. M. F. in 

circuit No. 1. 

The last two equations may be written 

ii = I Vsin (a — <£) cos 120 — cos (a — <£) sin 120 | 

is = I I sin (a — <£>) cos 240 — cos (a — <£>) sin 240 J. 

Since cos 120 = cos 240 = — — 



sin 120 — — sin 240 = — j/ 3 
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These equations become 

ii — Ism (a — <£) 

fe = s-7sin.(o — <£) — -g- sj. 3 cos (a — <£) 

1 1 — 

*3 — „— Isin (a — <£) -+- "o - V 3 cos (a — <£). 

It is evident at once that the sum of these currents is 
zero. Each of the three wires of Fig. 1 29 serves as a 
return wire for the others. A wire A B connecting the 
three line wires at their far end with the joined ends in 
the machine at B, would carry no current, which indicates 
that the sum of the three currents is zero, and that the 
points A and B have the same potential at all times. 

177. Power applied to an armature of a balanced 
triphased system. 

In sections 1 74 and 175 we reached an equation identical 
with Eq. (310) for the power which must be applied to 
an armature at any instant with an alternating service. 
This equation being applied to each of the three wires of 
a triphased generator we have, 

—J = E I sin (a — <&) sin a 
dt 

d p=E Isin(a — (f>— 120) sin (a — 120) ^....(380). 

d p. = E Isin (a — <j> — 240) sin (a — 240) 

These equations may be written 

— i- = E Q I (sin 2 a cos <f> — sin a cos a sin $) 

^L =E I [sin 2 (« — 120) cos § 

— sin (a — 120) cos (a — 120) sin <j> T 
^ = E I [sin 2 (a — 240) cos <j, 

— sin (a — 240) cos (a — 240) sin <f>\ 
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For further reductions we have 

sin (a — 120) = — — sin « — / — cos a 

1 /3 

cos (a — 120) = cos a 4- / — sin a 

v ' 2 1/4 

1 /3 

Sire (a — 240) = — — sin a + / — COS a 

2 K 4 

1 /3~ 

COS (a — 240) = — — COS a — / 7~ Sl ' w a 

Substituting these values in the last equations and re- 
placing cos 2 by 1 — sin 2 , 

dw\ _- -i 

-jj- = E I [sin 2 a cos <f> — sin a cos a sin <f> 

^_r,,[/3 1 . . . /8~ . ^ , 

— jr- z = JIiqI 1 ^- Sl/l'' a -\- y/ ~ sin a COS a I COS <p 

, (I /3~ /6~ . . 1 . \ . .1 

T 1 2 i/ ~i — l/ J" * a — 5" sm a cos a I sm * I 

dw* / 3 1 . , /S - . \ . 

— * == K„ 7 -; r- «»' a — t/ i- Sln a cos a I cos (!) 

4- f z^ - . i /r - i . \ . ,1 

~ I j/ — sin* a — S"|/ 7 q slm " cos a I sm 9 

It is evident from inspection of these equations that 
dwi dwi , dws 3 „ , 

-dT+-dT + iir=2- E <> IC0S< i> < 381 >- 

This represents the power required at any instant to drive 
the armature of this triphased generator. It is deduced 
from a consideration of the mechanical force required to 
move the wires carrying their fluctuating currents, in any 
given field of force at such a speed that the maximum 
values of E and i are IH and /(see sections 174 and 175). 
This power turns out to be constant, and the power is 
three times as great as the average power required to 
drive the armature of an alternator, having a single cir- 
cuit, with the same characterizing constants H and L as 
each of these three circuits have. See section 175 and 
Eq. (312). 

The power equations for the three wires (380) are each 
represented by a " " ! - TO - 



: Bq = BI* sin 2 (a — <f> — 240) 
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101, but each curve is 120° different in phase from the 
adjoining one, as in Fig. 130. The sum of the three 
ordinates at any instant during the period is constant, as 
Eq. (381) reveals. Having reached this interesting 
result, we may proceed to examine the power appearing as 
heat in the three circuits at any instant. 

178. Heat per second at any instant in a balanced tri- 
phased system. 

The resistance of each of the three circuits being R we 
have for the heat per second, expressed in watts, gener- 
ated in the three circuits ( see equations ( 379 ) ) 

^i = Ri\ = RI 2 sin* (a— <£) 

^ = Eq = EI 2 si?i 2 (a _ <£ — 120) ). (382). 

am 

d( „„ 3 — .... N _. T __-, 

Each of these equations represents a curve like the 

dH 
one marked -jj- in Fig. 101, each one lagging 120° on 

the one which precedes. 

These equations may be developed and handled pre- 
cisely as in the preceding section. It will thus be found 
that at every instant 

J f'+* + f 1 =!"■ < M3 >- 

Reference to Eq. (307) shows that this result is identical 
with (381 ). The sum of the ordinates of the three heat 
curves is, therefore, constant, and the same as for the 
three curves representing the power required to drive the 
armature. We might, therefore, infer that the power 
stored in the magnetic fields of the three circuits is zero 
at every instant, after the machine is running uniformly. 
The charge and discharge of individual circuits of the 
system continually compensate each other by a give and 
take process. We proceed to examine this part of the 
operation. 
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179. Total power stored in the magnetic fields of a 
balanced triphased system. 

The power stored in the self-induction of each circuit is 
dw' . di 

~dT = Ll dJ- 

We have, therefore, the following equations : From 
(379) 

i\ = I sin (ait — </>) 

i 2 = I sin (ait — tf> — 120) 

is =1 sin, (ait — (f> — 240). 

Differentiating these equations 

-r— = It) I COS (lilt <£) 

6tt \ TT/ 

— = ui I cos (wt — <f> — 120) 
etc 

-j- = oi I cos (ait — <j> — 240). 

Hence the power equations become 

-j— = Li\ —r— = ail 2 sin (ait — (£) COS (ait — <£) 

•Jp — Lit ^~=aiP sin (ait— 0— 120) cos(ait—<j) — 120) 

^p = Li a -^- = aiP Sin(ait— — 240) COS (ait—<f> — 2i0). 

Eeducing these equations by the method explained in sec- 
tion 177, we have at each instant, 

dw\ dw\ dw' s 

~dT + ~df ^ di 

The curve marked — °±- in Fig. ,101 is symmetrical with 

respect to the axis of arc. The sum of the ordinates of 
the three self-induction power curves is, therefore, not 
only constant but is always zero, as in the mathematically 
similar case of currents in Fig. 130. 

180. Electromotive force of an armature used for tri- 
phased and for continuous currents. 

If the Gramme ring shown in Fig. 128 be used for 
continuous currents, the connections being made on the 
usual collector, the E. M. F may be determined as fol- 
lows: — 

Let Z represent ' ' " v "' , - ,? J 
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to the armature, from the north or positive pole-piece. 
Let i\Tbe the number of windings on the ring, and n the 
number of revolutions per second. 

Each winding will cut Z lines twice during each revolu- 
tion. Since there are n revolutions, if this E. M. F. 
were continually in the same direction the E. M. F. due 
to each winding would be on the average 2 Z n. But the 
E. M. F. during one-half of the revolution is opposed to 
that developed during the other half. If the brushes be 
placed at the point where the sign of the E. M. F. 
changes, the E. M. F. of a winding will always be directed 
towards the same brush, during the entire revolution. 
The E. M. F. of the armature will, therefore, be due to 
the sum of the E. M. F.'s of half the windings, or 

E = 2ZnN =ZnN. 
2 

If the same armature be connected as in Fig. 128, the 
E. M. F. in each of the three circuits will be on the 
average that due to one-third of the total windings on 
the armature, instead of to one-half. The average will, 
therefore, be -J Z n JV. If the magnetic field be as has 
been supposed in this treatise, so disposed that E is a 
sine function, then the maximum E in each section will 
be 

2 3 3 

The current will then be determined by the resistance 
and self-induction of the three circuits. If they are 
equal, the discussion of the currents may proceed on the 
assumption that the three circuits are independent of 
each other, and that each is closed on itself by putting 
the several ends A. and B in metallic contact. 

181. Two-phased currents in quadrature. 

If the armatures of Fig.. 128 and 129 be divided into 
four coils, in which opposite coils are connected into one 
circuit at the armature we have diphased currents in 
quadrature. The four wires may be joined in one contact 
corresponding to the' point of union at the centre of the 
ring in Fig. 128. This will not change the potentials of 
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either circuit, since the potentials at these points are 
equal. The equation for the four currents will be 

ti = I sin (a — <£) 

i 2 = — I cos (a — <j>) 

iz = — I sin (a • — <\>) 

i\ = I cos (a — <£) 

The E. M. F. in each circuit will be 

E\ = E sin a 

Ei = — E cos a 

E» = — E Q sin a 

Ei = E cos a 
The power required to drive the armature against the 
electro-magnetic forces will be as in section 177 

— — = E I sin (a — <£) sin «. 

-^- = E I COS (a — $) COS a 

dW3 -, , . , ... 

— — = E I sin (a — <p) sin a 

dwi 
~dl 

The total power at any instant is then 
dwi dm , dw 3 dwi 

-dT + -dT+lir + -dT = 2E ° Icos(l> - 

4 
This may be written =- E I cos <f>. The power is the 

same for each current as in the case of triphased cur- 
rents, as was to have been expected, but of course the 
values of E and i" will have different numerical values 
from those of the same armatures used in triphased 
service. 

It may be observed that if two of the coils which are 
opposite each other be suppressed, as for instance coils 
2 and 4 of the last equations, we shall have for the 
power at any instant 

dwi dw 3 . _ _ . , ... 

— j— -\ — — = 2 E I sin (« — 9) sin a. 

ut Clt 

This equation is identical with Ei in (310) since B, in the 
circuit which that equation represents, is identical with 
2Ji in the present case. 



E I COS (« <£) COS u.. 



CHAPTEE X. 

IRON CORES IN ELECTRO-MAGNETIC SYSTEMS. 

182. Ballistic Galvanometer. 

As preliminary to the study of the modifying effects 
of iron and other magnetic cores we may examine the 
instruments. used in the study of these effects. 

If an instantaneous discharge of electricity flows 
through the coil of a galvanometer having a heavy 
needle, the first throw of the needle may be used to meas- 
use the quantity of the discharge. 

The kinetic energy of a rotating body having a moment 

of inertia /and an angular velocity a is w = - « 2 /. Then 

dw = I a d a, at any instant during discharge. Let a' 
represent the mean radius of the coil windings, and n the 
number of windings, the current at any instant being i. 
Then the strength of the field in which the needle is 

placed may be taken as — 

a 

The moment of the magnetic needle being Im = M the - 

moment of the force acting on the undeflected needle is 

2vni M. Call this quantity B i. Then 
a' 

Iada=Biadt 

or 

I d a = B i dt. 

If we suppose the discharge to take place before the 
needle has moved, then we may integrate this equation. 
Calling Ci dt = q, the total quantity passing during the 
momentary discharge we have 

la =Bq 

ora=^g (384). 

(335) 
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Since B and / are constants depending upon the gal- 
vanometer, we find that such a momentary discharge, 
which is finished before the needle of the galvanometer 
can appreciably move, will produce an angular velocity 
directly proportional to the quantity of electricity dis- 
charged. This result is evidently independent of the law 
of discharge. The resulting motion of the needle is 
determined by the integrated effects of the entire opera- 
tion. 

Let = the angle of final deflection of 
the needle, and I the length of the needle. 
mH The work done against the earth's pull of 
H m on each of the magnet poles is 

mH{\— cos 0)1 

a 

= MH(1 — cosB)=2MH sin 2 — • 

Then the total energy imparted to the 
body or — Id? is consumed in producing 

this deflection against the earth's resisting 
moment, or 



Fig. 131. 



T Ia2 



2MHsiu? 



. . e /MH B 
.:a = 2srn—y __ = — q. 

We have then for the quantity of discharge 



2 sm -z— 



t/ mhi 



Eestoring the value of B 



a'H 

q = - — ■ sin 



a'H /I 

stn . ' 



n» 2 V MH 

If t = the time of semi-vibration of the needle under 
the influence of the earth we have by (161 ) 



t=n 



Y HM' 
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Putting the value of this radical in the last equation 
we have 

q = —5 — sin — _ (385). 

Example. Suppose the average radius of the windings 
to be a' = 4 centimetres, the strength of the earth's 
horizontal component to be H= 0.2, the time of a semi- 
vibration of the needle under the action of H to be 5 
seconds, the numberof windings of the coil to be 100. 
A beam of light reflected from a mirror on the needle is 
thrown upon the wall 600 centimetres from the centre of 
the needle. When the discharge takes place, the spot of 
light moves 15 centimetres. . The circumference having 
a radius 600 is 1200 v. The angle is, therefore, 

10 360° = 1°26.' Hence A = 0°43' and sin i: ' 



1200 ir 2 2 

= 0.0123. Therefore 

4X0-2X5 

1 7T 2 100 

= 0.0000497 C. G. S. units 
= 0.000497 culombs. 

A glow lamp requiring a current of an ampere, requires 
one culomb of electricity to be forced through it each 
second. 

Equation ( 385 ) from which this computation has been 

made should not be relied upon for precise results, since 

the average strength of the field due to the coil which is 

4 ir n i 
occupied by the needle, is considerably greater than 

(see section 115). The equation serves only as a use- 
ful guide in designing a ballistic galvanometer, and in 
enabling us to understand the general principle of its 
operation. 

183. Calibration of (he scale of the ballistic galvano- 
meter. 

The calibration of the scale of the ballistic galvano- 
meter may be effected by means of a flat open coil of 
rather large diameter which admits of sudden rotation 
•through 90° or 180" around a diameter. Such a coil is 
called an earth inductor. 

22 
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Let ri be the number of windings in the earth induct- 
or, and a" the average radius of the windings. Kevolve 
the coil suddenly through 180° around a vertical diam- 
eter, the plane of the coil being at right angles to the 
magnetic meridian in its initial and final positions. The 
wires have then swept across the horizontal component 
of the earth's field. If the diameter around which the 
rotation takes place were horizontal, and the initial and 
final positions of the plane of the coil were horizontal, 
the vertical component of the earth's field would be 
similarly cut by the coil. Assuming the first case, let i 
be the current at any instant. Then the flow of elec- 
tricity during a time dt being dq the total flow of 
electricity during the operation will be 

Let d JV = the average number of lines cut by a single 
winding of the coil in a time dt. Since the E. M. F. 
due to the windings is all summed up in the coil by 
reason of the fact that the windings are all united in 
series we have for the number of lines cut per second 

E =n' — 
dt 

Placing this value in the last equation 

n' CdN Jt n'N , aoc , 

9 = bJ W dt = ST (386) - 

Here N is the number of lines cut by the average wind- 
ing during the operation, and R is the resistance of the 
entire circuit, including earth inductor, galvanometer 
coils and connecting wires. Equating( 385 ) and (386) 
, aHt _ Nri 

iPn . 

Ji sin — 

By means of this equation we may determine the cor- 
recting factor c' which must be applied to the coefficient 
of ( 385 ) . The corrected value of the coefficient is in fact 

Nn' 
■n . d where all of the quantities can be determined 

SlTl ~2 
with sufficient precision. 
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Suppose the average radius of the earth inductor 
windings to be 12 centimetres. The average area of a 
winding if the radii do not vary greatly is 144 ir, and N 
= 144 7T H. If IT = 0.2 and if = 2°00', n = 200, B 
= 12 ohms = 12 X 10 9 C. G. S. units. 

144 X 0.2 tz X 200 
C = 12X0.0175X103 = - 000 ° 86 - 
Equation (385) becomes for this case 

q = 0.000086 sin — O. Q. S. 

e 

= 0.00086 sin — culombs. 

Instead of using the earth inductor a stationary test coil 
may be used, wound around the middle of a long cylinder 
of wood, upon which a long helix is wound. ( Fig. 132. ) 
The field across the middle plan of this helix can be com- 
puted by Eq. (186). The lines of thehelix all link with 
the test coil in circuit with the galvanometer. A reversal 
of the current in the helix will produce the same throw 
as a reversal of the test coil in that field. With this 
device the current in the helix may be changed by cutting 
resistances in or out, if desired. 

Example. On a cylinder of wood 10 centimetres in 
diameter, wind 300 turns of wire, the diameter of the 
bare wire being 0.107 inch and of covered wire being 
0.113 inch. The windings in one layer will cover a 
length of 86.36 centimetres. This wire will carry 10 
amperes with slight rise of temperature. In that case 
the current per running centimetre would be 34.73 
amperes and, therefore, * of Eq. (186) becomes 3.47 
O. G. S. 

The force at the middle point in the helix, and practi- 
cally the force at any point on the middle section, becomes 
by (186) 

F = 4X3.47* 86 - 36 

V7458 + 102 

= 4X 3.47 7T X 0.996 = 43.43. 

This is really the force in C. G. iS. units at the middle 
point of the helix. This value is almost exactly 4 it i Q or 
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, where 8 is the number of windings on the length 

I. If we multiply this by the cross section A of the 
cylinder we have . 

ar=±p (S87). 

A~ 
The numerator of this expression is the work required 
to carry unit pole along any closed path which links with 
the 8 windings back to the starting point (section 113). 
It is the difference of magnetic potential due to the helix ■ 
It is called the magneto-motive force of the magnetic 

circuit. The denominator — represents the magnetic 

resistance, or reluctance of the air column whose length 
is I and whose section is A. This equation is the same as 
Ohm's law. This equation represents that the number 
of lines passing through the central plane is the same as 
would be produced by a magneto-motive force 4 ir 8 i on 
the terminals of an air column whose length is I and whose 
section is A. We are justified in using this equation for 
the reason that the earth inductor gives the same value 
of iVthat we get by this means. 

The wire of the helix is slightly parted at the middle 
to allow the winding of a narrow coil of fine wire upon 
the cylinder. This coil is to take the place of the earth 
inductor of the previous section. 

We will now determine the windings of a coil and bal- 
listic galvanometer that will give an angle of throw of 
45° when the field of the helix is reversed. This field 

has a number of lines N = 43.43 X — tt X 100 or 3411 

4 

lines in all. When the current is reversed these lines 
will all disappear and will be threaded through in the 
opposite direction. We shall assume that the field 
occupied by the needle is that at the centre of the gal- 
vanometer coil, so that our galvanometer will be some- 
what more sensitive then we have assumed. Then from 
equations (385) and (386) we have 
a'Ht _ Nri 

n l n -a . 

M sin — 
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We have assumed =■ 45° and we may assume t = b 
seconds, if =0.2. We may also assume a' = 3 centi- 
metres as being a desirable dimension for the average 
radius of the windings of the galvanometer. In accord- 
ance with what precedes we take iV = 2 X 3411 =6822. 

. B_ _ K 2 6822 

n n' ~~ 0.2 X 5 X 3 X sin 22°30' 
= 58650. 

We shall make the resistances of the test coil and that 
of the galvanometer coil equal, the sum of the two being 
R ohms. We shall use for both coils, No. 30 B. W. G. 
the diameter of which is 0.30 millimetre. The resist- 
ance of this wire per running centimetre is 0.00254 ohm 
= 2.54 X 10 6 O. G. S. units. The diameter of the 
average winding in the test coil may be about 10.5 which 
we will assume as a first approximation. Then 

(10.5 n n' + 6 -k n) 2.54 X 10 6 = R 

10.5 n' = 6n 
12^X2.54 X 10 6 X 10-5 

" •• 6^ = 5865 ° 

w = 286 m' = 163. 

Having now learned how many windings must be disposed 

of in the space which should be used, we may if necessary 

assume the average radius of the windings to be such as 

will more suitably accommodate the wires, and recompute 

n' and n as before. 

After the apparatus has been made, the constant c 

Nri 
= a must be determined by actual experiment, in 

It sin — 
2 

which N~ may be varied and the corresponding value of 

is to be measured. We can then use the apparatus for 

determining N" in other cases yet to be discussed. We 

shall thus have 

N =- 1 - F ~ sin -s- (388). 

M 2 



or 



a 

Nri = cBsin-j"— (389 >- 
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q =csin~n (390). 



We may also write in place of (386) 

e 
~2 

where c has been experimentally determined from the 
equation 

Nn' 

li s%n — 

z 
by measuring the actual throw for N lines cutting n' wires. 
Suppose a condenser has been charged from a source of 
constant potential of 200 volts. By means of a snap 
key the condenser i3 discharged through a ballistic gal- 
vanometer. The earth inductor, or the equivalent cali- 
brating coil just discussed, remains in circuit in order 
that II may be the same as when the constant c was 
determined. By the method of throw of the needle, c 
may have "been found to be 0.000115 when 2F said R 
were in O. G. S. units. If the throw of the needle is 
20° on the discharge of the condenser, then the quan- 
tity in the condenser was in C. G. /S. units. 

q = 0.000115 X 0.1736 = 0.00002 
= 0.0002 culombs. 

The capacity of the condenser thus charged to 200 

volts and holding 0.0002 culomb must have been * 

= 0.000001 farad = 1 microfarad. It is evident from 
Eq. (390) that if condensers charged to the same poten- 
tial are discharged through the same ballistic galvano- 
meter, the throw of the needle may be used in com- 
parison of their capacities. The capacities will be 
proportional to the sines of half the angles. 

184. Determination of permeability. 

The specimen of iron whose permeability p. is to be 
determined forms the core of one or two coils of wire C 
(Fig. 132. ) The core ends fit closelyinto a massive forg- 
ing E of soft iron, which serves as a return circuit for 
the magnetic lines of the test specimen, when the coils O 
are excited. 

0" is coil of finer wire which also encircles the test 
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specimen, and forms part of the circuit of the ballistic 
galvanometer BG. F and F are similar coils of wire 
mounted on a cylinder of wood, to be used in calibrating 
the galvanometer and its circuit, as explained in the last 
section. Coils F' and 0" are always in the circuit of the 
galvanometer. D is a device for checking the-swing of 
the needle of the galvanometer. 




BG- 



Fig. 132.. 
Coils O for magnetizing the test specimen and F for calibrating the 
ballistic galvanometer, BG. 

Equation (389) gives the product of the number of 
turns in F' multiplied by the change in number of lines 
threading through F' when the current in the exciting 
coils is reversed. When the product of the number of 
windings in 0" multiplied by the change in the number 
of magnetic lines in the iron core due to reversal is the 
same, the same throw of the needle will result. 

We first compute N for coils F by (387) in which I is 
the length of the two coils F. Knowing N~, and n' ( the 
number of windings in coili^'),wecomputeci?from(389). 
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Knowing c It we may use coils C C which are simi- 
larly excited by a known current which can be reversed. 
If iV represent the lines carried by the iron core and n' 
the windings in coil 0" we have by (388) 

N = —j- sin z- . 

It is found that i\Tis the same whether coils O consist of 
a few turns of wire carrying a large current, or many 
turns of wire carrying a small current, so long as the 
number of ampere-turns in O remains unchanged. But 
if the coils O occupied the entire length of the test 
specimen the number of lines threading through C would 
be by (387) 

N'=fi ±JLll = ±lAi (391) 

A t*A 

where 8 is the number of windings in coils C, and I is the 
length of the core. Experiment with an exploring needle 
shows that there is no appreciable leakage of magnetic 
lines from any part o£>the iron, so that the lines thread- 
ing through C find their way through the iron circuit 
because of its great permeability compared with air. 
This explains why coils C need not extend along the 
entire length of the specimen, and why (391) and (387) 
hold true practically even when there are only a few 
turns of wire. In such cases I of (391) becomes the 
length of the iron core instead of the length of the coil. 
Since iV, iS, i, I and A of (391) can all be measured, by 
means of the apparatus of Fig. 132, it is evident that // 
can be determined. 

It appears that // in Eq. (391) corresponds to specific 

magnetic conductance and that — ~ represents magnetic 

resistance or reluctance. If we divide (391) by A, we 
have for the number of magnetic lines per square centi- 
metre of cross-section of the iron core 

B = & = ^_Si tl (392) . 

For the strength of field when no iron core is present 
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in coils C, we have from ( 387) if the coils have a length 
I, equal to that of the core, 

H= jV = ixSi (393). 

A I 

From (392) and (393) 

This equation is identical with ( 156 ) . The magnetic lines 
are practically all confined to the iron circuit in the appara- 
tus shown in Fig. 132. The number of lines carried by 
the iron and due to the magnetizing coil depends on the 
number of ampere turns without reference to the length 
of the coil. The I of equations like (392) is the length 
of that part of the magnetic circuit which offers reluc- 
tance to the .passage of magnetic lines. It is evident 
that I may have this meaning also in such equations as 
(188), or (393) since the reluctance in a long helix is 
practically that of the air column whose length is I. 
These considerations also show that the iron core to be 
tested may be formed into a closed ring, upon which 
the magnetizing coils O and the test coil c' may be 
wound. The length I then becomes the average circum- 
ference of the iron, or the length of its middle fibre. 

Eq. 392 is continually used in the designing of dy- 
namos and motors. It appplies to any part of a magnetic 
circuit, in the same way that Ohm's law applies to any 
part of an electric circuit. For example the number of 
ampere turns required to force B lines per square centi- 
metre through the two air gaps of a dynamo may be 
determined as follows: — 

Let the area of one pole-face be 1600 square centi- 
metres. Let the distance from pole-face to the iron 
core be 1.5 centimetre on each side. The total mag- 
netic lines required by the armature in order that it may 
be able to develop the required E. M. F. at the desired 
speed may be JST= 9,600,000. This would require 6,000 
lines per square centimetre of cross-section of the air-gap. 
The value of p being unity for air we have by (392) 

„. 21 B 2 X 1.5 X 6000 

Si = -. — = — ^ — -r-^ = 1430. 

4 « 4 w 

Since the measurements have all been in O. G. 8. units 
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the number of ampere turns required on the field in 
order to maintain 6,000 lines per square centimetre 
through the air gaps is to be found by converting the 
G. G. 8. units of current into amperes. We thus have 
1430 X 10 ampere turns. Let the average length of 
path of the lines through the iron drum of an armature 
be 13 centimetres, and the average section through which 
they flow be taken as 800 square centimetres. Assume 
B = 12000 lines per square centimetre of iron. For this 
value of B, fi is about 2500 for soft iron. Hence the 
number of ampere turns required for this part of the 
circuit becomes 

10 X 12,000 X 13 



Si-. 



4 X 2500 X » 



= 49.6. 



In this way each part of the magnetic circuit may be 
treated, and the sum of the number of ampere turns for 
the separate parts determined*. This will determine the 
exciting power in ampere turns which must be put on 
the field coils. For high degrees of magnetization leak- 
age from the sides of the iron cores must, however, be 
dealt with. Practical methods of doing this may be 
found in works on the designing of electrical machinery. 



185. Permeability, Magnetometer method 

s s 



\\- 



jj ; 



Fig. 133. 
Long iron specimen in N. 8. deflecting a needle n. s. 
against each other. 



Coils balanced 



A long helix N". 8. having a movable iron core may 
be used as the deflecting magnet of a magnetometer. 
The effect of the helix should be compensated by an 
opposing helix If 8' which is preferably energized by the 
same current. 



* See Thompson's Dynamo Electric Machinery. Chapters VII and 
XVI, 4th ed. 
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We may then determine the magnetic moment of the 
iron core. 

If the magnetometer needle be deflected over an angle 
a, the earth's field being H l e , then the moment of the 
iron core is by (167), neglecting the small term, 

M = — E e r 3 tan a. 

For the moment per unit volume of the core, calling v 
the volume 

v 

This value of lis identical with that of Eq. (155). 

If the current in the helix be gradually increased, the 
field F (or H) occupied by the iron core will increase in 
strength, and ikf and /will also increase. F (or H) is 
computed from (188) and M and 1 from the above 
equations. In this apparatus the length of the iron core 
should be at least four hundred diameters. With iron 
a quarter of an inch in diameter, this requires a rod one 
hundred inches long. The helix should cover the entire 
length. 

An helix having a length of 254 centimetres was 
wound on a brass tube having an external diameter of 
0.963 centimetre. This helix was made up from wire 
whose diameter was 0.217 centimetre. The diameter of 
the covered wire was 0.2286 centimetre. The distance 
from centre to centre of the wire measured across a 
diameter was, therefore, 1.192 cm. The value li 2 of 

Eq. ( 184) was, therefore, 0.36 and ^ = 127. The wire 

was wound in a single layer on the tube, 1095 wind- 
ings covering 254 cm. When the current is 10 amperes 
or 1 U. G. 3. unit, the value of If at various distances 
D from the centre of the coil may be computed from 
(184) which becomes 



M=2 1095 



254 



D + 127 Z>— 127 



] 



V(Z>+127) 2 + 0.36 V(Z> — 127) 2 + 0.36 

This force does not appreciably vary until D= 120 cm., 
when it begins to fall off. When D = 126 it is, however, 
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i, is passed through the wire coil 



50.4, and drops to 27.07 when D = 127. This is ex- 
actly half the value at the centre where D = 0. An iron 
core placed in this helix is, therefore, all practically in a 
field whose strength is 54.14, when a current of ten am- 
peres is passing through the wire. The value of H, or F, 
in terms of D is shown in Fig. 134. Starting with an iron 
core which has never been magnetized, a small current 

The value of H is 
computed for this 
current. The an- 
gle of deflection of 
the magnetometer 
needle is read and 
M is then comput- 
ed. The dimen- 
sions of the core 
being known, its 
volume in cubic- 
centimetres is 
. The magnetic suscep- 

is then determined. (See Eq. 155.) 
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Fig. 134. 
Held along the axis of a long helix, 
tance from centre. 



100 120 D 



D = dis- 



M. 



is determined. 



known and / = 
tibility K= ~ 

The value of B is then determined from (156) as like- 
wise the value of fx or the magnetic permeability. 

Example. The long helix just described was provided 
with a core of soft iron whose length was 254 cm. and 
cross-section was 1.267 sq. cm. The volume of the core 
was 322c.c. A currentof 2.50 amperes was passed through 
the coil. The deflection of the magnetometer needle 
was 2°21\ The strength of the earth's field was 0.20. 
The distance r from centre to centre of the two magnets 
was 15 feet or 15 X 12 X 2.54 centimetres. Hence the 
moment of the core was 

M = -^-0.20 (15 X 12 X 2.54)3 tan 2°21' = 392,200. 

The intensity of magnetization was 
392200 



32a 



1218. 



The value of H was one-fourth of that represented in 

t,. ,„, „ 54.14 

Fig. 134, or H = — = 13.54. 
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The magnetic susceptibility was, therefore, 
1218 



K= 



13.54 



= 89. 



The magnetic induction within the iron was 

B= 13.5 + 4 tc X 1218 = 15300. 
The magnetic permeability was 

15300 nqn 

The following table gives the results of determinations 
by Ewing upon soft iron wire. The determinations were 
made with a rising current : 



II 


I 


K 


B 


A 


0.0 












0.32 


3 


9 


40 


120 


0.84 


13 


15 


170 


200 


1.37 


33 


24 


420 


310 


2.14 


93 


43 


1,170 


550 


2.67 


295 


110 


3,710 


1,390 


3.24 


581 


179 


7,300 


2,250 


3.89 


793 


204 


9,970 ' 


2,560 


4.50 


926 


206 


11,640 


2,590 


5.17 


1,009 


195 


12,680 


2,450 


6.20 


1,086 


175 


13,640 


2,200 


7.94 


1,155 


145 


14,510 


1,830 


9.79 


1,192 


122 


14.980 


1,530 


11.57 


1,212 


105 


15,230 


1,320 


15.06 


1,238 


82 


15,570 


1,030 


19.76 


1,255 


64 


17,780 


800 


21.70 


1,262 


58 


15.870 


730 



By placing a small specimen of annealed wrought iron 
between the coned poles of an electro-magnet, much 
more powerful fields can be used. The specimen is sur- 
rounded by a bobbin in circuit with a ballistic galvano- 
meter, by means of which B may be determined. H 
was determined by similar measurements just outside of 
the bobbin, the coned pole-pieces having been given an 
angle which produced a uniform field over a considerable 
region around the specimen. 



350 



ELECTRICITY AND MAGNETISM. 



§186 



Ewing gives the following determinations made in this 
way. 

HIE 
24,000 1660 0,069 



B p. 

45,350 1.85 

While H has 
been made over a 
thousand times as 
strong as the 
greatest value in 
the table preced- 
ing, the magnetic 
moment per unit 
of volume has in- 
creased by only 
one-third of its 
value and is evi- 
dently approach- 
ing a limit. The 
magnetic susceptibility, K, has fallen from a maximum 
of 206 in a field 4.5 units to 069, and is approaching a 

limit zero. The 
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- // P^->. 
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B 
15000 



12000 



8000 
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20 H 



10 
Fig. 135. 
Permeability fit and induction B for fields of 
various strength H. (Ewing ) 



1200 - 
1000 




20 H 



permeability fi has 
fallen from a maxi- 
mum of 2590 when 
the field H had a 
strength of 4.50 to 
1.85 in a field of 
24,000. The value 
of fi is approaching 
unity. Fig. 135 



10 
Fig. 136. 
Susceptibility JTand intensity of magnet- shows Ewing' s Values 
= ~n in field of strength H. f Qr ^ md B j n termg 

of H, and Fig. 136 
shows the values for K and 1. 



ization, for 
(Ewing.) 



186. Magnetic hysteresis. 

If after the field has been increased in strength until a 
high degree of magnetization has been reached, observa- 
tions like those given in the table of the previous section 
being made at various values of B, the operation be 
reversed, and the observations be repeated in a descend- 
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ing series, very different results will be obtained. After 
the current has been reduced to zero the value of /will 
still be 80 to 90 per cent, of its value when the magnetiz- 
ing field was strongest. In soft iron this magnetization 
is, however, very lightly held. A feeble current in the 




Fig. 137. 
Hysteresis cycle for soft iron. (Ewing.) 

reverse direction will reduce I to zero. If the reversed 
current be increased until it becomes as great as it was 
before, and then the descending series be again deter- 
mined, the value I will pass through a definite cycle of 
change. The curve so obtained is shown in Fig. 137.* 
The ordinates represent the values of B and the abscissae 

* The pupil may determine values of B and H from this diagram 
and by equation (154) compute I. The values I plotted -with the 
simultaneous values of H, will give a cycle like those shown in Fig. 138. 
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the value of //. The value of ZZ" varies between -\- 12 and 
— 12. It will be seen that the value of B for any value 
of H, depends upon whether the magnetic strength is 
rising or falling. The differences may be largely oblit- 
erated by tapping or jarring the specimen during the 
operation. This lagging of changes in B on the change 
in H is called hysteresis. During the hysteresis cycle, 
molecular changes take place within the iron which 
involve a loss of energy. This energy appears as heat 
in the iron, and we shall proceed to show that the area 
of the hysteresis diagram represents this loss. 

Let the iron core be in the form of a long rod as pre- 
viously described, or a closed ring of length 7 and section 
A. Call n the windings per centimetre of length, so 
that the total windings will be In. During any time dt, 
in which the current i changes by di, the increase in the 
number of magnetic lines per square centimetre will be 
d B. The result of this increase in B will be the start- 
ing of a counter E. M. F. e in the magnetizing wire. 
The work of the magnetizing current in magnetizing the 

core in opposition to this counter E. M. F. will be Ceidt. 

This integration is to be taken over a complete period, in 

which the current changes, say, between + i and — i. 

The total increase in the number of lines of the core in a 

time dt will be A d B and the change per second will be 

dB . . , 

A —n . Since there are In windings around these lines, 

the counter E. M. F. induced will be 

7 a dB 

e = I n A — .. 

dt 
The power applied at any instant in magnetizing the 
helix is then e i, and the energy applied in a time dt is 

eidt = ln Ai — dt 
dt 

= I n A i d B. 

The fact that this energy is independent of t, shows 
that the operation of magnetizing may go on as slowly 
as we please. We cannot diminish this loss in energy 
per cycle by diminishing the frequency of alternation. 
Since I A of the last equation is equal to the volume v of 
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the iron core, the energy lost per cycle per unit volume 
is 



dw 
dv 



nid B. 




I 

Fig, 13S. 

Hysteresis cycles. Piano wire. 



The magnetizing force H = 4 ir n i. 



dv 4 7r 
83 
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Since B = H + 4 ir 1 by ( 154) 

dB = dH + 4 -k dl 
and 

iL = ^! = J- (#<*#+ (fid/. 

During a complete period j H d H vanishes and the 
resulting loss of energy in ergs per cycle is 



V J 



Hdl. 



The value of this integral for a cycle is evidently repre- 
sented by the diagrams shown in Fig. 138. It appears 
that the motions taking place among the particles of iron 
during magnetization, are not fully reversed during the 
descending process, when the stresses are removed. 
CF d I during the magnetization is greater than during 
the reverse operation between the same limits in 7, by an 
amount represented by the area of the diagram between 
those limits. This area will depend on the extent of 
extreme change in H. Fig. 138 shows a series of cycles 
for piano wire taken from Ewing and his values for a 
similar series on soft iron wire are given in the following 
table. Columns H, B and I are the greatest values for 
these quantities during each cycle and correspond to the 
extreme ends of the pointed diagrams.* In order to draw 
the diagrams, each cycle must be determined by a great 
number of measurements similar to those previously 
described. Between 300 and 400 determinations were 
made on the ten cycles shown in the figure. The energy 

J Hd /given in the fourth column was determined by 
planimeter measurements of the areas of the curves as is 
described in section 115. 



* Magnetic Induction in Iron and other Metals. Ewing. Fig. 50. 
106. 
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H 


B 


I 


J"lTd7(ergs.) 


1.50 


1974 


167 


410 


1.95 


3830 


304 


1160 


2.56 


5950 


473 ■ 


2190 


3.01 


7180 


571 


2940 


3.76 


8790 


699 


3990 


4.96 


10590 


842 


5560 


6.62 


11480 


913 


6160 


7.04 


11960 


951 


6590 


26.5 


13720 


1090 


8690 


75.2 


15560 


1230 


10040 



The rise of temperature of the unit volume upon 
which f H d I ergs of energy is applied may be de- 
termined for each of the ten cycles of the preceding 
table. Indicating by I the rise in temperature for the 
cycle and let .7= the number of ergs equivalent to a 
water-centigrade beat unit or J = 4. 18 X 10 7 , s = specific 
heat of iron, = 0.11; and D= density of iron, = 7.7. 
Then 



/ 



Hdl 



.(394). 



JsD 
For the first cycle of the table 

t = 2.84 X 10 ~ 8 X 410 = 0.000012. 
It would, therefore, require a little over 80,000 cycles 
to cause the temperature to rise one degree. In the last 
cycle of the table the rise in temperature would be 
0.000285, so that less than 4000 cycles would cause a 
rise of temperature of 1° C. from this cause. 

187. Power lost in hysteresis. 

Assuming 7.7 grammes of iron to the cubic centimetre, 
and 453.5 grammes to the pound, the energy dissipated 
in taking one pound of iron of the kind used by Ewing 
through a magnetic cycle is 



453.6 Cr 
7.7 J 



Hdl. 



356 



ELECTKICITY AND MAGNETISM. 



§ 187 



If there are n cycles per second, the power dissipated 
in ergs per second per pound of iron is obtained by mul- 
tiplying by n. 

Since 10 7 ergs per second = one watt, the power lost 
in watts per pound of iron becomes 



453.6 



\HdI 



7.7 X 10 7 I 

= 5.89 X 10- 6 n CHd L 

Steinmetz has found a simple empirical formula, in 
which the energy lost in ergs per cubic centimetre per 
cycle may be expressed in terms of the induction density 
B. He finds for any cycle 



/ 



H dl: 



jjl.6 



where y is a constant for a given iron, 
the following values for y 



Steinmetz gives 



Material. 


y 


Material. 


y 


Very soft iron wire 

Very thin soft sheet iron. 


0.002 

0.0024 

0.003 

0.0033 

0.0040 to 

0.0046 


Soft annealed cast steel.. 


0.008 
0.0094 
0120 


Hardened cast steel 


0.0162 
0.026 


Most ordinary sheet iron 1 



Assuming y = 0.002 the values of JH d 1 in column 
3 of the following table have been obtained, by using 
Ewing's values of B in the previous table. The results 
compare very favorably with Ewing's values of C H d 1, 
which are reproduced in column 2. 



/ 



II d /t= 0.002 fii-6 
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B 


$HdI 




Diff. 


Diff. %. 


Observed 
Ewing. 


Computed. 


1974 

3830 

5950 

7180 

8790 

10950 

11480 

11960 

13720 

15560 


410 
1160 
2190 
2940 
3990 
5560 
6160 
6590 
8690 
10040 


375 
1081 
2189 
2957 
4087 
5506 
6265 
6690 
8332 
10190 


+ 35 
+ 79 

+ 1 

— 15 

— 77 
+ 54 

— 105 
100 

+258 
—150 


+8 
+7 

—2 
—2 

+ 1 
—2 
—2 
+3 
—2 



We are,therefore, justified in assuming the loss of power 
in watts, per pound of iron, in steady cyclic change of n 
periods per second, where the maximum magnetic induc- 
tion through the iron is B to be 

w = 5.89 X IQ-^nyB 1 - 6 (395). 

The armature of a two-pole dynamo makes 1 2 revolu- 
tions per second, in a field where the average number of 
magnetic lines per square centimetre is B = 10,000. The 
iron core weighs 20 lbs. If y = 0.002, and the density 
of iron be assumed 7.7 grammes per cubic centimetre, the 
loss in watts is 
w = 5.89X 10-«X 12 X 0.002 X (lO.OOO) 1 - 8 X 20 = 7.1. 
The loss in watts per cubic centimetre of the iron is 
n y -B 1 - 6 



10 7 
12 X 0-002 X (lOOOOy- 6 
10 7 



.(396) 



.006. 



188. Eddy currents in iron cores. 

Suppose the core to be of iron wire 
like that of a Gramme ring. Let a rep- 
resent the radius of a wire, which is 
shown in section in Fig. 139. When 
such a section of any wire is at the neu- 
tral points, the induction through it will 




Fig. 139. 
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be a maximum. When the same section has revolved 90° 
it will stand edge-wise in the field and no lines will thread 
through it. A little later the lines begin to thread 
through the section in the opposite direction, and the 
number of such lines will reach a maximum at the other 
brush. The result is to develop currents circulating 
around the wire. 

Let n = the number of revolutions per second in a 
two-pole machine, and let b = the number of lines 
threading through a wire section at any instant, the zero 
in t being when 6 = 0. Then will 

6 = B'sin 2 k~ = B sin 2 iz n.t (397). 

Consider a shell of radius r, concentric with the wire 
axis, as in Fig. 139. The induction through the section 
internal to the radius r will b irr^b. Then thei?. M. F. 
around the shell surface will be, in volts, 
_ tit 2 db 
6 = T08 df 
From (397) 

db 



, = 2 tt n B cos 2 Tznt 
dt 

2iflnBr i cos2icnt 



.(398). 



10 8 

The resistance of the cylindrical shell of radius r cm. 
and length 1 cm. to currents passing around it in the 
cylindrical conductor of radial thickness dr is in ohms 

R = i^L (399) 

c dr 

where 2 it r is the length of the conductor, and 1 X c dr 
is its section. The conductivity c of pure annealed 
iron wire at 0°C. is 1.02 X 10 5 with a decrease of 0.365 
per cent, per degree C-. For grey cast iron c at 0° C. is 
9.469 X 10 3 , the decrease per degree C. being 0.083 per 
cent. 

The power in watts developed in a running centimetre 
of the wire is from (398) and (399) 

('a 
w e 2 2 7t 3 w 2 B 2 c cos 2 2 ttm t 



t ' It 10 18 



P 



dr. 
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Remembering that the average value of cos* is -_ 

and integrating we have 

w 7! s rfl B 2 c a 4 



2 4 X 10 16 

The loss in watts per cubic centimetre of the iron is, 
therefore, obtained by dividing this expression by the 
volume of the iron in which this power is applied, which 
is 7r a 2 . We thus obtain 

- 2 n 2 c IP a 2 

4 X 10 lT ~' 
In terms of the diameter d = 2 a 

xWBPcd 2 ,,„„ v 

P =WxTW < 400 >- 

This represents the loss in energy per cubic centimetre 
per second, or during n periods. If we divide the ex- 
pression by n, we shall have the energy lost in eddy 
currents during each cycle. This loss per cycle is, there- 
fore, directly proportional to n, and may be reduced by 
slowing down the dynamo. In this respect this loss 
differs materially from that due to hysteresis. ( Section 
186.) 

We may apply equation (400) to the armature dis- 
cussed at the close of the last section. We have B = 
10,000, n = 12. At a temperature of 20° C, c = 0.94 
X 10 5 . We will assume the diameter of the iron wire to 
be 0.2 cm. The eddy current loss in watts per cubic 
centimetre is then by (400) 

«"X 144 X lO^X 0.94 X 10 5 X 0.04 
r— ■ WxW 6 -0.0033. 

We found the hysteresis loss in the same armature 
core to be 0.006 watts per cubic centimetre, and in a core 
weighing 20 lbs. the loss was 7.1 watts. The eddy 
current loss in the core would, therefore, be 3.9 watts. 

If the iron is in the form of a thin plate, as in con- 
verters and drum armatures, the computation may be 
made as follows : — 

Let a represent the thickness of the plate, which is 





x+2&x 






mx 

X 







360 ELECTRICITY AND MAGNETISM. § 188 

shown greatly enlarged with respect to the other dimen- 
sion m a, in Fig. 140. 
In the core of a drum armature this is a radial sec- 
tion of one of the plates of which the core is 
formed. In a converter, this figure may rep- 
resent a section of one of the plates of the 
central core of the converter. In the arma- 
ture, this section is continually changing its 
inclination with respect to the lines of force, 
being at right angles to them when in the 
plane of commutation, and standing edge- 
wise when revolved a quarter of a revolution. 
Fig. 140. This motion of the core varies the number of 
lines threading through the section . In the converter a 
similar periodic change in the magnetic lines is due to 
the periodic change in the current. 

Within the section a X ma, draw a similar figure 
whose dimensions are x and mx, and external to this 
figure draw another similar figure whose dimensions are 
x -J- 2dx and mx + 2mdx. 

As before we have for the number of lines threading 
through an unit area 

6 =Bsi»2 icnt. 
The elementary conductor here will be the rectangular 
shell around the central core m as 2 . The length of the 
conductor is the distance around the rectangular core. 

For each running centimetre measured at right angles 
to the plane of the figure, the section of the conductor will 
be dx on the long sides of the shell, and mdx at the ends 
of the core. As before 

_ma: 2 db 
e ~l0* dT 

db 

~j7~ = 27rnBcos2 7rnt 

ma? a -r, „ . 

.». e — — 5- 2 ir n B cos 2 tr nt. 
10 8 

The resistance of the elementary conductor is 

2x , 2mx 



B. 



cmdx cdx 

2x /l + m 2 \ 

cdx \ m / 
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Hence 

. e 2 4 7t 2 w 2 cm 3 JB 2 cos 2 2 tt nt 

dw== B = 2 (m*+ l)10"i *• dx - 

The power lost in a running centimetre is obtained by 
integrating in x between zero and a. For cos 2 2 ir nl we 

may also write its average value — 

Hence 

7t 2 v? e m s BP , 



w 



4 (m 2 + 1) 10 16 
This is the power lost in ma 2 cubic centimetres of the 
iron. The loss in watts per cubic centimetre is, there- 
fore, obtained by dividing w by this volume, or, 
iPn? cB* a 2 m 2 
— 4 X 1016 m 2 + 1 C 401 )- 

Here as in (400) the power lost is proportional to the 
square of the dimension which determines the degree of 
lamination, these dimensions being the diameter of the 
wire and the thickness of the plate. 

The condition that the loss per cubic centimetre in 
round wire and in plates shall be the same is obtained by 
equating the values Pin (400) and (401). We thus 
obtain, 

d = 2a /-£-: (402). 

V wr + 1 

For comparatively small values of m this equation 
becomes 

d — 2a 

which is the condition of equal loss in ordinary drum and 
ring armatures. The thickness of the plate must be 
half the diameter of the equivalent wire. If m = 1 , Eq. 
(402) given a similar comparison between round and 
square wire. If the loss per cubic centimetre is to be the 
same in two cases, 

d = a V2~ 

or the circumference of the round wire is the circum- 
scribing circle to the section of the square wire. As will 
be readily seen, if the diameter of the round wire is 
equal to the side of the square wire, the loss per cubic 
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centimetre will be four times as great in the square wire 
as in the round. 

It will be noticed that eddy current loss increases as 
the square of the frequency of alternation. Such losses 
may be greatly diminished by low frequency and by 
minute lamination. Eq. (401) does not apply to large 
wires, subject to rapid alternations, because the lines of 
induction do not penetrate deeply into iron cores under 
such conditions. 

189. Coefficient of self-induction in coils having iron 
cores. 

In section 120 the coefficient of self-induction of a coil 
of one winding was defined to be the number of lines due 
to the winding when it carries unit current. Since the 
strength of the field due to the current is proportional to 
the current, the number of lines due to a current i would 
be 

Ni=Li i. 

If the coil have 8 windings it is evident that when unit 
current is passing there will be S times as many lilies 
passing through the coil, and each line will link with /S 
turns instead of with one. This is more exactly the case 
when the coil has an iron core which carries practically 
all of the lines due to each winding, and serves as a con- 
ducting channel for the magnetic field. 

Equation (392) gives the number of lines carried by 
the core of an electro-magnet when the iron circuit is 
closed, as in a ring or a transformer. We have 

. T 4 7r S i /jl A 
A 1 = r — . 

The number of lines carried by the core when the coil 

has unit current is then 

4 ■* S fi A 
JVi = } 

But each of these lines links S times with the current 
to which they are due. The coefficient of self-induc- 
tion of such a coil therefore becomes 

L=N l S = inS *' lA (403). 
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If an alternating E. M. F. be applied to the terminals 
of this coil, the number of lines of induction will vary 
through a cycle as is represented by Eq. (397) if E 
varies according to the sine law. Since fi varies with 
the number of lines in the iron core, L will not be con- 
stant throughout the period, as it is when the magnetic 
circuit contains no iron. The value of L may, however, 
be experimentally determined by the method explained 
in section 170. The value of [i may then be computed 
from (403). The value of fi thus obtained will be sub- 
ject to error due to eddy currents unless the iron is 
well laminated. The effect will be to make L and, 
therefore, p. too small. 

The self-induction coefficient of the primary and the 
secondary coils of a transformer may be written as in 
Eq. (403) 

L * = 1 

_ 4nS%ftA 



where iS 1 and S a are the number of windings in the two 
coils. 

Kemembering the definition given the coefficient of 
mutual induction in section 119, where coils of one 
winding were discussed, it is evident from what precedes 
that the number of lines due to the primary coil will be 

j^ — when i^ = 1 and that each of these lines link 

S % times with the secondary circuit. The coefficient of 
mutual induction, therefore, becomes 

M= 4«S 1 S 2 ,A (405) _ 

For a given frequency this quantity determines the E. 
M. F. induced in either coil when the other carries a 
unit periodic current. It is evident that 

M 2 =L 1 L 2 
or the coefficient of mutual induction where all of the 
lines due to either coil link with the other, is a mean 
proportional between the coefficients of self-induction. 



CHAPTER XI. 

UNITS. 

190. Current and Quantity. 

The units of current and quantity of electricity have 
been defined in the introduction ( We have for the unit 
of quantity 

Q = M^ l} T~ x 
I =M^ L% T~ x 

Magnetic Units. 

191. Magnet Pole. 

The equation which expresses the action between a 
magnet pole and a current is by section 117. 

2 7r i m 



f 



r 

fr 



2rt» 

The magnitude of the unit magnet pole is, therefore, ' 
directly proportional to that of unit force, and of unit 
length, and inversely as the magnitude of the unit cur- 
rent. It is, therefore, evident that we may measure the 
strength of the magnet pole in either electromagnetic 
or in electrostatic units. This will depend upon the unit 
in which i is measured. We have for the unit pole in 
electromagnetic measure. 



M? L? T' 1 



(364) 
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This is the same result as is obtained from the 'equation 
for attraction between magnet poles. We have 

mm' 



The equation for units will, therefore, be 



M m 2 ml 
I? — T 2 



If we measure magnet pole in terms of the electrostatic 
unit of current we have 



r-2 

ri rA 



MLT-L _ x x 



M* L * T ' 

192. Magnetic Moment. 

Magnetic moment is magnetic pole or magnetic quantity 
into length. Its unit in electromagnetic measure will 
then be 

WW =M% L% 2 7 " 1 . 

tin 

In electrostatic measures its unit will be 
MM =M% L% 

193. Intensity of magnetization. 

This was defined in sections 100 and 185 as magnetic 
moment per unit volume. In electromagnetic measure 
the unit for this quantity will be 

T=M^L~l T -i 

The electrostatic unit is 

I = M% L~%. 

194. Strength of magnetic field . 

The strength of a magnetic field is measured by the 
force acting upon a unit pole. If the pole is measured 
in electrostatic units the equation will then determine 
the field in such units, while if we measure the pole in 
electromagnetic units the field will then be measured in 
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such units also. For the electromagnetic unit of field 
strength we have 

— F ML T~ 2 M A r -i „-i 

H = = = — j = -M L J T . 

M M* 1$ T~ x 



For the electrostatic unit 

-2 

M? I?T 



H=~= -, — t-=M^ I$T 2 . 



Magnetic field is also measured in electromagnetic 
units by Eq. (181) 

r 
Expressing the current unit in electromagnetic measure 

H= MiL l T ~ 1 =MJL^T-\ 
Li 

In electrostatic units 

X = MiL l T ~ 2 =Mi L iT-* 
Ij 

which gives the same results as before. 

195. Magnetic potential. 

The work required to carry a unit pole around a 
current of strength i is 4 tt i. This is a difference in 
magnetic potential. The units of magnetic potential 
will, therefore, be the same as for current, or 

pr = M$ i} T" 1 

196. Magnetic flux or Number of magnetic lines. 
This quantity is defined by Green's equation 

The number of lines of force H A passing through a 
surface of area A which encloses m will depend on the 
permeability of the medium in which H is measured. If 
the permeability were perfect or fj. = oc , H would be zero. 
( See section 98. ) The number of lines of induction B A 
= fi H A is independent of the medium and is equal to 
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4 7rm. Hence in electromagnetic measure the unit of 
flux is the same as that for unit pole, or, 

And in electrostatic measure 

N = M% L%- 
197. Magnetic resistance or Reluctance. 
This quantity is defined by an equation identical with 
Ohm's law. See Eq. (391.) The equation may be 
written 

4nS i 



li 



N • 
The electromagnetic unit of reluctance will then be 

The electrostatic unit is 

Permeance is the reciprocal of reluctance. 

198. Permeability. 

The reluctance of a magnetic conductor is by (391) 

equal to — _. By means of the results of section 197 we 

may, therefore, define the unit permeability. The 
electromagnetic unit is 

L 

unit f>. = = 1. 

L' 1 1? 
The electrostatic unit is 

unit ij. = = Li T 

L T- 2 i z 

We may now return to section 195 and re-examine the 

equations which determine magnetic potential. In sec_ 

m 
Jdon 99 we wrote as the value for magnetic potential — . 
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If we by means of this equation determine the electro- 
magnetic unit for magnetic potential it is seen to be 

M* L% T~ l x x _, 

j = M 2 L 2 1 which agrees with the 

results of section 195. But the electrostatic unit is 

Jf* L% x _x 

j = M 2 L 2 which does not agree with the 

results of section 195. This discrepancy with others 
that might be pointed out has been the subject for 
general discussion. The solution of the difficulty seems 
to be that the potential due to a magnetic shell must 
depend 'on permeability in the same way that electrical 
potentials depend on specific inductive capacity. The 
more general expression for potential due to a magnetic 

m 

shell is — ;. Since the electromagnetic unit of fi is unity, 
fir 

potentials in that unit due to a shell are not affected by 

leaving p. out of consideration. Magnetic potential in 

electrostatic measure, therefore, becomes 

v= = jf* L* r -2 - 

LIT* T* 
This value for the unit is in harmony with the results 
of section 195. 

199. Magnetic induction. 

The product of permeability into magnetic force has 
been defined as the induction at a point, or B = ft II. 
The electro-magnetic unit of magnetic induction is, 
therefore, 

which is identical with the unit for magnetic force, or 
strength of magnetic field. The electrostatic unit is 

B = M * i* T~ 2 X i -2 T 2 

If we determine the integral CB d A over the face of 
a magnet, or over the area of any helix it will give the 
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total number of lines proceeding from the magnetic dis- 
tribution, or from a magnetic shell equivalent to the 
helix. The unit in which this integral is measured is the 
same as that in which strength of pole or quantity of 
magnetism is measured. Magnetic induction is also 
magnetic flux per unit area. 

200. Magnetizing force. 

This quantity is determined by the number of units of 
current per centimetre in any helix. In section 114 this 

is given as = 4 it L. The unit is the same as 

" I ° 

that for strength of field, one being proportional to the 
other. The electromagnetic unit is 

-" L 

The electrostatic unit is 



201 . Magnetomotive force. 

This is defined by an equation similar to Ohm's law. 
Eq. (391) or F= N R. The electromagnetic unit is 



MMF = NR = BL 2 R 

The electrostatic unit is 

MMF= M& £~? L 2 L T -2 

= M * i} T~* 

Equation (391) shows that this quantity is i-n- 8 i and, 
therefore, the unit in which' this quantity is measured 
is identical with that in which current is measured. 
(Section 190.) 
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202. Reluctivity. 

This is the reciprocal of permeability. The units are, 
therefore, 

~B~e = 1 

Be = L*T*. 

203. Susceptibility. 

This quantity is denned by equation (155). It is 
determined at any point in a mass of iron by the moment 
per unit volume, divided by the strength of field at the 
point. The units are, therefore, 



K = 


T 
H 


M% 1$ T~* 


--L-* 


r 2 


E = 


I 
H 




= 1. 






Electrical Units. 






-. Resistance 











In section 131 we have shown thatthe electromagnetic 
unit of resistance is a velocity, and in sections 92-3 we 
have shown that the electrostatic unit is the reciprocal of 
a velocity. Hence 

B~=L T' 1 

R = L~~ 1 T. 

205. Electrical potential or electro- motive force. 

This quantity is defined by Ohm's law. We have E 
= R. I. For the electrostatic unit 

E = B1=L~ 1 TM^L^T^ 

For the electromagnetic unit 

iT= IT T= LT~ X M^ 1$ T -1 
= M^ L% T~ 2 . 
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206. Strength of field. 

This has been defined as the force acting on unit quan- 
tity, or the force per unit quantity. In electrostatic 
units the unit will, therefore, be 

F ML T~ 2 ML T~ 2 



Q 


Q 




M * L% T 1 




= M* L~$ 


T' 


-l 


The electromagnetic unit 


is 




F 


ML T % 




MLT 7'-M 



q q M *L* 



L* T~ 2 . 



207. Flow of electrical lines or number of electrical 
lines. 

This quantity may be defined by Green's equation 

The electrostatic unit is 

N = M% L% T" 1 . 
The electromagnetic unit is 

W= M% L\ 

208. Diviance, or resistance to electrical lines of force. 

In section 83 we have seen that the number of lines 
of force proceeding from a quantity Q on a body having 
a potential E is 

a 

where R d is the diviance of the surrounding space. The 
units for diviance are, therefore, 

__F _ M^ L% T~ l L ~i 

■" M * L* T x 

Perviance is the reciprocal of diviance. 
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209. Perviability or specific inductive capacity. 

The diviance of a tube of electrical induction is deter- 
mined in the same manner that the reluctance of a 
tube of magnetic induction is determined. If K repre- 
sents the specific-inductive capacity or perviability of the 
medium, the diviance of a tube of force of length I and 

section A is R = —^-. . The units in which K is 
KA 

measured are, therefore, 

K= L =1. 



In electrostatic measure, perviability is, therefore, 
independent of length, mass and time units. In electro- 
magnetic measure 

-r=r L _2 2 

K = !«— =L T . 

L^L T 
We may now return to section 205 and observe that 
the potential at a point distant r from a mass of elec- 
tricity Q depends upon the perviability of the medium. 
This relation is entirely similar to the corresponding one 
in magnetic potential discussed in section 198. (See also 
section 85.) The potential is 

Q _ M* tA T~ l _ » i x 
E _ -gj- z _ jf» L * T . 

Since the unit in which K is measured is unity in the 
electrostatic system. In electromagnetic units 

— <T mA iA i s _ 2 

E = =~ = - a — = M * iA T 2 - 

EL L ~* T -* L 

which agrees with the results of section 205. 

210. Electrical Induction. 

This represents the number of electrical lines per 
square centimetre. It is, therefore, obtained from 
section 207. 

B =*-=* »* l} T ' X -Mi L -i T- 1 - 
£ 2 Z 2 — 

TV r,a ■ -™ 1 *-> • 
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We may also derive the unit from sections 206 and 
209 

H 
since IT is unity in electrostatic measure. 

F r" i - 2 - 2 2 

B= = K =M$ ifi T L T 

Q 

See section 199. 

211. Capacity. 

Capacity is denned by the equation C = -=;• 
The unit capacity in electrostatic measure is 

c _q_ m4i$t- 1 _ l 

E M$ 1$ T' 1 
The electromagnetic unit is 

E M$ it T 

212. Conductance. 

Conductance is the reciprocal of resistance. Its units 
are therefore, 

G=L T~ x 

~G=L~ X T. 

213. Conductivity, or specific-conductance. 
The resistance of any conductor is 

r A 

where y is the conductivity and — is the resistivity. 

Hence r = — — - and the units are 
A B 

L _1_ 

T — 2 rp 

L L 1 T 1 
-i : =L 2 1 



* — 1 

L L T 1 
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The units of resistivity are the reciprocals of these 
values or p = T 

— 2 -l 

214. Coefficients of self-induction and of mutual in- 
duction. 

By Equation (40.3) it will be seen that the electro- 
static unit in which the coefficient of self-induction is 
measured is T 2 7- ~ 2 t 2 t 2 1 

Li 1j 

The electromagnetic unit is e 

The coefficient of mutual induction is measured in the 
same units as is shown by Eq. (405). 

215. Impedance. 



The quantity called impedance is / J{? -\- 4^2 -—, 

Eq. (305). Since the coefficient of self-induction L i<* 

a length and T is a time, it is evident that the electro- 

L 
magnetic unit for -rp is a velocity, which is also the unit 

in which R is measured. The quantity / H* -\- 477-2 

therefore, is measured in velocity or in resistance units. 
The electrostatic unit of impedence is, therefore, the 

T 

reciprocal of a velocity. The term „ — p of equation 

322 also has the same unit as resistance. 
216. Power and energy in electrical units. 
The measure of power in electrical units is Ei = Ri 2 
E 2 . . . . ....... 



~ R • x 
quantity is 


measured 


is 






uc u 


UlL III W. 




EI = 


■M^ 1$ 


y-l 


Jf* 


i* 


T" 2 


= M L? T~ 3 




RI* = 


IT 1 


TMI? 


T -i 


2 
= M L 


jf-Z 




B ~ 


ML T~* 
L' 1 T 


2 
= ML 


rp~~% 
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In electromagnetic measure 

= MI? T~ 3 

It is evident that the units li I 2 and —are measured 

B 
in the same unit. The words electrical power or elec- 
trical energy, are correct only in the sense that they 
indicate that electrical machinery is being used. In the 
same sense we may also say steam power and steam 
energy. 

The C. G. S. unit of power, both in the electromag- 
netic system and in the electrostatic system is the same. 
It is the erg per second. The unit of work is 
EIT=ML^T~ 2 = E I T. 

217. Tabulation of units. 

We may now collect the values of the units in atable. It 
will be observed that the electromagnetic unit in which any 
magnetic quantity is measured is identical with the electro- 
static unit in which any similar electrical quantity is meas- 
ured. For example, the electromagnetic unit of magnetic 

potential and the electrostatic unit of electrical potential 

■ i i . 
are identical, being M 2 L 2 T~ . The electrostatic unit 
of magnetic potential and the electromagnetic unit of 

l 3 _o 

electrical potential are M 2 L 2 T . The same relations 
hold for permeability and perviability or specific inductive 
capacity, for reluctance and diviance for magneto- 
motive force and electromotive force, etc. The arrange- 
ment in the table is such as to give analogous quantities 
similar positions, so far as this is feasible. 

The final column in the table is the ratio of electro- 
static to electromagnetic units. It is at once seen that this 
ratio in case of every electrical and every magnetic quan- 
tity is a function of L T^only, which is of the character 
of a velocity. This velocity is a quantity independent of 
any particular systems of measurement. It depends for 
its magnitude on the machinery concerned in the repul- 
sions ( L ) of equal masses of electricity for each other, 
(2) of equal masses of magnetism which act on each 
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other with the same force as the electrical masses, and 
(3) of a current acting on one of the magnetic masses, 
and so adjusted in strength that the interaction shall be 
equal in intensity to that between the electrical masses, 
or the magnetic masses, the distances being equal in the 
several cases. 

The ratio or velocity has been determined for many of 
the quantities of the table. It is necessary to measure 
the same quantity by electrostatic, and by electromagnetic 
methods, as is done in case of resistance in sections 92 and 
131 . The ratio of the numeral quantities thus determined 
is equal to the inverse ratio of the units. The mean of 
all such measurements is very close to 3 X 10 10 centi- 
metres per second, which is the value generally adopted. 
The manner of using this value will be explained in the 
next chapter. 

MAGNETIC. 



Physical Quantity. 



Units. 



Electro- 
static. 



Electro- 
magnetic. 



Ratio 

E.8 . 
E. M. 



Magnetic pole or Quan 
tity of magnetism 

Intensity of field 

Potential 

Induction 

Flux 

Reluctance..... 

Permeance 

Permeability 

Reluctivity 

Magnetomotive force.... 

Magnetic moment 

Intensity of magnetiza- 
tion 

Magnetizing force 

Susceptibility 



A 3 - 
M* L? T 

M^ IT* 

L T~ 

L 1 T 

L 2 T~ 

M% 1$ T~ 2 
L~ 2 T 2 



M \ L -i T - 

M i L ~i T - 
Jf*i* T 

L 
1 
1 

1 






L~ L T 
L T~ x 
L T~ x 
L~ x T 
L' 1 T 
L T- 2 
L~ 2 T 2 
L~ 2 T 2 
L 2 IT* 



T 



T 



,-] 



L~*T 2 
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ELECTRICAL. 
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Physical Quantity. 



Units. 



Electro- 
static. 



Electro- 
magnetic. 



Ratio 

U.S . 
E.M. 



Quantity 

Intensity of field. 
Potential 



Induction 

Flux 

Flow of lines. 



Diviance 

Perviance 

Perviability ) 

Sp. ind. capacity ) 

Diviability 

Electromotive force 

Resistance 

Conductance 

Current 

Surface density 

Capacity 

Resistivity. 

Conductivity 

Coeff. of Self and of 
Mutual Induction 

Impedance 

Power 

Energy 



X 3 -1 

M$ if T~ x 

L 
1 



Jf*£* 



L T 

L 

T 



L' 1 T 
M L* T~ 3 
M L 2 T~ 2 



M$ i} 




M^lt 


_2 

T 


M^L% 


_2 

T 


M$L~% 




M$I$ 




L 


T~ 


L~ x 


2 

T 


_2 

L 


2 

T 


2 

L 


y-2 


M^rf 


r- 2 


L 


y-l 


L x 


T 


M%L% 


T -i 


M%L~* 




L' 1 


2 

T 


I? 


T -i 


L^ 


i 
T 


L 




L 


y-l 


M I? 


nrr - 3 


M L* 


2 

T 



T 



L 1 T 



F7-1 



L T 

_2 2 

L T 



T 



_2 2 

L T 



L~ l T 

l-'t 1 



T -i 

rjT—1 

T~ 2 



IT* T' 
I? T- 8 

i-^T 2 

1 

1 
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An inspection of the preceding table shows that the 
ratio of electrostatic to electromagnetic units for quan- 
tity, potential, current, resistance and capacity, is as 
follows: — 

S-=Zr = ~ = 3X 10 10 
Q, v 1 

— = — = 9 X 10 20 

b a 

or in C. G. 8. units 

1 electromagnetic unit of quantity = 3 X 10 10 electrostatic units 
1 " current = 3 X 10 10 " 

3X10 10 " potential = 1 " 

1 " capacity = 9 X 10 20 " 
9 X 10 20 " resistance =1 " 

The relations of other quantities may be easily made 
out in a similar way. 

The electrostatic capacity of a sphere of metal having 
a radius of one-half metre is 50 O. G. 8. units. Tts 
capacity in electromagnetic O. G. 8. units will, there- 
fore, be 

9 X 10 20 

218. Practical units. 

Magnetic values are usually measured in (J. G. 8. 
electromagnetic units. For example, the horizontal 
component of the earth's magnetic field is about 0.2 in 
C. G. 8. electro-magnetic units. The magnetic field 
at a distance of 10 centimetres from a wire carrying 
12 O. G. 8. electromagnetic units of current is 

2 X 12 

— -— =2.4. The strength of field in the air-gap of 

a dynamo may be 5,000 to 10,000. This is often 
expressed in other words by saying that in the air-gap 
of a dynamo there may be 5,000 to 10,000 O. G. 8. 
magnetic lines to the square centimetre, or the induc- 
tion is 5,000 to 10,000 O. G. 8. lines. Electrostatic 
measurements of electrical quantities are also expressed 
in C. G. 8. units. The electrostatic capacity of a 
sphere of 50 centimetres radius is 50. But in electro- 
magnetic units its capacity is 
50 
9 X lQ»= 5 - 5a X 10 °- 
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Capacities such as are commonly dealt with are, there- 
fore, seen to be represented by very small fractions, 
when expressed in electromagnetic C. G. 8. units. 
Since condensers are used in determinations made in 
electromagnetic measure it is necessary to measure 
capacities in such units. Likewise electrical quantities 
are expressed in very small fractions, while resistances 
and electromotive forces such, as are commonly used 
when expressed in C. G. 8. electromagnetic units are 
represented by very large numbers. The E. M. F. of 
a gravity cell is 107,000,000. Such numbers could not 
be tolerated in engineering practice, and, therefore, a 
set of practical units has been devised, which have 
a simple relation to the C. G. 8. units. The change is 
made to affect the units of all the quantities to be meas- 
ured, in a way that was thought to be on the whole most 
desirable. This was done by operating on the funda- 
mental units of length and mass. 

The practical unit of length is 10 9 centimetres. This 
is about equal to a quadrant of a meridian circle of the 
earth. 

The unit of mass on which the practical system is based 
is 10~ u gramme. This mass bears about the same rela- 
tion to the gramme, that one-third of a square inch bears 
to a square mile. 

The unit of time in the practical system remains the 
second, as in the C G. 8. system. 

The Volt. From the table we find that the C. G. 8. 

— %- — 2 

electromagnetic unit of potential is M 2 _Z/ T . The 
practical unit of potential will, therefore, be 

(10" u M$ (10? L)% T~* =M^L%l r ~ 2 X 10~ ^ X 10 V 
= M% 1$ T J X 10 8 . 



The practical unit is, therefore, 10 8 times as large as the 
C. G. 8. unit. It is called the volt. The E. M. F. of 
a gravity cell is 107,000,000 O. G. 8. units or 1.07 
volts. 

The Ohm. The G. G. 8. unit of resistance in electro- 
magnetic measure is L T~ l . The practical unit is, there- 
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fore, L T~ x X 10 9 , which is 10 9 times as great as the 
G. G. 8. unit. This unit is called the ohm. 

The Ampere. The G. G. 8. unit of current is 

FlV 1 . The practical unit is then %F L T T~ x 

x io - ^ 1 X \$=lftlft T~ x X 10"" 1 . 

The practical unit of current is, therefore, one-tenth 
of a G. G. 8. unit. This unit is the ampere. 

The Culomb. The G. G. 8. unit of quantity is 

lift L 2 . The practical unit is nft L^ X \0~** X 10* 



2 



= M T L 2 X 10 , which is one-tenth of a G. G. 8. 
unit. This unit is the culomb. 

The Farad. The G. G. 8. unitof capacity is L~ X T 2 . 

The practical unit is L~ X T X 10 -9 . The practical unit 

is, therefore, ^^^ of a G. G: 8. unit. This 

unit is called the farad. 

The Henry. The G. G. 8. unit in which the co- 
efficients of mutual and self-induction are measured is L. 
The practical unit is 10 9 times as large orlX 10 9 . This 
unit is called the henry. 

The G. G. 8. unit of conductance is L~ T. The 

practical unit is L T X 10 which is — — as great as 

the G. G. 8.. unit. The practical unit is sometimes called 
the mho, this being the reversed spelling of ohm. A wire 
having a resistance of one ohm has a conductance of one 
mho. A wire having a resistance of 10 ohms has a con- 
ductance of -jV mho. 

The G. G. 8 unit for strength of magnetic field, or 

number of lines of force per square centimetre, is 

ii i 
M 2 L 2 T . The practical unit is, therefore, 

M i L -i r -i x 10 ~¥ x 10 -| = jf£ L -i t~ 1 X 10" 10 . 
This unit is, therefore, __ as great as the G. G. 8. 
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unit.* The unit of length in the practical system being 
10 9 and the unit area 10 18 times the G. G. 8. units, the 
number of O. G. 8. lines per unit area in the practical 
system becomes 

M i L -k r -i x xq- 10 x i 2 X 10 18 = M * L% T 1 X 10 8 . 

In the practical system there will, therefore, be in a unit 
field 10 s G. G. 8. lines on an area 10 18 square centi- 
metres. This area if in the form of a square would have 
each side equal to an earth-quadrant in length. The 
number of square centimetres for each C. G. 8. line 
becomes 10 10 . This is an area 10,000 metres square. 

A wire having a length equal to an earth quadrant, and 
sweeping over a distance of an earth quadrant each second 
where the strength of field at right angles to the plane 
swept over is one G. G. 8. line to 10 10 square centimetres, 
would develop an E. M. F. of one volt. The wire would 
cut 10 8 G. G. 8. lines per second, or in practical units it 
would cut one line. The line of force in the practical sys- 
tem, is 10 8 G. G. 8. lines. Any wire, long, or short, 
which cuts one practical line per second will develop an 
E. M. F. of one volt.f In a field having a strength of 
10,000 O. G. 8. lines per square centimetre, a wire 30 
centimetres long moving with a velocity of 333 centi- 
metres or 3.33 metres per second, would cut 10 8 C. G. 
8. lines per second. 

The C. G. 8. unit of power is the erg per second. 
Its unit is symbolically represented by M L 2 T~ 3 . The 
practical unit of power is, therefore, M L 2 T~ 3 X 10~ u 
X 10 18 = M L 2 T' 3 X 10 7 . This unit is, therefore, 10 7 
ergs per second. It is called the watt. The O. G. 8. 
unit of energy or the erg, or the dyne-centimetre, is 
M L 2 T~ 2 . The practical unit of energy is, therefore, 

* The American Institute of Electrical Engineers recommends 
that the O. Q-. 8. unit of magnetic field, or one O. Q-. 8. line to the 
square centimetre, be called a gauss. 

t The American Institute of Electrical Engineers, calls one C. &. 8. 
magnetic line, a weber. The weber is therefore the G. <?. S. unit of 
flux. The Institute also calls the C. Q. 8. unit of reluctance, the 
oersted, and the C. Q-. 8. unit of magneto-motive force the gilbert. 

10 
This unit is due to-r- ampere turns (see Section 201). 
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M L 2 T' 2 X 10 7 . This unit is, therefore, 10 7 ergs.* 
It is called the joule. One joule = one watt-second, and 
the watt is a rate of work of one joule per second. The 
joule is 0.1019 kilogrammemetres, or about one-tenth 
kgr. metre. The horse-power = 746 watts, and the 
horse-power-hour = 2,685,600 joules, or 2.69 mega- 
joules. The Kilowatt is 1,000 watts. The prefix micro 
indicates one millienth of the unit. A micro-farad is one 
millionth of a farad. The prefix milli means one thous- 
andth. A coil having a self-induction coefficient of 0.0019 
henry this value may be expressed as 1.9 milli-henry. 

Relation between Practical units and (J. O. 8. Elec- 
trostatic units. 

Quantity. The culomb is the amount of electricity fur- 
nished each second to a lamp requiring a current of one 
ampere. It is the ampere-second. It is equal to -n,- 
C. G. 8. electromagnetic unit. Hence by sections 217 
and 218 

1 culomb = — G. G. S. electromagnetic unit 
= -L X 3 X 10 10 = 3 X 109 E. S. units 

and 1 E. S. unit = ; culomb. 

Gurrent. 

1 ampere = 3^ G. G. S. E. M. unit 

= ^X3X 10 10 G. G. S. E. s. 
= 3 X 10 9 " 

and 1 G. G. S. E. S. unit = ^» ampere. 

Potential. 

1 volt = 10 8 G. G. S. E. M. units. 
' 10 8 1 

— 3 X 10 10 ~~ "300 °- °- S - E - S - unit 
and 1 C. G. S. E. S. unit = 300 volts. 

* The units recommended by the American Institute of Electrical 
Engineers, correspond to the dyne and the erg, instead of to the ohm, 
volt, ampere, etc. The unit of force corresponding to these latter 
units would be M L T-* X ' 0-" X 10» = M L T~* X 1 0~ 2 . It would, 
therefore, be 0.01 dyne. This unit is not in use. The unit of work 
would, therefore, be 10' ergs, as already stated; This unit is the 
joule. It is the work done in exerting 0.01 dyne over a practical unit 
of length or 10 9 centimetres. 
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Resistance. 

lohm = 10 9 C. G. S. E. M. unit. 
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109 C. G. S. E. S. 



~ (3 X 10 10 ) 2 — 9 X 10 1 
.-. 1 C. G. S. E. S. unit = 9 X 10 11 ohms. 
= 900,000 megohms. 
Capacity. 

1 farad = ± C. G. S. E. M. 

= ( 3 x ml °y G. G. S. E. 8. 
lo 9 

= 9 X 10 11 G. G. S. E. S. 
.-. 1 C. G. S. E. S. unit = 1(jll farad. 

1 



micro-farad. 



900,000 

/Self-induction. 

1 henry = 10 9 G. G. S. E. M. units, 
10 9 1 

= (3 X 101") 2= 9 X 10" C - G - S - E ' S ' 
.-. 1 G.'O. S. E. S. unit = 9 X 10 11 henrys. 



CHAPTER XII. 

PROBLEMS. 

219. Attraction between spheres. 

Two conducting spheres have radii of ten centimetres, 
and the distance between their centres is 300 centime- 
tres. They are at the same potential v volts. Find v 
if the repulsion of one on the other is equal to the 
weight of one milligramme. 

v 
The potential of each sphere is v volts = -oqq O. O. 

8. E. 8. (by the last section ) . 

The electrostatic capacity of each sphere being 10, 

v v 

the electrostatic quantity on each is Q = 10 qtttt = oTp- 

The repulsion between the two spheres is to be 0.981 
dyne. Hence by the equation for attraction Eq. (6) 

A QQ-f 

900 X 90000 
.-. v — 8910 Volts. 
The charge on each sphere is 297 E. 8. units, 
= 0.000,000,099 culomb. ( See last section. ) 

220. Astronomical units of mass. 

Two solid spheres of copper, the density of which is 
8.788 grammes per cubic centimetre, have radii 4.743 
centimetres. The mass of each sphere will be 3928 
grammes. This is the astronomical unit of mass. 
(Sections 10 and 21.) These spheres have a common 
potential v volts, which is so adjusted that their gravita- 
tion attraction is balanced by their electrical repulsion. 
Find v. As in the previous section, the electrostatic. 

, v 
potential of each sphere is ^rr~ electrostatic units. The 

quantity on each sphere is C V = r V= 4.743 -qtttt- 
(384) 
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The attraction of each charge on the other, D being 
the distance being centres, is 

/ 4.743'» \ 2 
A — \300DJ " 
The attraction between the two units of mass at unit 
distance being one dyne, we have for their attraction at 
a distance D 

A = -== hence 
LP 

J^ _ (0.01581 v) 2 

.-. v = 63.2 volts. 
The quantity on each sphere is then 

Q = 63.2 -^^- =10. G. S. unit 

= 0.000,000,000,33 culomb. 



3X 109 



221. Interaction of earth and moon. 

Suppose the earth and moon to be electrically charged 
with charges equivalent to their masses. What would 
be the potentials on the two bodies? 

For each 3928 grammes of matter in either sphere, 
we must place on its surface one electrostatic unit. The 

mass of the earth in astronomical units being — — , 

5 3928 

we must place this number of electrostatic units upon it. 

The radius of the earth being 6.37 X 10 8 centimetres, 

its potential will be in electrostatic units, 

6-14 X 10" _ 

V 3928 X 6.37 X 10 8 ~ X 

which by section 218 is 7.35 X 10 17 volts. 

The amount of electricity on each square centimetre 
of the earth's surface will be 

_ 6.14 X 10 27 

" ~ 3928 X 4 7T (6.37 X 10 8 ) 3 
= 1.532 X 10 5 C. G. S. 

By section 90 the force with which each square centi- 
metre would be impelled outward by the apparent mutual 

25 
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repulsion of the charged surface and an unit of its 
area is 

!^ = 27r0 3 = 27r (1.532 X 10 5 ) 2 
do 

= 1.476 X 10 11 dynes. 
Dividing by 981 and by 1,000 the. force in kilo- 
grammes per square centimetre is 15*0,250. This is 107 
tons of 2,000 lbs. to the square inch. The steel used 
in engineering structures will break at one-half of this 
force, and the best wire ropes will part at 124 tons to the 
square inch. The mass of the moon is ^j,- that of the 
earth, and its radius is 1.74 X 10 8 centimetres. Usingthis 
data the computation for the moon may be readily made. 

222. Capacity of the earth. 

The radius of the earth being 6.37 X 10 s centi- 
metres, this is also its capacity in electrostatic units. 

By section 218 its capacity in farads is -^— — 

= 0.0007077 farads, = 707.7 micro-farads. 9 X 10 

If two equal spheres having the size of the earth be 
charged to potentials of + 25 and — 25 volts, the differ- 
ence in potential between them would be 50 volts. Ne- 
glectingtheir mutual action on each other, the capacity of 
each would be 0.000708 farad, and the charge on each 
would be Q= O V= 25 X 0,000708 = 0.0177 culombs. 
Suppose these spheres to be connected with each other 
by a wire of no resistance having a 50 volt, one ampere 
lamp in circuit. A current of one ampere would be 
established in the circuit. To maintain the potentials of 
the spheres constant and thus keep the current in the 
lamp constant, the radii of the two spheres must dimin- 
ish at a uniform rate. (See section 93.) Since -i- = V 

r 

in each case, V being constant, and r being either of the 
radii at any instant, we have 

dQ= Vdr = idt. 
Integrating in t during the interval required for the radii 
to diminish from 6.37 X 10 s to zero we have 
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50 
By section 218, V= 50 volts = - — electrostatic units, 

and i = one ampere or 3 X 10 9 E. 8. units. The radii 
must, therefore, diminish to zero and the flow will cease 
in a time 

50 6.37 X 10 s ..... , 

% = -300 -3-XlO^" =0 - 03 ° 4 SeC ° nd - 
The velocity with which the radius must shorten is 

— =-== = 1.8 X 10 10 centimetres per second. 

When the earth is used as a return circuit in an electric 
street car service, we are, therefore, not to think of the 
earth as a great electrical reservoir from which electricity 
is pumped by the dynamo, and into which it is again dis- 
charged. The operation resembles a pumping service in 
which water is pumped from the ocean and discharged 
into the ocean, where "the amount of water flowing 
through a section of the pipe during one second is vastly 
greater than the pipe and ocean bed could hold at any 
instant. This would require that the same water shall 
pass through the circuit many times a second. 

223. Capacity. We may determine what must be the 
area of two conducting sheets separated by a sheet of 
gutta percha one millimetre in thickness, if the capacity 
of the condenser is to be one farad or 9 X 10 11 electro- 
static units. By section 75 the capacity of a plate con- 
denser of area 8 and with a distance t between the plates 

. 8 

is -j—z. This is when the plates are separated by air. 

The insulating medium being gutta percha having a 

specific inductive capacity or perviability 2.48, the capac- 

., 2.48 ff 

ity becomes — ; — — ■ 

Hence 

or 5 = *«X»X10^ = J 6X10Bfc 

2.48 

The area of the plates must be directly proportional 
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to the distance between them, the area being, however, 
large compared with the distance t. If t = one milli- 
metre = 0.1 cm. 

S = 4.56 X 10 11 square centimetres. 
This would require square conducting sheets whose 
sides are 675,300 centimetres or 6753 metres, or six and 
three-fourths kilometres. Arranged as two sheets, only 
one side of the plates is available for condenser action. 
If cut into sheets of one square metre and interleaved 
with each other and with the insulations, both sides 
become useful. Each plate of the two-sheet condenser 
would yield 4.56 X 10 7 sheets having an area of one 
square metre. If the plates were a millimetre in thick- 
ness, the farad condenser would consist of a pile of 
4.56 X 10 7 metal sheets and an equal number of insulat- 
ing sheets. This makes in all 9.12 X 10 7 sheets, each of 
which is 0.1 cm in thickness. The thickness of the pile 
would be 9.12 X 10 6 centimetres = 91.2 kilometres or 
56.6 miles. The capacity of two of the plates one 
metre square is 2.192 X 10~ 8 farad or 0.021 9 micro-farad. 
As plates of the same size are added, the increase in 
capacity per plate is 2.192 X 10 -8 farad. A condenser 
having a capacity of one farad, charged to a potential of 
one volt would have a charge of one culomb. 

224. Attracted disc Electrometer. 

By section 88 the attraction between the disc of the 
electrometer, and the attracting disc is 

4 TZ t 

where 8 is the area of the attracted disc and t the 
distance between the attracted and the attracting plates. 
Suppose we wish an electrometer to measure a poten- 
tial of 500 volts. This is f electrostatic unit. Then the 
dimensions must satisfy the equation 

S = ~ At* =4.52 At*. 

If the pull on the attracted plate is to be equal to the 
weight of one decigramme (where g = 980), or 98 dynes, 
then 

S = 442.96 P. 
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If t be made 0.5 centimetre, 8 = 110.74 square centi- 
metres. This area should be the mean of the areas of 
the attracted plate, and of the opening in the guard-ring, 
into which the attracted plate should fit as closely as is 
consistent with freedom of motion. 

225. Sphere surrounded by a spherical shell. 

A sphere having a radius r , is surrounded by a con- 
centric spherical shell having a perviability ft. The radii 
of the shell are r x and r r The sphere is connected with 
one brush of a dynamo, the other being grounded. The 
potential of the sphere is 2700 volts above that of the 
ground. This is 9 electrostatic units. Let r = 20 centi- 
metres. Then the quantity on the sphere is 180 JS. 8, 

180 
units or „ y ., )9 = 6 X 10~* culombs when the sphere 

is in free space. When surrounded by the shell of per- 
viability /x, the Active layer on each surface is by (106) 

«, = «(!-£) 

The potential of the sphere is then 

»o n '~r2r <j { jx) r 2 n 

If r x = 21 ; r ss = 22, and ;i = 2.5 then by the conditions 
already imposed 

■> 



20 v 21X22 

.•. Q= 183.3 electrostatic units. 
Q' =--= 73.3 " " 

The capacity of the sphere when surrounded by the 
shell is 

Q = ±-j2- = 20.37 E. 8. units. 

90 S7 

or micro-farads. When in free space the capacity 

9 X 10 3 1 F J 

20 

of the sphere is 20 E. S, units, or micro-farads. 

v 9 X 10° 



or 
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(Section 218). If the shell be supposed a conductor, 
then p =■ co and Q' = Q and 

9 = Q ( 20 _ 2l + 22 ) 
.: Q = 188.2 

and C = ^jp- = 20.9. 

If the shell be grounded its potential will be zero. 
The potential of the sphere will then be 

since there will be no charge on the outer surface of 
the shell. 

The quantity on the sphere will be determined by the 
equation 

9 ~ Q[W ~ ~2T) = Q 20 X 21 
.-. Q= 3780. 

The capacity of the sphere is now 

C = 878 ° - = 420 E. 8. units 
y 

420 

: micro-farad. 



9 X 10 5 

The enormous increase in capacity in this case is not 
due to the fact that the shell is grounded, but to the fact 
that one pole of the dynamo is connected with the 
sphere, and the other with the shell, and the device as a 
whole is being used as a condenser. In the former cases 
when the shell was insulated and-contained equal charges 
of unlike sign, it affected the capacity of the sphere as 
any neighboring body would affect it. 

If neither side of the dynamo were grounded, the 
potential of the sphere would be + 1350 volts and that 
of the shell — 1350. In electrostatic measure these 
potentials would be 4.5. The charge on the sphere must 
necessarily attract an equal charge of opposite sign to 
the inner surface of the conducting shell. Any free 



§ 226 PROBLEMS. 391 

charge on the shell would necessarily result in producing 
constant potential at all internal points and could not, 
therefore, affect the difference in potential between 
sphere and shell. 

The difference in potential between sphere and shell 
would, therefore, be 9 E. B. units as before. The 
actual potentials of sphere and shell would depend upon 
the amount of free charge on the shell. If there were 
none the potential of the shell would be zero and the 
condition would be the same as that just discussed when 
the shell was grounded. If the dynamo were perfectly 
insulated, it would take part of the free charge of the 
shell, so that the free charge on the shell would always 
be less than the bound charges + Q and — Q. Call it 
Q' . There could be no free charge on the sphere, since 
it is completely surrounded by the shell. 

The potential of the sphere would then be 

V = $ —Q- + -&. 
»o r i n 
The potential of the shell would be 

* Vx = Q ~ Q + Q 
The difference of potential between them would be 

r„_r, = 9 = e(i ; _i r ) = «( sir A_) 

.-. Q = 3780 and C = 420 as before. (See section 76.) 

226. Arrangement of battery cells for maximum cur- 
rent. 

The solution of this problem applies to either primary, 
or storage cells, or to a number of dynamos. 

Suppose we have n cells arranged in n' lines of n" cells 
each. Let the electromotive force of each cell be e and 
let the cell resistance be r. Let the interpolar or exter- 
nal resistance be R'. We will consider B' to be the 
resistance of the load. 

The battery E. M. F. is n' e, and its resistance is 

n' r 

—rr . By Ohm's law 

1 - n' " rn'+JTn" (407,) 

Tsr + R 
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In this equation we have two independent variables, n' 
and »", and i is a function of these variables. Equation 
(407) may be represented by a surface Fig. 141. If 




Fig. Ml. 
Condition of maximum current from a oattery. 

we pass a plane through this surface at R |_ to the axis 
n', the equation of the intersection will be obtained from 
Eq. (407) by making n' constant. We shall then have 






. (408) 



If 



b+R' n" 
where a = e n' and b = r n' 

This is the equation of an -equilateral hyperbola 

n" = oo , i = -=;- = -^-. This determines one asymptote 

of the curve. The other is evidently determined by 
making the denominator of (408) equal to zero or 

b m' 

n" = — W = — ~W~ ' ^ e distances to these asymp- 
totes become zero at the origin, where n' = 0. This 
determines two planes which contain all asymptotes, and 
the intersection of which may readily be found. Sim- 
ilarly if n" be made constant, Eq. (407) becomes 

<= *,"!. (409) 

rn + h 
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where h = en" and h = R n". This equation is of 
precisely the same form as (408). It is the equation of 
any plane section at right angles to the axis n". The 
asymptotes of this hyperbola can be located in the Same 
manner. Neither of these sections contains a maximum 
for finite values of n" and ri. If we now fix n then we 
shall have 

n'n" = n (410). 

This is the equation of an equilateral hyperbola having 
the axes n' and n" as asymptotes. The current from 
this battery of n cells, will be represented by the ordi- 
nates of points on the surf ace represented by Eq. (407), 
which lie directly over the hyperbola represented by Eq. 
(410). When either n' or n" becomes very large the 
ordinatesof such points approach zero. (See Fig. 141.) 
If we combine Eq. (410) with Eq. (407) by the elimina- 
tion of n', we shall have the equation of the projection 
of the same points on the surface, on the plane of i, 
n". The resulting equation is 

i = e n n " (411). 

m + B'n"* K ' 

The projection itself is the curve shown on the vertical 
co-ordinate plane in Fig. 141. 

Mathematically this value of i approaches zero when 
n" is large, and it is also zero when n" = 0. It has 
a maximum when 

di __ (jn 4- B' n" 2 ) en — 2 R' en m" 2 



dn" ~~ {B'n + R'n"Y 



= 0. 



orl^^iJ' (412). 

n 

The battery resistance is then equal to the external 
resistance. The same result will be reached by combin- 
ing (410) with (407) by the elimination of n" . The 
resulting equation will be 

_e nn' (413) 

rn'-' + B'n 

This equation is the same in form as (411 ). It is the 
equation of the projection of points lying over the hyper- 
bola (410) upon the other co-ordinate plane. Equations 
(410) (411) and (413) are projections of the points of 
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the surface which determine the operation of the battery 
of n cells, on the three co-ordinate planes. Equations 
(413) and (411) have maxima, the condition of which 
is (412). 

The constants of the surface are e, r and R'. For the 
same kind of cells and for a given external resistance IV, 
this surface is fixed. The points on the surface repre- 
senting the operation of the battery will then be fixed, 
when n, the constant of the hyperbola Eq. (410), is 
fixed. 

A battery of 100 cells having each an E. M. F. e of 
2 volts and a resistance r of 0.008 ohm, working through 
a resistance R' of 0.2 ohm should be arranged according 
to (412) so that 

rri 2 _, , J100 X 0.2 

— = Born = ^ 00Q8 =50. 

Therefore n" = 2. The current may then be computed 

from Eq. (407). 

. 200 K „„ 

i = = 500 amperes. 

0.4 

227. Economy of operation of a battery. 
When the battery is arranged for maximum current, it 
is working with an economy of fifty per cent. Half of the 
heat is being liberated in the working resistance R', and 
the other half is lost in the battery itself. 

The E. M. F. of the battery being in any arrange- 
ment, E = ri e, the power developed by the battery is 

e 2 w' 2 n" / ai a\ 

to=Et = n'ei= H . r + H „jr (4U) - 

n' 
The battery resistance being D = — r, the heat lost in 

, n" 

the battery is Bi 2 = —r ^ 2 . The heat measured in 

watts which is delivered to the working resistance R' is 

w = n ei — —r, r i '. 
n 

Substituting i from equation ( 407 ) and reducing, we 

have 

e 2 B' ri 2 h" 2 ..... 

W = (rir + ri>R T (415) " 
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The economy of operation is 

w' n"B' 

*=i, =¥7+^"R' (416) 

or 

n "-=ii^ n ' < 417 >- 

If r = 0.008 ohm and R' = 0.2 ohm 
n" =0.04 —?— ri. 

This equation represents a series of right lines on the 
plane of n', n" of Fig 141, all of which pass through the 
origin Fig. 142. If y = 0.9 ; n" = 0.36 ri'. If t, = 0.8 ; 
n" = 0.16 n'. The lines for various values of t? may 
thus be plotted on the plane n', n", and the hyperbolae 
corresponding to various values of n may be plotted 
across them. The intersections of the two sets of lines 
will determine the efficiency of operation of a battery of 
any size arranged in any manner, if r and H' have been 
fixed. If e be now fixed, thesurface of Fig. 141 is fixed, 
and the ordinate corresponding to any point determined 
as above will give the current. 

Fig. 142 gives the lines representing economy of oper- 
ation from 0.98 to 0.5, the axis n' representing i) =0 
and the axis n" representing rj = 1.00. The same figure* 
gives curves of total power developed, computed from 
(414). In these curves, the constants assumed are 
r = 0.008 ohm, R = 0.2 ohms, e = 2.0 volts. 

Eq. (414) then becomes 

„ __ 0.008 w n' 
71 ~ 4«'2 — 0.2 w " 

If we make w' = 160,000 or 160 E. W. then if n' = 
100 cells, the number of lines of such cells required will 
be 

„ _ 0.008 X 160,000 X 100 

" " 4X 10000 — 0.2 X 160,000 — ' 

By reference to Fig. 142 it will be seen that the econ- 
omy of operation is t\ = 0.8. The number of cells 
required is 1600. If a single line of 100 cells arranged 
in series is to be used for this work, they must be 16 
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times as large, or have a resistance of one-sixteenth of 
that assumed for these computations, or — ' — - — = 

0.0005 ohm. If we were to draw upon Fig. 142 an 
equilateral hyperbola whose equation is n' n" = 1600, 
its intersections with the other lines of the diagram 
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Fig. 142. 
Economy and output for different arrangement of any battery 
having cells of definite E. M. F. and resistance. 

would determine simultaneous values of economy 77, and 
power w, when 1 600 cells of this kind are arranged in 
various ways, and working through an external load of 
0.2 ohms. The power curves drawn in Fig. 142 increase 
in geometrical ratio from left to right, beginning with 10 
kilowatts, and ending with 160 kilowatts. These curves 
are contour lines on a surface which represents w in 
terms of n' and n", as given in Eq. (414). The radial 
lines representing economy of operation 17 may be con- 
sidered as projections upon the plane of n', n", of lines 
so drawn on this surface, that they connect points of 
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equal economy. They may also be considered as contour 
lines of a surface representing v\. The useful power w' 
developed in the working resistance is represented by Eq. 
(415). It may also be represented by a surface. The 
value of w' = r\ w may, however, be found from Fig. 
142 by finding the product w r\ at any point. 

The equation of any curve representing useful power 
as deduced from (415) is 



ri \R_ 
\ vf 



.(418). 



22' 



Substituting the special values used in Fig. 142 
0.008 ri 



y w 



The equation for the curve representing a useful power 
of 40,000 watts or 40 kilowatts is 
0.008 ri 

W : ■ . — , 

0.004472 ri— 0.2 

Values of ri less than 44 give negative values of n". 
This locates an asymptote of the curve. This asymptote 
is determined by making the denominator of (418) 



VR 



equal to zero. We thus have ri = which for w' 

e 

= 40,000 gives ri = 44. Giving ri greater values we 
compute n" and may thus determine contour lines for the 
surface w' like those given for w in Fig. 142. 

It will be observed that the power curves on the sur- 
faces w and w' have one of their asymptotes in common. 
When n" becomes very large, the battery resistance ap- 
proaching zero, the economy approaches unity. We have 
then from (414) and (415) 

e 2 n' 2 , i/iFw" 






M n" = oo = -^F*— or n = 



This locates one of the asymptotes of the various 
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power curves of Fig. 142. Similarly if n' becomes very 

large, approaching an infinite value, 

e 2 n' n" ,, r w 
w n , _ or n = -~ — -,. 

When n' = x> , n" = 0, or the axis n' is an asymptote of 
all power curves of Fig. 142. Similarly 

«>„- = „ =^~ or* =j^ W . 

These other asymptotes for the power curves on the sur- 
face representing useful power depend, therefore, on w' 
and R' . The axis n' is an asymptote only when w' is zero. 

228. To determine the mechanical equivalent of heal. 
The apparatus consists of three glass tubes intended 
for Liebig's condensers. They are coupled together as 




Fig. 143. 
Determination of the number of heat units in a joule. 

shown in Fig. 143. The condensing tube of the central 
condenser which is filled with cotton is wound with a 
single layer of fine wire having cotton insulation. There 
are about 500 windings, which connect with large leading- 
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in wires led through the rubber tubing to binding screws 
A B. Thermometers placed at the entrance and dis- 
charge of the central condenser, measure the temperature 
of water which flows through the three vessels at any con- 
stant velocity. The velocity of inflow and of outflow 
can be regulated by screw clamps on the rubber pipes 
which serve for supply and discharge. The supply 
water is from an overflowing tank fed from the hydrant, 
and having masses of ice within, in order to reduce the 
temperature of the inflowing water. A current is passed 
through the fine wire. This current, and the potential 
difference between A and B, are measured in amperes 
and volts with the amperemeter (J and the volt- 
meter V. The power applied to the wire helix is v i 
watts. After the temperatures have become constant, 
the thermometers are read. The reading of the ther- 
mometers at the entrance should be as much below that 
of a thermometer in air, as that of the thermometer at 
the discharge is above it. Weigh the amount of water 
flowing through in any time and compute the number of 
grammes m flowing through per second. The heat re- 
ceived by the water per second is then m (< 2 — < x ) . Then 
J (h — h) m = iv 
t — ^ v 

In an actual determination the temperatures were, en- 
trance, 12.°41 C. ; discharge, 16.°22. The rise in tempera- 
ture was, therefore, 3.°81 C. The amount of water 
flowing per second was 15.75 grammes. The heat re- 
ceived by the water was at the rate of 15.75 X 3.81 = 
60 . L calories per second . The current was 6 . 24 amperes . 
The difference of potential on the terminals was 39.7 
volts. The power applied was, therefore, 39.7 X 6.24 
= 247.728 watts. The mechanical equivalent of heat 

247 728 

is, therefore, J = ! = 4.01 practical units. In 

60.01 

this determination the temperature of the room was 

20°.4 C. ; so that some of the heat imparted to the water 

came from the room. This would make the heat too 

great, and would make J somewhat too small. See 

section (132.) 
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229. To determine the copper coils of a transformer. 

The resistance of the load of lamps to be carried by 

the secondary circuit is R' and consists of n 55 watt, 55 

volt lamps. The resistance of one lamp is then 55 ohms, 

and the current for each lamp is one ampere. The 

lamps being in multiple, the resistance of n lamps will be 

55 

ohms. The power delivered to the secondary circuit 

is i\ R. If 98 per cent, of this power is to be expended 
in the lamps, and two per cent, in the secondary coil, the 
resistance of the secondary coil must be 

- 2 55 

n ~ 98 n ■' 

For 20 lamps, r 2 = 0.056 ohms. The larger the second- 
ary wire is, the longer it must be, in order that it may 
have this computed resistance, and the less it will heat. 
If i represent the current required by one lamp (in the 
present case one ampere), the total current will be n i. 
The current density ought not to exceed 240 amperes 
per square centimetre. The wire section should not be 

m 20 

less than httt = ottt = 0.083 square centimetre. The 

diameter of this wire will be 0.128 inch or 0.325 cm. 
The specific resistance of copper at ordinary tempera- 
tures is -jnf onms - The length of the secondary wire 
cannot then be less than 

_ 10 7 a 2 r 2 _ 10 7 X 0.083 X 0.056 
h ~ ~ 16™ ~ 16 

= 2905 centimetres. 

The length of the primary wire must then satisfy the 
equation 

E^ _l x 

Et l 3 
If the voltage is to be changed by the converter from 

Jjl -I AAA 

1000 to 50 volts, then -^ = ' = 20, and l x = 20 l 2 

= 58,100 centimetres. The number of windings in the 
two coils may then be in the ratio of 20 to 1 also, or 
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S Y = 20 /Sj. When the transformer is working at full 
load, the number of ampere-turns in the primary is 
almost exactly equal to that in the secondary, and the 
currents are then found to be almost exactly in opposite 
phases. We have then very nearly 

8^ = 86 (419). 

We have then the following relations : — 

8 1= h__ = ^ L= h_ = ^_ = (j\\i = #....(420) 

where a x and a 2 represent the sections which the two 
wires must have in order that they may carry the cur- 
rents without overheating, the current per square centi- 
metre of section being the same in the two wires. The 
resistance of the primary will evidently be K 2 times that 
of the secondary, since it is K times as long, and its sec- 
tion is ^ times as great. If V 1 and V 2 represent the 

potentials on the terminals of the primary and secondary 
coils, we may by Hopkinson's method represent the 
action of the transformer as follows : E 1 represents the 
back E. M. F. due- to self-induction and mutual induc- 
tion. Then for the primary coil 

E 1 =V l — h n (421). 

where \ r Y is the drop of potential in the primary wire. 
Tn the secondary wire we have similarly if H' represent 
the resistance of the load, 

E 2 = it (R' + n) (422). 

The first of these equations may be written, 

KEa = Vi — jn (423). 

Eliminating E 2 in the last equations and solving for \ 

1} 

ia= (424). 

& + *+ R ' 

The potential diagram of these two circuits is shown in 
Fig. 144. The diagram is construed with K— 2 in order 
to bring out the relations more distinctly. The part rela- 
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ting to the secondary circuit becomes too small to show 
distinctly in the figure when iTis as large as 20. 

The last equation shows that the current in the 
secondary circuit is the same as would be produced by a 

fixed potential Jy, working through a resistance equal 

K r . 

to that of the secondary circuit, increased by -=t which 

is equal to that of the secondary coil. 




o O" b c 

Fig. 144. 
Potential diagram for transformer circuit. 

In Fig. 144 O V x represents the supply potential V v 
O B is the resistance of the primary coil and B C that 
of the secondary. Since in this figure 2T = 2, B O = \ 
~OB. B~E„ and B~E 2 are the E. M. F.'s of the 
primary and the secondary coils, where in the figure B, 
= 2 J3 a . B D represents the resistance of the secondary 

circuit, and B O is the virtual increase, -^i , in the de- 
it 2 

nominator of the last equation. The point F x is a fixed 
point in the diagram for all changes in load BJ. This 
condition is determined by the regulation at the power- 
house. The point JP is also a fixed point, as the last 
equation shows. If the load increases, and G D = B', 
becomes less, the slope of P D = tan a = i 2 becomes 
greater. The terminal potential V 2 and the secondary 
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E. M. F. E 2 become less in a way indicated by the figure.' 
Therefore E y also becomes less, since it is equal to K E 2 . 
The slope of V 1 E x = tan fi = i x will also increase. For 
a 20 light converter in order to satisfy the conditions 
assumed, the lengths of the wires forming the coils must 
be l g = 2905, l x = 58100 centimetres. For the wire 
sections a 2 = 0.083, square centimetres, a 2 — 0.0042. 
The diameters of these wires will be d 2 = 0.325 cm. or 
0".128. dj = 0.071 cm. or 0".028. The nearest wire 
numbers are, for the secondary No. 8 B and 8 having a 
diameter 0".1285 or 0.3264 cm, and for the primary, No. 
21 having a diameter 0".0285 or 0.0724 cm. The diam- 
eters of the covered wires may be taken as 0.135 inch or 
0.3429 cm. for the secondary and 0.034 inch or 0.0864 
cm. for the primary. 

230. Iron core of the transformer. 

The virtual or y mean-square E. M. F. of the primary 
being E 1 the maximum is \/2 E v Let B = 7000 G. G. 
iS. lines be the maximum induction in the iron. Then 



y 2 E x = 



10 8 



.(425) 



where A is the area of the iron sec- 
tion which carries the B A lines. 
These lines are put into the iron cir- 
cuit, or taken cut, four times during 
each period, of which there are n per 
second. 
The gross section of the iron core will 
be k times the net section of the iron. 
The value of k may be as great as 1 .25. 
It is generally less. Its value depends 
on whether the plates of the core are 
insulated from each other or not, and 
upon the closeness with which they 
are forced together. The gross 
dimensions of the iron core within the coils are (Fig. 
145) w and b, where b is measured across the planes of 
lamination. Then 

7c A = wb (426). 




Fig. 145. 
Iron core of the trans- 
former. 
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The wire of the primary may be assumed to be wound 
into a coil having a square section, whose side is h. 
The iS 1 wires of the primary coil occupy this section. 
Each wire occupies a section d\ which for the wire 
used in the previous section is (0.0864 ) 2 square centi- 
metre. Hence 

*=! < 427 >- 

Assuming the ends of the coil to be semi-circles the 
average length of a winding is ( Fig. 145 )2b + 7r(w + h) 
and the total length of the wire on the primary is 

h = p b + it (w + h)l Si (428). 

We may assume a relation between w and b which will 
determine the shape of the iron core. Calling y any 
numeral value 

b—yw (429). 

Introducing this condition in (426) and (428) we have 
from (425), (426) and (427) 

. = /MMj (430) . 

v AByn h 

Similarly by (427) and (429) in (428) we have by 
solving for w, 

„ *§* *-» ( 4ai). 

We shall continue the computation of the special cade 
treated in the previous section and make the ratio of 
lamination k = 1.20 ^ = 1000 volts, d x = 0.0864 cm. 
B = 7000 C. G. /S. lines per square centimetre, \ = 
58100 centimetres, n = 133 periods. Introducing these 
values in (430) and (431 ) we have, 

18.4 

w =h7T (432) 

433.7 1 k 

™ = ^qn; ~w ~ -W+^r h < 433 > 

The first of these equations contains the conditions 
demanded by the magnetic circuit, and the second refers 
to the electric circuit. These equations must be simul- 
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taneously satisfied. By elimination of 
either w or h, the resulting cubic equa- 
tion may be solved, but a suflicient 
solution may be obtained by assuming 
consecutive values of k, and comput- 
ing to, from the first and w 2 from the 
second of these equations. These com- 
putations are made in the annexed 
table, in which y has been assumed 
unity. The iron section is then square. 
The equations become 

,18.4 
wi = 



ywi 








i"Wb 






\ 






\ 






\ 


\ 




\ 


\ 



3 



5fl 



h 



Wj = 



84.3 
A 2 



0.16 ft. 



4 

Kg. 146. 
Conditions of de- 
sign of transformer 



The curves for w 1 and w % are plotted in Fig. 146. 
Their intersection determines the values of w and h 
which satisfy all of the imposed conditions, when the 
core section of the converter is square. 



h 


W\ 


102 


1.0 


18.4 


83.7 


2.0 


9.2 


19.8 


3.0 


6.1 


7.5 


3.3 


5.57 


5.74 


3.4 


5.41 


5.22 


4.0 


4.6 


2.83 


5.0 


3.7 


0.32 



The two curves of Fig. 146, intersect where h = 3.34 
and w 1 = w 2 = 5.51. Since y = 1, b is also 5.51 cm. 
The gross section of the core is, therefore, by Eq. (426) 
k A = w b = 5.51 X 5.51 = 30.1 square centimetres. 

30.1 
If k = 1.2 the net iron section is, therefore, y^ 

= 25.0 sq. cm. The number of windings in the primary 
coil will be by Eq. (427) 8 1 = (008 ' 64) 2 = I 494 - The 
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3494 
number of windings in the secondary coil will be ^.. 

= 75. The number of secondary wires that will cover 
the length h will be -j = Q n.aQ =9.7. The wires in 

75 
one layer of the secondary wire will then be q—„ = 7.7. 

The openings in the core plates must then have dimen- 
sions, h = 3.34 cm. h' = h + 7.7 X 0.3429 = 5.98 cm. 
These dimensions must be slightly adjusted to make com- 
mercial sizes fit each other and to wind each layer full of 
wires. We shall, however, finish the computation 

without such adjust- 
ment. We now have 
the data for a draw- 
ing of the core-plate 
to be used. See Fig. 
147. 

The net volume oc- 
cupied by the iron of 
the entire converter 
is, as will be readily 
seen from Fig. 147 
andEq. (426) 



A 




/ \ 

■w 




00 
Cft 
1A 






5.51 


3.34 


h. 



Fig. 147. 
Core-plate of transformer. 



2(w + ft) (w+h')—2hh' 



or by Eq. (429), 



2 (w + ft) (w + ft') — 2hh' 



X«.(«4). 



Inserting the values for the special case we have com- 
puted, where y — \. 

5 51 
v = (2 X 8.85 X 11.49 — 2 X 3.34 X 5.98)-^- 

= 750 cubic centimetres. 

By Eq. (396) we may now compute the hysteresis loss 
in the iron. We shall assume y = 0.004 for the Stein- 
metz constant. We have taken B = 7,000 and n = 133 
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periods per second. The hysteresis loss, in watts, for 
the entire core is 

750 X 133 X 0.004 X 7000 1 - 6 

= oo. 



10" 

By Eq. (401) we may compute the eddy-current loss in 
watts. The thickness of the plates may betaken as one- 
half millimetre, or 0.05 cm. The value of m in that 

equation is =55.1. Hence =1.00. 

2 X 0.05 m 2 + 1 

The total eddy-current loss is then* 

tt2 X 133 2 X 1.1 X 10 5 X 70002 X 0-05 2 X 742 

4 X 10 16 — 

The total iron loss is, therefore, 101 watts. 

We shall now proceed to solve the case where y = 9 in 
equation (432) and (433). We are to use the same 
copper wire as before in both primary and secondary 
wires, the ratio of the windings is to remain unchanged, 
and, therefore, the values £1 1 and J2 a are to have the same 
ratio as before. The shape of the iron section is to be 
changed, and we shall determine the consequences of that 
change. The two equations above named become, 
6.13 



h 
20.5 



— 0.148 A. 



The values of w and h which satisfy these equations 
are, k = 2.81 cm. and w = 2.18 cm. The value of b is 
then, b = 2.18 X 9 = 19.62. The gross section of the 
core will be w b = 42.77 sq. cm., and the net iron section 
will be 35.6 sq. cm., if h = 1.2 as before. The num- 
ber of windings in the primary coil will be by Eq. (427 ), 
7.896 
1 = (0 0864 'l 2 ~ 1057. The number of secondary 

windings becomes. then 52.8. The difference between 
this converter and the former one with square section is 
that the core section is somewhat larger, the magnetic 

* The value of O of Eq. (401) is given just after Eq. (400). The 
higher the temperature the less C becomes, and the eddy current loss 
diminishes. 
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circuit is somewhat shorter and the number of windings 
in both coils is correspondingly diminished. The net 
sectiotf of the core multiplied by the number of windings 
is the same, in both cases. By reason of the errors of 
graphical solution, this last check may not be realized 
with minute precision, nor is this necessary, since all of 
the dimensions must be adjusted to fit commercial sizes. 
The secondary coil must be wound in 8.1 layers of 6.4 
windings each. Therefore the dimensions of the open- 
ings in the core-plates are h = 2.81, and A' = 2. 81 + 6. 4 
X 0.3429 = 5.0. The volume of the iron becomes by 
Eq. (434) 

o y 9 18 
v = 2 (4 99X7.18 — 2.18X5.0)-^—= 815 

cubic centimetres. 

The hysteresis loss per cubic centimetre is the same as 

in the other case. The total hysteresis loss in the core 

will, therefore, be greater than in the former case by 

reason of an increase in the volume of the iron from 

815 
750 to 815 cubic centimetres. This loss will be -=~ 

58 = 1.086 X 58 = 63 watts. ' 0U 

The change in the eddy-current loss is not so easily 
determined. It is evident that a greater proportion of 
the copper is inside the iron than in the former case, 
and the copper may, therefore, have a higher tempera- 
ture. This would increase the copper loss. This would 
also heat the iron to a higher temperature, which would 
diminish eddy current loss, since it would diminish the 
conductance c of the iron. At the same time, the 
radiating surface of the iron is increased. This indicates 
the nature of the changes due to a change in the seetion 
of the iron, a full discussion of which would be more 
appropriate in an engineering treatise. 

We shall assume that the resulting temperature of the 
iron is the same as in the former case. 

The factor a , ] of Eq. (401) is 1.00 as before. The 

eddy-current loss would then be increased by reason of 

815 
the increase in volume of the iron, and would be -=^. 
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43 = 1.086 X 43 = 47 watts. The total iron loss would 
then be 63 + 47 = 110 watts. 

Other differences between these two converters may 
be noted. In the converter with square section, the iron 
is bunched in a thicker mass, and with high frequencies 
of alternation, the magnetic lines do not reach the inner 
parts of the iron core, as freely as they do in the second 
case. This will diminish the effectiveness of the con- 
verter of square iron section, and will also make its iron 
losses somewhat less than those computed. The length 
of the iron circuit is 2 (w + h + h'). Its net section is 

-J-. The coefficient of self-induction of the primary cir- 
cuit is by Eq. 403. 

Ll ~ 10»J 

For the converter of square iron section where w = b, 
this becomes in henrys, 

47TAt (1494) 2 (5.51)2 

1 ~~ 2*109 5.51 + 3.34 + 5.98" 

= ^4.57X10-3. 

For the converter having b = 9 w, 

_ 2tt/£ (1057) 2 (2.18)2 9 
1— k 10 9 2.18 + 2.81 + 5.0 

= ^TT X4.78 X 10- 3 . 

These coefficients will vary during a cycle, since /i will 
. be variable. It is very important to know the primary 
current when the secondary circuit is open, but the 
complete solution of the equation is very complex. The 
no-load primary current is increased by eddy-currents in 
the core, exactly as it is increased by secondary cur- 
rents in the secondary wire in ordinary operation. 
Fleming gives some useful approximation methods which 
give fair results in certain cases.* 

It is evident that the no-load current in the second 
transformer discussed above will be less than in the first, 

* Alternate Current Transformer, II, p. 510. 
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since L t is greater. The extent to which this will be an 
advantage in determining the all-day efficiency, will 
depend upon whether the transformer is or is not idle 
during most of the day. Further details of the methods 
of converter design belong more properly to treatises on 
engineering. 

231. Economy of operation of a shunt dynamo. 

Let i represent the current delivered to n incandes- 
cent lamps whose resistance is R. Let i,be the current 
in the field magnet coil, whose resistance is r,. Let i a 
= i + i, be the current in the armature, whose resistance 
from brush to brush is r a . The power in watts delivered 
to R is PR. The power lost in the field and armature 
is i 2 , r, and (i + i,) V„. The economy of operation is 

^B 

,- <»J8 +(*+<.)»'■. + <.'»"/ 

The current i a divides between r, and R so as to sat- 
isfy the equation 

i r,' 
Introducing this condition in the last equation 



■t) r, -a r 

Hence solving for r a 

Br, / 1 Br, 



r » B + r, \ v BB + r, 
Let us now make r, — y R, then 



•-hGrfi- 1 ) < 435) - 



y + 

This value of r a becomes zero when 



" -ovy^-H- (436). 



If we demand that the economy for normal operation 
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shall be 95 per cent., then since r a must be greater than 

95 
zero, y must be greater than — : — =19 and 



0.05 



In general 



r, > 19 B. 



'.>H4* 



i-,- 



Suppose the load to be 100 lamps in parallel, each 

requiring 0.64 ampere at 98 volts. The resistance of 

98 

each lamp when hot is = 153 ohms. The 100 

0.64 

lamps will have a resistance of 1.53 ohm. 

A shunt dynamo operating these lamps with an econ- 
omy of 95 per cent, its field circuit must have a greater 
resistance than 19 X 1.53 = 29.1 ohm. 

From Eq. (435) we may compute the armature resist- 
ance for various values of y, when B = 1.53. When y 

98 
is given r, is also known and i s = — may also be com- 

»'• 
puted. 



y 

19 


»*« 


r . 


*. 


*a 


E. 


0.00 


29.1 


4.05 


68.05 


98.0 


20 


0.0035 


30.6 


3.20 


67.20 


98.2 


21 


0.0055 


32.0 


3.06 


67.06 


98.4 


22 


0.0092 


33.7 


2.90 


66.90 


98.6 


25 


0.0177 


38.3 


2.55 


66.55 


99.2 


50 


0.0480 


76.5 


1.28 


65.28 


101.1 


00 


0.0805 


oo 


0.00 


64.0 


103.2 



The results of the table show that the armature resist- 
ance must be less than 0.0805 ohm, or in general r 

7? 

<- — (1 — v)- The current which the armature must 

^ V 

furnish is i s + i, where i for 100 lamps of the kind 
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described, ia 04 amperes. The E. M. F. which the 
armature must develop is 

S = 98 + i a r a . 

These values are given in the final columns of the 
table. 

232. Wiring of the armature. 

The current density in an armature wire ought not to 
exceed four amperes to the square millimetre, although 
they often do carry four and a half. The section of the 
wire in square centimetres for the table of the preceding 
section will be 

in. 

s = 



800 



The values for the case discussed in the last section are 
given in column 2 of the following table. 





4 Amperes per Square 


3 Amperes 


per Square 


y 


Millimetre. 


Millimetre. 


s 


I 


s 


I 


19 


0.0851 


000 


0.1134 





20 


0.0840 


500 


0.1120 


666 


21 


0.0838 


866 


0.1117 


1154 


22 


0.0836 


1444 


0.1114 


1925 


25 


0832 


2765 


0.1109 


3686 


50 


0.0816 


7355 


0.1088 


9806 


00 


0.0800 


12094 


0.1066 


16125 



It will be remembered that the current divides in the 
armature, and the wire carries only half of the current, i a . 

The resistance of a wire of pure copper, one centi- 
metre long, and one square centimetre in section at 0° C, 
is 1.64 X 10" 6 ohm. At a temperature of 70° C. the 
resistance will be about 26.6 per cent higher. For com- 
mercial copper at working temperature we shall assume 
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anincrease of 30 per cent. The value is then 2.13 X 
10 6 - The length of the wire on the armature in centi- 
metres is then determined by the equation 

4 r a =r = 2. 13 X 10~«~ 

o 

0r ' = W X1 ° 6 - 

The last table above gives the section in square centi- 
metres and length in centimetres for the wire on the 
armature under the conditions previously imposed, for 
current densities of 4 amperes and of 3 amperes per 
square millimetre. 

233. Iron of the armature. 

Let Z be the number of magnetic lines delivered to 
the armature by the positive pole-piece, i\Tthe number 
of conductors counted all around the periphery of the 
armature, and n the revolutions per second. Since the 
brushes connect the halves of the armature in multiple, 
the E. M. F. is due to half of the armature wires. 
Kemembering that each wire cuts Z lines twice during 
each revolution, the E. M. F. will be, in volts, 

B= 2ZITn 



2 X 10 8 

We shall assume the armature to be a Gramme ring, the 
core being of iron wire. Let A represent the net sec- 
tion of the iron in one side of the ring, which is about 
80 per cent of its gross section. We shall assume an 
induction of 16,000 U. G. /8. lines per square centimetre, 
smdE will be taken as 100 volts. Then 

Z = 2 X 16000^1 

and the last equation becomes 

ANn = 3.12 X 10 5 (437). 

Let h = the radial thickness of the iron core, and b its 
breadth, measured parallel to the shaft. Then by the 
conditions assumed 

A = 0.8 bh (438). 
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If d = the diameter of the covered wire, assuming it to 
be wound in two layers 

I = (2& X 2/i + 8<Z) N. (433). 

Eliminating A in (437) and (438) 

67mAT= 3.9 X 10 6 . (440). 

Dividing (440) by (439) 

bh 7.8 X 10 5 (441) 

b + h+4d nl 

We may now assume a relation between .6 and h which will 
determine the shape of the rectangular section of the iron 
core, and put 

b = q7i (442). 

Eq. (441) then becomes 

h'q __ 7-8 X 10 5 = M 

h (q + l)+4d nl 

or 

a .-jfJL+L *==!*£. 
q q 

Solving for h x 

If we make the number of revolutions per second 
n = 15, or y00 per minute, and make r s = 50 Il x (y 
being therefore 50 ) , then by t he table in section 23 1 , r a = 
0.048 ohms; r s = 76.5 ohms; i a = 65.3 amperes; and 
jE? = 10l.l volts. If the armature wire is to carry 4 
amperes to the square millimetre, then by the table of 
section 232, the section and length of the armature wire 
will be s = 0.0816 square centimetre, and I =' 7355 
centimetres. The value of ilf" then becomes 

7.8 X IP* 
15 X 7355 

The diameter of the wire of the armature will be 
0.322 square centimetre (since s = 0.0816) and the 
diameter of the covered wire will be about equal to 0.37 
= d. Eq. 443 then becomes 



§ 233 



PROBLEMS. 



415 



If q be taken less than unity, the armature will be of 
the disc form, like that of Schuckert. If q = 1 the 
iron core will have a square section, while if q ^> 1 the 
radial thickness h of the core will be less than the 
breadth measured parallel to the shaft. If the iron core 
is of wire the square section is open to the objection that 
the lines of the field do not reach the iron windings 
nearest to the shaft, as readily as those on the outside of 
the ring. When iron discs are used this consideration 
is of less importance. The following table gives the 
values of h, b and iVfrom (444), (442) and (440), for 
various values of q. 





. 






1 
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h 


b 


N 


14.87 


14.87 


118 


2 


11.08 


22.16 


106 


3 


9.78 


29.34 


91 


4 


9.12 


36.48 


78 


00 


7.08 


00 






For an armature as large as the one corresponding to 
q = 4, the shaft should have a diameter of about 7 cm. 
The sleeve around the shaft and the space required for 
the return wires will require not less than 2.5 centi- 
metres of radial distance. The inner diameter of the 
iron ring cannot be less than 12 centimetres. The outer 
diameter would therefore be 30 centimetres. It is then 
evident that the copper wires can be accommodated in 
one layer even on the inside of the ring. The pre- 
liminary assumption made was that the wires should be 
in two layers. 

This, however, does not materially affect the result. 
It would, however, be advisable to make a final compu- 
tation on the same lines as the one here given, correcting 
the assumptions in accordance with the information 
which the preliminary computation reveals, and adjust- 
ing the dimensions to commercial sizes. 
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The heat generated in this armature will be 

1. Copper loss, 

w ' = r a % = °- 048 X (65.3) 9 = 205 watts. 

2. Hysteresis loss per cubic centimetre by Eq. (396), 

w" 0.002 X 15 X 16000 



0.016 watts. 



v 1Q 7 

The net volume of the iron core is 

, = 0.8.( 900 7 144 )36=17000cc. 

The total hysteresis loss is, therefore, 
w" = 0.016 X 17000 = 272 watts. 

3. Eddy-current loss. 

Assuming a running temperature of 50° C. the conduct- 
ance of soft iron would be c = 8.65 X 10* (see section 
133). Hence by Eq. (400) assuming the diameter of 
the iron wire to be 0.14 cm. 
w'" *■ X 16000 2 X 152 x 8 . 6 5 x 10 4 X 0.142 
v 16 X 10 16 

The eddy-current loss will therefore be 

w'" = 0.006 X 17000 = 102 watts. 
The total armature loss is therefore 

w a = 205 '+ 272 + 102 = 579 watts. 

The surface of the armature not including the inner 
surface of the ring is 4580 square centimetres. This is 
7.9 square centimetres to the watt of loss. Experience 
shows that 7.5 centimetres to the watt of loss is sufficient 
to prevent overheating in armatures run at ordinary speeds. 

The loss in the field magnet coil is ?' a Y, = (1.28) 2 X 
756.= 128 watts. 

The total losses in the machine will be therefore 579 
+ 128 = 707 watts. The useful power delivered to the 
load R is i 2 B = 64 2 X 1.53 = 6267 watts. The total 
power developed is therefore 707 + 6267 = 6974 watts. 

The efficiencv of the machine is therefore = 

J 6974 

89.8 %. In this determination brush, journal and air 

friction are not included. 
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